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3. Show directly from the definition that the following are not Cauchy sequences.
(2 marks each)

n

(a) ((—1)"), (b) <n n ﬂ) , (©) (Inn)

Solution. Recall that (x,) is said to be a Cauchy sequence if for every € > 0, we
can find some N € N such that the following holds:

|z, — x| <€ for every n,m > N

To show that a sequence (z,,) is not Cauchy, we need to find some €, > 0, so that
for each N € N, there are some n,m > N with |z, — x| > €.

(a) Let ¢¢ = 1. For each N € N, we put n = 2N and m = 2N + 1. Note that
(=)™ = (=1)"| = |1 — (=1)| = 2 > €g. Therefore, ((—1)") is not Cauchy.

(b) Let x, =n+ (71)”, and let ¢g = 1. For each N € N, we put n = 2N + 2 and

n

m = 2N + 1. Then,

1 1
n = Tm| = 2N +2 —(oN+1-
[0 = Zm TN ( * 2N+1)'

1 1
=1
+2N—|—2+2N+1

> €

Therefore, (x,) is not a Cauchy sequence.
(c) Let x,, = Inn, and let ¢¢ = In2. For each N € N, we put n = 2N and m = N.
Then, we have
|z, — x| = |In(2N) = In N| =In2 = ¢
Therefore, (x,) is not Cauchy.
9. If 0 <r < land |x,11—z,| < 7" forall n € N, show that (z,) is a Cauchy sequence.
(4 marks)
Solution. Let n,p € N. Note that
[Zntp = Tnl| < |Tnap = Tnap-i] + [Tnsp1 — Tngpa| + .o+ 20 — 2y
<Pl pntem2 oy
=r"(14+r+...+rP1)
n(1—1P
=r
1—7r
Tn
1—7r

<




Notice that lim,,_,., ™ = 0 for 0 < r < 1. For each € > 0, there is some N € N such
that 7" < €(1 — r) whenever n > N. Now, we see that |r,4, — z,| <eifn,p e N
with n > N. Therefore, (z,) is a Cauchy sequence.

To see that lim, 7" = 0. If 0 < r < 1, then r =

for some b > 0. Indeed,

. +b
b=1—1. Note that (1+b)”—l+nb+%b2+...>nbf0rn22. Hence,
1
n: <_
O<m™ =TT < w

By Sandwich Theorem, we have lim,, ., " = 0.



