MATH2060B TUTORIAL 6
More examples on integrable functions:

Example [: Let f¢R[a, b]. Show that if we modify the function at finitely many points, the
new function ig still integrable on [a, b]. Moreover, it hag the game integral ag f.

Solution:  Note that it suffices to chow that only one point

of £ ie modified. (Why?) In the cage, let f be the y="flx)
modified function with modified value at . ie,

fix)=flx)  V xela, b\ l + |
Let & > O. We need to congtruet a partition P of [a, b] &.. i i l
2 wif PIAxi <& ; | |
Congider the 3 cages separately: 4 c b
Cage l: a=c. (Exercice) ~ Cage 2: b =c. (Exercige)
Cage 3: a <c <h. Since fig integrable, there existe a partition Q of [a, b] such that
> wilf QAX: <&/2  (Note that Ax, here correspond to the partition Q)
Fix u, v quch that a<u<e <v <band U<2m3_m) v
V-uc< & g —at A — b
2(M-m) .

Congider the partition O = Qu{u,v}, then the sum 2 o, (£ P)AY: can be divided into:
* 2 over intervale [x., xe[u, vl 2 < 2(M-m)AX= (M-m)2Ax
* 2 over remaining intervale: 22 < 2wi(f QA
[t follows that

Swilf DA =5+ S < (M-m)lv-u) + Sun(f QAKX

e E _
<M-m) Spc T2 T8

The same idea can be uged to show that f and f have the same integral by congidering the

upper eum and lower eum. [ leave it ag an exercige. #
Remark: Thie shows that the integral reflectg the global property of functions.
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7.1.5 Theorem Suppose that f and g are in R[a, b]. Then:
(@) If k € R, the function kf is in R[a, b] and

/abkf:k/abf.

(b) The function f + g is in Rla, b] and

/ab(f+g)=/abf+/abg-

(¢) Iff(x) < g(x) for all x € |a,b], then
b b
/fﬁ/g

Remark: (a) and (b) gives the vector epace structure of R(a, bl
(c) gives the order preserving property of the integral. [n particular,

L

< ﬁl f1 (triangle inequality for integrale)

7.2.9 Additivity Theorem Let f := [a,b] — R and let ¢ € (a,b). Then f € Rla,b] if
and only if its restrictions to [a, c] and [c, b] are both Riemann integrable. In this case

(6) /abf=/acf+/cbf-

Remark: [t quaranteeg that if f ig integrable on any subinterval of [a, b].
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Fundamental Theorem of Calculug:;

7.3.1 Fundamental Theorem of Calculus (First Form) Suppose there is a finite set E
in [a, b] and functions f, F := [a,b] — R such that:
(a) F is continuous on |a, b],

(b) F'(x)=f(x) for all x € |a,b]\E, E . anti-derivaive of £
(© f belongs to R[a,b] > anti-derivative 0

Then we have

b

(1) f=F(b)—F(a).

a

7.3.3 Definition If f € R[a,b], then the function defined by

(3) F(z) = /:f for z € [a, b],

is called the indefinite integral of f with basepoint a. (Sometimes a point other than a is
used as a basepoint; see Exercise 6.)

7.3.4 Theorem The indefinite integral F defined by (3) is continuous on [a, b). In fact, if
|f(x)| < M for all x € [a,b], then |F(z) — F(w)| < M|z — w| for all z, w € [a, b).

7.3.5 Fundamental Theorem of Calculus (Second Form) Letf € R|a,b| and let f be
continuous at a point ¢ € [a,b] . Then the indefinite integral, defined by (3), is differen-
tiable at ¢ and F'(c) = f(c).

7.3.6 Theorem If fis continuous on [a, b], then the indefinite integral F, defined by (3),
is differentiable on [a, b] and F'(x) = f(x) for all x € [a, b].

Remark: The indefinite integral of f may not be an anti-derivative of f.
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[llugtrations:
FTC I FTC 2
Cla, b] R(a, b] Cla, b] Rla, b]
Asamption F = —— F=f Asaumption F = Jf — f
Conclugion ), F’ =Flb) - Fla) Conclucion  Fie cte. [f fig ete, then F’ =1,

x d X
[ it k=100~ fa =), d-fix

Example 2: Evaluate the integral [, coe x dx

Solution:  Let fix) = cos x. Note that if we take F(x) = in x, then F'(x) = fx).
Then by FTC,

S: cos x dx = 5: f=Flr) - FO) = (gin 1) - (@in O) = O

Remark: This shows that if we know an anti-derivative of a given function. [t is eagy to
caleulate ite integral.

Example 3: Show that any anti-derivative of f must be differ by a constant.
Solution: ~ We need to show that if Fi and F. are both anti-derivatives of f ie,
FI’ ={= Fz)
then there exicte some congtant ¢ such that Fi(x) - F(x) =¢ ¥ xe[a, b].

Notice that (Fi -F.) =F’ - F2’ = f - {= 0. The reault follows.
Remark: Thig chows that the choice of the bage point in the formula of anti-derivative ig
not important.
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E xercigeq:

| Show there does not exist a continuously differentiable function f on [0, 2] such that
f(0) = —1, f(2) =4, and f'(x) <2 for 0 < x < 2. (Apply the Fundamental Theorem.)
Solution: [t ig obvioug that we need to prove the asgertion by contradiction.
Suppoge guch function f on [O, 2] exigte.

(Method 1) Uging MVT:
By MVUT, there exigte gome c<(O, 2) such that

fi2)-110) = fle) (2 - O)

[ followe that
vy f12)-f0) _ 4-(H) _
23 fle)= e 220 25

Thig ig a contradiction.

(Method 2) Uging FTC:
By FTC, we have

S fx) dx = f12) - fl0) =5

On the other hand, since fi(x) < 2 for all x [O, 2], then
[ Pdes [ 2=4

Q

Thig ie g contradiction.
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