MATH2060B TUTORIAL 7
A Remark of FTC:

Quegtion: What ig wrong in thie computation?

j‘. l/x dx = j: %(-Y{) dx
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Migconception:

Attempt to uge FTC on flx) = /¢

on [, []. But f ig actually unbounded!

[t is meaningless to discuss it integrability!
Thig ig actually an “improper integral”,

we ghould handle it with more care.

Riemann Sume:

Definition: Let f be a function defined on [a, b] and P be a partition of [a, b].
(not neceezarilg bounded) FO(‘ 980h | = [, ey Ny [9'[' g;e [Xa-., Xi ]

» Denote the Riemann eum of { by

RIEB{EY = Zﬂ% JAx;

% The Riemann eum R(f, B {&;}) ie caid to converge to a number A ag IOI- O if
X e>0, 3 6> 0O such that whenever IOl < § and & [x.., x:],
[REB{g}N-Al<e
Remark: If the Riemann sum of  converges, then f ie automatically bounded.
The limit of the Riemann sum dependg only on £, but not O or {&;}.

Theorem: Let f be a function defined on [a, b]. Then f¢R[a, b if and only if the Riemann

aum of f ig convergent. [n thig cage,

[IPll>0

Prepared by Ernest Fan

im RIED (g = [, ¢




Application: Evaluate limite

Example |: Evaluate Im 2 e
Solution: - By definition, we need to show that ¥ & > O, there existe N quch that

<g Yn>N

< N
2k b

k=1

Note that for each natural number n,
n N _ n N L _ n [ l o
kZ\ n+ k" kZ—\ n>+ kz n & [ + (k/n)z q b
H AXK

&

Let fix) = /(I + x*) for x¢[O, 1], it hag an anti-derivative F(x) = arctan x. Hence

L' i Jrr " dx = L' fix) dx = E(l) - F(O) = arctan(l) - aretan(O) = %

Let & > O, congider the Riemann sum of { there exigte § > O guch that
whenever O ig 4 partition of [O, [] with [Pl < § and &,¢ [Xa, X,

kZ fle)ix -7 | <e (¥)

Let N be a natural number such that [/N < 8. Then whenever n > N, congider the
partition Bn of [O, 1] defined by Pn = {0, I/n, 2/n, .., I} and &= l/k.
Then 1 Pn ll=1/n < 1/N < § and & [(k-1)/n, k/n]. Thug by &),

s omy_jze_L | =n
EHE 4T &1+ (/of 4‘

= :Z\ ﬂgk)AXk - %

<g
[t followg that the limit ie Ti/4.
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_ nl [/n
Exarple 2: Evaluate 1 (W)

Solution: - We firet congider the limit of the logarithm of the expregsion.
I/n [

oLl | 2 n)\_¢ 1
ln(nn) —n[n—n——n(——»-ﬁ)—é‘ln(k/n)n

n N n n

Hence ’
[ \V" n
m (1) = Jm 3l &

n->"w n-=>mw

= [ In x dx (Thig ig actually an improper integral)

Il

xhx-x]

0

= |

[+ follows that the limit ig e,

Qubatitution Theorem:

7.3.8 Substitution Theorem Let J := |a, B] and let ¢ : J — R have a continuous
derivative on J. If f : I — R is continuous on an interval I containing ¢(J), then

B @(B)
(5) / Flo(0) - ¢ (1)dt = / S

Remark: The hypothegie ig regtrictive. [t simplifieg the proof and ensure some integrability.
Pleage refer to the proof of the theorem in the notes. [t ig better to understand
the idea of the proof firet. Since it takeg time to be fully pregented.
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E xercigeq:

[ Iff:R — Ris continuous and ¢ > 0, define g : R — R by g(x) := [\\:(f(t)a’t Show that g is
differentiable on R and find g'(x).
Solution: ~ Since f ig continuoug, f hag an anti-derivative F by FTC.

Also by FTC,  g(x) = Flx+e) - Flx-c).
To show that g ig differentiable and find ite derivative, we calculate

Gt - g _ i [F(X+h+0)+;ﬂx+h-c) _ Flx+e) - Flx-c) }

h=0 h=0 P h
i [ Flx+hte) - Flx+e) F(x+h-a)-F(x-a)}
! h ) h
o Fixthte) - Flxte) . Flxth-e) - Flx-c)
h-0 h h-o0 h
= Flx+c) - Flx-c)
= flx+e) - fix-c)

It follows that g(x) ig differentiable and g(x) = fix+c) - flx-c).

2. Iff:[0, 1] — R is continuous and [; f = f\lf for all x € [0, 1], show that f(x) = 0 for all
x € [0, 1].
Solution:  Uging the game technique, write F an anti~derivative of f. Then

Fx) - FIO) = F{l) - Fx)

e, Flx)=(FO)+F)/2 is a congtant.
[+ follows that fix) = F(x) = O for all x¢[O, I].
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- Use the Substitution Theorem 7.3.8 to evaluate the followmg integrals.

1
(a) 1+ t2dt, (b) +t /2dt =4/3,
0 0
4
©) /1 v 1\;‘/;(1:, (d) /1 CO\S/;[dr — 2(sin2 — sinl).

Solution:  Let’e do (a) and (c) ag you are given the answerg for (b) and (d).
(a)  Write fx) ={x and () = | + t". Note that < ie continuougly differentiable

and etrictly increaging on [O, []. [t follows that

| |
So +J!T+‘d+=ﬂ fleplt)) 1)

=5 S ¢(n uced cubgtitution theorem here
- LX
2
= % % 3/2]| Find an anti-derivative of
- 322-1)

() Write fix) ={x and &{t) = | +[t . Note that < ie continuougly differentiable
and etrictly increaging on [I, 4. [+ follows that
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