MATH20608B TUTORIAL 5

For Riemann [ntegration Theory, we will follow clogely to the
notes uploaded in the courge webpage instead of the textbook.

Congtruction of Riemann [ntegral.

* We alwayg congider bounded functiong £, g, h, ... ete defined on a cloged bounded
interval [a, b], and let m and M be an lower and upper bound of f regpectively.

e, m< flx) < M for any x ¢ [a, bl

¥ A partition O of the interval [a, b] ig a finite set of points X, Xi, .., X. guch that
A= X <X < <Xa=h.

* For any partition O of [a, b, denote
o AXi=x-Xa fori= [, Q_, wy N
[0 =max Ax

x For any partition P of [a, b] and function f defined on [a, b], denote

mi(f O) =inf { fix) : xelxo, xi] ). =~

M‘(ﬂ P) = sup { fix): xe [Xi-l; Xi] ).«

Always exist becauge
f is bounded!

wa(f, ) = M‘(f; P) - ma(ﬁ D): sup { If{x) - ﬂg)[ - X, y¢ [Xi-l, X | }

Why?
(Lower eum) L(f O) = 2 mi(f O) Ax; +~
(Upper sum) Ulf, ©) = 2 Mi(f O) Axi ~—

+ For any function f defined on [a, b], denote

We alwayg have
m(b-a) < L(f, P) < Uf ) < M(b-a)
for any partition ©.

- (Lower integral) K\‘ = qup { LI£ B): D ig a partition of [, b] .\

* (Upper integral) ﬁ{ =inf { Uf; B): D ig a partition of [, b] } +~

\

Always exicts by
thie obgervation!

% [f f hag equal upper and lower integral, we gay that f ie Riemann integrable.

We write f € R[a, b] in thie cage and

- o= [
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Example I: Vigualize the notations in a picture. D={a,x, X, X, X,b}

y LI£ D) = 3 md£ D) Ax;
i M.(£ P) UI£ D) = 3 M,(£ D) Ax,

_Ox I01=0x | D
a=Xp L Xe X3 X4 Xs b > X
Example 2: Show that the function flx) = x ig Riemann integrable on [0, 1]
Solution:  We need to show that f hag the same lower and upper integrals.
For each nen , consider the partition Pn of [O, 1] defined by
Pn={0,/n, 2/n, .., I}
On each subinterval [(i-1)/n, i/n], where i =1, 2, ..., n, we have
Axi=1/n,  mlf0n)= (i-)/n and Ml(fBn)=i/n
Compute the corregponding upper and lower sum:
" ! L onh-0)_
L(ﬁ pn) = 21 AXI Z( [) n 2 2([ [/n) i i

UEon) = sMidx; = 3= LoD Ly

[t follows that 7‘_(I-I/n)\< Lfs L{s —é([ﬂ/n), for allnen

Letting n- o | we conclude that f ig Riemann integrable with integral [/2. #
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Example 2: Show that the Dirichlet’s function ig not Riemann integrable on [O, 1]
Solution:  Recall that the Dirichlet’s function is defined by
[ Lif xig rational;
~ | O,if xig irrational.
We need to show that it hag unequal upper and lower integralg.
Fix any partition P of [O, I. On each subinterval [x.., x:], we have
Ma(g, P)= 0O and M;(g, P)= 1 (We don’t know about Ax)
Then Llg, B) =2 mAx; = O, and Ulg, P) = 2 Midxi =2 Axi = 1.
Since the partition O ig arbitrary, it follows that

S:f=O and ﬁ{=[.

g(x)

Ugetul Propositions:
» Let f be a function defined on [a, b] and B Q be partitions of [a, b].

* [fP<Q, then LI P) < LI Q)< UE Q) < UL D).
b
cUED)< (e [reuieQ

+ Let { be a bounded function defined on [a, b]. Then feR(a, b] if and only if
for any & > O, there existg a partition O of [a, b] guch that

UlE B) - LIE B) = 2 wilf P)Ax: <&

+ Cla, b]< Rla, b]

Remark: Let me gay more about the proof of Lemma [.2 (i) in the notes. [t claime that
it auffices to show the cage that Q = Pu{c}. ie, Q containg exactly one more
point than ©. Here is why: Suppoge in general that Q containg k more pointe
than B.ie, Q =Du{e, ¢, ..., ¢t [f we write

Qi =Pvie}, Q.= Quic, ., Q= Qu=Quu{ed
Then by applying the gpecial cage k timeg, we have
LE L) & LI Qe Lif Ql=.... ¢ LE Q)= LT Q.

Orepared by Ernest Fan



E xercigeq:
}

Suppoge that f ig a continuoug and non-negative function defined on [a, b]. [f the
integral of fie O, show that f ig constantly zero.

Solution: We show the aggertion by contradiction.
Suppoge on a contrary that fle) > O for some ce[a, b]. Since f i continuoug
at ¢, there exigte § > O guch that whenever [ x - ¢ [ < §,
[ f1x) - fle) [ < fle)/2. ™ (Thie act ac)

e, O <Afle)/2 <flx) <3fle)/2  onle-5, c+s)
Now congider the partition O of [a, b] defined by P ={ a, u, v, b }, where
g<e-§<u<v<etsS<p 3fle)/2
Then we can compute the lower sum: ﬁ“/& flo/2
LIf D) = m.(£ P)Ax.+ m.(f P)Ax.+ my(f P)Ax, 5T 0 ot
> 0 +mfDx.+ O C
> O (> O ie not enough in thig proof!)
[t ig a contradiction becauge
o=[r=[r>ugp>0
S *

given feR) P

Remark: Can the continuity of f be dropped?
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