MATH20608B TUTORIAL 3

Announcement:
*  Tutor: Fan Yan Lam ylfan@math.cuhk.eduhk

% Qrader: Cheuk Tak Ming  tmcheuk@math.cuhk eduhk Send HW in
* Check the cource webpage frequently! «— QNE DPF
+ Tutorial will be the game for Monday and Wednegday gegsion file to him!

Mean Value Theorem:

Definition:  Let f: I-R be g function.
% {ig gaid to have an abgolute/global maximum at ceI
if fle) >flx) Wxel e
« {ig eaid to have an relative/local maximum at ceI
if 3 neighbourhood V = \/5( )t fle) > flx) Vxevnl

S S

(c- 8c+8) _(_._)_

Reading Exercige:

6.2.1 Interior Extremum Theorem Let ¢ be an interior point of the interval I at which
f:1— R has a relative extremum. If the derivative of f at ¢ exists, then f'(c) = 0.

6.2.2 Corollary Letf : 1 — R be continuous on an interval I and suppose that f has a

relative extremum at an interior point ¢ of I. Then either the derivative of f at ¢ does not
exist, or it is equal to zero.

6.2.3 Rolle’s Theorem Suppose that fis continuous on a closed interval I := |a, b), that

the derivative f' exists at every point of the open interval (a, b), and that f (a) = f(b) =
Then there exists at least one point ¢ in (a, b) such that f'(¢) = 0.

6.2.4 Mean Value Theorem Suppose that f is continuous on a closed interval

I :=|a, b), and that f has a derivative in the open interval (a, b). Then there exists at
least one point ¢ in (a, b) such that
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Applicationg:

() Determine whether 4 differentiable function i increaging or decreaging

Definition: A function f: TR i gaid to be increaging on [
it \Ixyel with x <y, flx) < flyl

6.2.7 Theorem Let f: 1 — R be differentiable on the interval 1. Then:

(a) fis increasing on I if and only if f'(x) > 0 for all x € I.
(b) fis decreasing on I if and only if f'(x) <0 for all x € I.

(I1) Firet Derivative Test for relative extrema

6.2.8 First Derivative Test for Extrema Let f be continuous on the interval I := |a, b|
and let ¢ be an interior point of I. Assume that f'is differentiable on (a, c¢) and (¢, b) . Then:

(@) If there is a neighborhood (¢ — 8, ¢ + 8) C I such that f'(x) > 0forc—8§ < x < ¢
and f'(x) <0 for ¢ < x < ¢+ 8, then f has a relative maximum at c.

(b) If there is a neighborhood (¢ — 8, ¢ + &) C I such that f'(x) <0 for c —§ < x < ¢
and f'(x) > 0 for ¢ < x < ¢+ 8, then f has a relative minimum at c.

(I11) Deduce ugeful inequalities
Example I: Show that -x € sinx < x ¥ x> 0.
Solution:  Let x > O.
Cagel: lf x=0.Then-x=ginx=x=0.
Cage 2: [f x> O. Then congider the gine function.
Note that it ie continuoug on [O, x] and differentiable on (O, x).
Hence by MVT, there exiat ¢ ¢ (O, x) such that
gin x - gin O = (cog e)x - O)
8in X = x co8 ¢
Note that gince -l < coe ¢ <l and x > O, we have
-X < X 08 CE X
le, by ), -x<gnx<x

(%)
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E xample 2: Show that x);l <hx<x-1 9 x>L
Solution:  Let x> 1. Congider the function In.
Note that it ig continuoug on (I, x] and differentiable on (I, x).
Hence by MVT, there exict ¢ « (1, x) quch that
Ihx-Int=(/clx-1)
Ihx=(x-1/c
Note that gince O < <e < xand x - 1> O, we have
(x - )/x <(x-0/e<(x-D/1.
e, by ), (x-1/x<Ihx<x-1

()

(IV) Approximations
E xample: Without Using a caloulator, correct JIO5 1o [ decimal places.
Solution: ~ Congider the square root function.
Note that it ig continuoug on [lOO, [05] and differentiable on (10O, 105).
Hence by MVT, there exigt ¢ « ({00, [05) euch that
J105 -/i00 = (1/2[e)105 - 100)
No5=10+5/2[

(%)

Note that cince [00 < ¢ < 105[< 121, we have 10 <Jel< !
Hence together with ),
0 + 5/2(11) <105 <10 + 5/2(10)
Note that (O + 5/2(1) = 225/22 =10227..> 022
0+ 5/2(10)=45/4 =1025
Thug, 1022 <05 < 1025, therefore 105 = 102 I dp.)

(#)

Remark: Uging the upper bound 10.25 of /IO5, we can replace the Il in (#)
becauge J¢ <105 < 10.25. We then get a better lower bound
10 +5/2(1025) = 420/41=10243..>1024.
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E xercigeq:

| Suppose fis defined and differentiable for every x > 0, and f'(x) > 0as x - + 0.
Put g(x) =f(x + 1) — f(x). Prove that g(x) - 0 as x - + 0.

Solution:  We need to show by definition that

Je>0, JaeR euch that whenever x> a, [glx)-Ol<e.

Let £ > O. Since f(x) = O ag x — +x, there exigte aeR auch that
whenever x>a,  [f(x)-Ol<e. (%)

Now fix any x > &. Note that f ia continuoug on [x, x + ] and differentiable
on (x, x + 1). By MVT, there existe ce (x, x + 1) quch that

olx)  flx+) - fIx] : Ple)(x+) - x) = fle) (#)
dlefmition MVT
Algo note that ¢ > x > o Thug, (v holde for . It follows that
lg(x)-Ol;lf”(c)-Ol;e. #
(#) (%)
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2. Suppose g is a real function on R!, with bounded derivative (say |g’| < M). Fix
¢ > 0, and define f(x) = x + eg(x). Prove that f is one-to-one if € is small enough.
(A set of admissible values of € can be determined which depends only on M.)

Qolution:  We need to show that

3 1> O such that whenever O <& <1, fig one-to-one.

Take n =1/M. We now show that f ig one-to-one whenever O <& <n
Suppoge flx) = fly). Aseume it were true that x < y.
Note that g is continuoug on [x, y] and differentiable on (x, y).
By MVT, there exists ce (x, y) such that
o(y) - glx) = g’le)ly - x)
Now from flx) = fly), we can deduce that
x + &glx) = y + ggly)
x -y =¢gly) - glx))
X - y@s glely - x)
Since x # y and & + O, we have
gle)=-1/¢
Hence M >1 glle) [ = I/&. ie, & » I/M = . Contradiction!
[t follows that we mugt have x > y. Similarly, we aleo have x < y.

Therefore x = y.

(¥)
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