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Compulsory Part

1. Let G ={1,2,4,5,7,8}. Define a binary operation * on G as follows:
lxk=1Fk,

where - represents the multiplication of integers, and for any n € Z the symbol 7@ denotes
the remainder of the division of n by 9. Given that G = (G, *) is group. Show that G is
isomorphic to Zg.

2. Let G, G’ be isomorphic cyclic groups. Show that for any generator g of G (i.e. G = (g))
and any group isomorphism ¢ : G — G, the element ¢(g) is a generator of G'.

o= {(o )5 )00 (% D))

(a) Show that (G, %) is a group, where * is matrix multiplication.

3. Let

(b) Show that (G, *) is isomorphic to Zs X Z.
4. Show that a group G is abelian if and only if the map
o:G—GCG

olg)=9", ge€@q,

is a group homomorphism.
Optional Part

1. Let G ={1,5,7,11,13,17,19, 23}. Define a binary operation * on G as follows:
Ixk=1-Fk,

where - represents the multiplication of integers, and for any n € Z the symbol 7z denotes
the remainder of the division of n by 24.

(a) Given that G = (G, *) is group, show that G is not isomorphic to Zsg.
(b) G is isomorphic to one of the following groups. Make a guess which one.
1. SQ X Z4.

1i. Z3 X Z5.
l. Zg X Zy X Zs.



10.

. Let ¢ : G — G’ be a bijective group homomorphism. Show that the inverse map

¢! : G — G is also a group homomorphism.

. Show that Z, X Zs is isomorphic to Zg.

Show that any non-abelian group of order 6 is isomorphic to Ss.

. Let n be a positive integer. Define ¢ : (Z, +) — (Z,,, +,) as follows:

ok)=k, kecZ,
where % denotes the remainder of the division of & by n.

(a) Show that ¢ is a group homomorphism.
(b) Find ker ¢ and the index [Z : ker ¢].
(c) Find all group homomorphism(s) ¢ : Z,, — Z, if any exists.

Find the total number of group isomorphisms:

(a) from Usj to Us.
(b) from U12 to Zlg.

. Define ¢ : (R,+) — (C\{0}, -) as follows:

(x) = e =cosz +isinw, xR,

(a) Show that ¢ is a group homomorphism.
(b) Find ker ¢ and im ¢.

. Define a relation = on groups as follows:

G = G if G is isomorphic to G,
Show that == is an equivalence relation.

Let G be a group. An isomorphism ¢ : G — G from G onto itself is called an auto-
morphism of G. Show that the set Aut(G) of automorphisms of G forms a group under
composition.

(a) Let G be a group and S C G be a generating set for G, i.e. we have G = (5). Let
A:G — G and p : G — G’ be two homomorphisms from G into a group G’ such
that A(s) = u(s) for any s € S. Show that A = p.

(b) Use (a) to compute the order of Aut(Z;5). (More generally, what is the order of the
automorphism group of a cyclic group of order n?)



