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Q1. The inner product of x = (x1, x2), y = (y1, y2) ∈ C2 is given by

(x, y) := x1ȳ1 + x2ȳ2

where ȳi denoted the complex conjugate of yi ∈ C. We compute 〈Tx, y〉:

〈Tx, y〉 =
1√
2

(x1ȳ1 + ix2ȳ1 + x1ȳ2 − ix2ȳ2)

= x1(
1√
2

(y1 + y2)) + x2(
1√
2

(iȳ1 − iȳ2))

By definition, 〈Tx, y〉 = 〈x, T ∗y〉 = 〈T ∗y, x〉, we have

〈T ∗y, x〉 = x̄1(
1√
2

(y1 + y2)) + x̄2(
1√
2

(̄iy1 − īy2))

= x̄1(
1√
2

(y1 + y2)) + x̄2(
1√
2

(−iy1 + iy2))

Hence T ∗y = 1√
2
(y1 + y2, iy1 − iy1). By direct calculation, it is checked that TT ∗y = T ∗Ty = y

for all y ∈ C2. Hence T is unitary.

Q2. Let x ∈ T ∗(M⊥2 ), there exists m2 ∈M⊥2 with T ∗m2 = x. Let m1 ∈M1, then

〈m1, x〉 = 〈m1, T
∗m2〉

= 〈Tm1,m2〉
= 0

as Tm1 ∈M2 and m2 ∈M⊥2 .
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