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More examples on integrable functions:
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Example 1: Let f  R[a, b]. Show that if we modify the function at finitely many points, the
new function is still integrable on [a, b]. Moreover, it has the same integral as f.

Solution:

a b

y = f(x)

c

Remark: This shows that the integral reflects the global property of functions.

Note that it suffices to show that only one point
of f is modified. (Why?) In the case, let f be the
modified function with modified value at c. i.e.,

f(x) = f(x) x  [a, b]\{c}.

Σ ω (f, P)Δx  < ε

Σ ω (f, Q)Δx  < ε/2

Let ε > 0. We need to construct a partition P of [a, b] s.t.

Consider the 3 cases separately:
Case 1: a = c. (Exercise) Case 2: b = c. (Exercise)
Case 3: a < c < b. Since f is integrable, there exists a partition Q of [a, b] such that

(Note that Δx  here correspond to the partition Q.)

Fix u, v such that a < u < c < v < b and
ε

2(M-m)v - u <

Consider the partition P = Q  {u,v}, then the sum Σ ω (f, P)Δx  can be divided into:

a b
c

u vε
2(M-m)<

Σ over intervals [x  , x ]   [u, v]: Σ  < Σ(M-m)Δx = (M-m)ΣΔx
Σ over remaining intervals: Σ  < Σω (f, Q)Δx

It follows that
Σω (f, P)Δx  = Σ  + Σ  < (M-m)(v-u) +  Σω (f, Q)Δx

< (M-m) +ε
2(M-m)

ε
2 = ε

The same idea can be used to show that f and f have the same integral by considering the
upper sum and lower sum. I leave it as an exercise.
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Remark: (a) and (b) gives the vector space structure of R[a, b].
(c) gives the order preserving property of the integral. In particular, 

f    < | f | (triangle inequality for integrals)

Remark: It guarantees that if f is integrable on any subinterval of [a, b].
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Fundamental Theorem of Calculus:

Remark: The indefinite integral of f may not be an anti-derivative of f.

F : anti-derivative of fo
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Illustrations:
FTC 1

C[a, b] R[a, b]

F F’ = f
F’ = F(b) - F(a)

FTC 2
C[a, b] R[a, b]

F = ff
F is cts. If f is cts, then F’ = f.

Example 2: Evaluate the integral

d
dx f(t) dt= f(x)d

dt f(t) dt = f(x) - f(a)

Assumption Assumption
ConclusionConclusion

cos x dx
Solution: Let f(x) = cos x. Note that if we take F(x) = sin x, then F’(x) = f(x).

Then by FTC,
cos x dx = f = F(π) - F(0) = (sin π) - (sin 0) = 0

Example 3: Show that any anti-derivative of f must be differ by a constant.
Solution: We need to show that if F  and F  are both anti-derivatives of f, i.e., 

F ’ = f = F ’
then there exists some constant c such that F (x) - F (x)  = c x  [a, b].
Notice that (F -F )’ = F ’ - F ’ = f - f = 0. The result follows.

Remark: This shows that the choice of the base point in the formula of anti-derivative is
not important.

Remark: This shows that if we know an anti-derivative of a given function. It is easy to
calculate its integral.
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Exercises:

Solution:

1.

It is obvious that we need to prove the assertion by contradiction.
Suppose such function f on [0, 2] exists.

(Method 1) Using MVT:
By MVT, there exists some c  (0, 2) such that

f(2) - f(0) = f’(c) (2 - 0)
It follows that

2 > f’(c) = f(2) - f(0)
2 - 0 = 4 - (-1)

2 - 0 = 2.5

This is a contradiction.

(Method 2) Using FTC:
By FTC, we have

f’(x) dx = f(2) - f(0) = 5

On the other hand, since f’(x) < 2 for all x  [0, 2], then
f’(x) dx <

This is a contradiction.

2 = 4
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