MATH20608B TUTORIAL 4
L"Hogpital’e Rule:

6.3.2 Cauchy Mean Value Theorem Let f and g be continuous on [a, b] and

differentiable on (a, b), and assume that g'(x) # 0 for all x in (a, b). Then there exists
¢ in (a, b) such that

Remark: The proof of the Cauchy Mean Value Theorem ig gimilar to that of the Mean
Value Theorem, which are congequences of the Rolle’s Theorem.

6.3.3 L’Hospital’s Rule,I Let —oco0 < a < b < oo and let f, g be differentiable on (a, b)
such that g'(x) # 0 for all x € (a,b) . Suppose that

(1) lim f(x) =0= lim g(x).
. fi(x) _ . fx)

(a) Ifxlg}}Jr o) L e R, then xlg}#@ =L,

(b) If.\‘l—i>Ichl+£'§);; =L € {—o0, o0}, then xl_i)rg{g% =i L,

Remark: The statement of the theorem seeme complicated. Always keep in mind that:
* The limit of £(x)/q’(x) mugt exiat. [f euch limit DNE, we cannot uge the
theorem to conclude that the limit of fx)/g(x) ONE.
x Thig part deals with the cage O/0. [n fact, we have another part to deal
with the cage /oo

6.3.5 L’Hospital’s Rule, Il Letr —oco0 < a < b < oo and let f, g be differentiable on (a, b)
such that g'(x) # 0 for all x € (a,b) . Suppose that

(5) Jim g(x) = Foc.
(%) _ . f(x)

(a) ngr?+ o) L e R, then xll>r21+m =1,

(b) If lim Fx) =L € {—00,00}, then lim @ = L.

x—a+ g'(x) x—a+ g(X)



i arctan
Example I: Evaluate 1) -

Solution:  To be extra careful about the conditiong required. Let’s check them all
Let fx) = arctan x and g(x) = x. Both f and g are differentiable on (O, ).
We firgt compute their derivatives:

flx) = |

|+ X

§'(x) =

Therefore ¢’(x) # O on (O, 1). Algo, we have

lim f(x) = aretan 0 =0

: lim fx)= 0= lim g(x)
lim g(x) = O

im £ _ i L i+ 0) =1

X0+ g’(x) x>0+ | 4 32
Hence by LUHogpital’e Rule ((a), we have

hmM X[iﬁ(\)+1‘(><)/g(><) im £(x)/g'(x) =1

X =20+ X =20+

Similarly we can do the game thing on ’rhe interval (-1, O) and yielde

i ACANX_ lim f1y)/g(x )Ll £l )/g'x) =

X=0- X=0-

Thug the required limit ig #

Remark: Generally, we deal with two-gided limits but the L"Hogpital’s Rules concerng on
one-gided limite. No worry, we can still apply the theorem becauge the conditiong
ic fill implied by the two-gided limit, we can combine the regults on one-gided
limite for both directiong to give the desired result on two-gided limite.
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Example 2: Evaluate [, X

Let y=x*
Solution: ~ Note that for any x> O,  x*=¢* U Then Ing= xbnx
We need to calculate the limit of x In x: e
Ihx _|fm I/ x
% L'HosF\tal'S I m;(ka sute it exists _F-". ot
[ follows that the required limit ig e'= |. %

Theorem:  Let f be a real-valued function defined on (a, b) and ¢ be a point in ite domain.

(a) If ) existe, then
_im fleth) - fle-h)
F(O) - hl_ng Q_h

(b) If £(c) existe and f i differentiable on (a, b), then
{3( ) = lim ﬂC"'h) + ﬂC h) - 2{(0)

h-=0

Proof: (a) We cannot apply LHogpital’s Rule here becauge f may not be differentiable near c.

Note that
fleth) - fle-h) _ fleth) - fle) | flo) - fle-h)
2h 2h 2h
_ ﬂa+h)2;] fle) _Afle)= §ﬁ+k) where k = -h,

[t follows that
lim fleth) - fle-h) _ | lim fleth) - ﬂC) [ lim fletk) - fle) _ (o)
h-0 2h 2heo h 2k->o k
(b) Since now that fig differentiable on (a, b), we can apply L'Hogpital’s Rule.
lim fleth) + {(ﬁz -h) - 2fle) _ - m (a+h);_rhf°(a—h) - )
* Flh) = fle+h) -fle-h) - 21le)
¥ @(h) = hz

} functiong of h
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Taylor’e Theorem:

6.4.1 Taylor’s Theorem Letn € N, let] = |a,b], andletf : I — R be such that f and
its derivatives f', ", ..., f ") are continuous on I and that f "V exists on (a, b). If xo € I,
then for any x in I there exists a point ¢ between x and x, such that

2) £ = F(30) +(x0) 6 = x0) + 10 (5

£ (xo)

n!

ot (x — x0)" +

Example [: Show that x - ¥/6 < gin x < x + /6 ¥ x> O.
Solution:  Let fx) = gin x and compute ite derivatives.
gnx, ifn=4dk
{(M(X) _ COS X, if n=d4dk +|
-ginx, ifn=4dk+2
-coex, fn=4k+3
Thue £10)=0,1,0,4, O, , ... forn=0,1,2,3,4, 5, ...
Let x > O and fix some natural number n. By Taylor’s Theorem for x, = O,
there exiete ¢ € (O, x) such that
101 oy £16

fix)=flO) + f(Olx - O) + ... 0 (—bﬁ@% #)

n+)!
In particular if n =2,

O ., -cosc ;  COSC s
+ix+5¢+ (
ginx=0 [X 2, 2] X =X 6 X

Note that gince - < cog ¢ < [ and x > O, together with %), we have

(%)

-—[x3<ginx ><<—><3
6" T 6

Thug implieg x - X*/6 < gin x € x + /6. #

Remark: Compare it with the inequality for sine in the previoug tutorial, we get thig
stronger inequality.
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Example 2: Ectimate ¢in(0.5) uging the above inequalitieg.
Solution:  [f we uge the weaker one, we know that - 0.5 < &in(l0.5) < O.5.
If we uge the etronger one, we know that
5-(05) /6 <sinl05)< 05 +(05) /6
By computations,
05-(05)/6=23/48=0479..> 047
05+(05)/6=25/48=0520..< 053
Hence 0.47 < ¢inl0.5)  0.53. Thig approximation ie much better.

Remark: The error in thig estimation is bounded by (05)/6=1/48 = 0.020..

Example 3: Estimate <in(0.5) with error lese than 0”.

Solution: Obviously, the previous inequality ie not applicable becauge the error ig sill too big.
We need to apply Taylor’s Theorem with a larger n. How big ehould it be?

Notice that by @ in Example |,
fix) - Pn(x) = Rnlx),

where On ig the n-th Taylor polynomial we uges to approximate f and Rn ig the
remainder term which controlg the error! Hope - < error =16

In this example, we have
el |

| 4in(0.5) - Pn(0.5) [ =1 Rn(O5) | = (05) <
(n+1)!

2™ (o)

Thug we required 2" (n+1){ > [00000.

Note that 2= 61 = 46080 and 2'x 71 = 645120, we chooge n = 6,

t follows that ¢in(O.5) can be approximated by
Pel05) =05 - (05)/6 +(0.5) /5!

=/2-1/48 +1/3840

= 0479427 ...
Remark: ¢inl0.5) = 0.479425538, firet 5 digits are correct!
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