MMAT 522.0 Com‘)\e_x Ana\\\/é,s'\s at\c\ l‘\'s AFf\iCpJYiO'\S

\_ecture lZ
% Qon&f\'\f\&\ Ma???%_s (Cor\'\"d)

De{' A “\‘ur\cﬁor\ % , ot continuowns eaf‘ﬁa\ Aeuatives , \S satd to \OQ
onformal at =, T‘(‘ , o ama, \>a:\'\f\s K.,Yz‘(—i,i)—ac A

X|(°) =Xz(°)=2‘o, 'ﬂ—dL (oﬁd\'tlés a-r\%\g_ \ae_‘t'ue.o.r\ K\ PP Xa. at 2,
§3 Co\\«h\ te that \ac\'\-’ﬂu\ ‘Q"X\ and {‘"Yz at ‘?('3-).

A %\..nc‘ﬂof\ s sava te LQ Cpf\%gr""\ﬁ\ ‘v o devala -DCC TQ‘
[\ QRN (_Oh%'bf‘ma-\ at -e.uo.r‘vé ?c“r\t " D

Thn A function § Ts conformal af 2o WE & cgm?\cx Ak erentiakia
& Zo ond {(RH*O.



_Ef (%) NQG"‘?),(O) - a.h?({oY\y(o) = (N,&&'(a,) -+ ““'g‘“‘"ﬂ _(0_,.% £z + a-rvé"'(o))

- ooy X30=) - oy XY .

(=) Note that § T aformeal ot 2o

‘ 0os CRID

o.f‘g ("G X)()—aﬁzk(e _arg-T".T.
(§S \AJJ-?U\AM‘{ the clhoicn & ¥:C-2 D)—=C with X(o)==.
\I\Jn'l'n-a &) = <)+ "3(1:\ we fhave

Qco\()(o)— X o) + U&L D)
_ ;__ ( ¥ wg) a\C (‘«’/o) u'ﬁn)

= z(gi % Yoy + (s(- 393\6”




S Gl | g3 3Ey L (YT

As X1) vases , e RMS Jdescrbes a cirda with adivg l\—£+\}—{"\

So we must %\auz, 3}_&_‘_12;_0 &S R Le\ ot 2. #

(hy )

c.y. -Y-(%) = gt

e= tor\t't,'-‘-C‘

C=lnt=2S, g = 22
> —>

z - ?\o«\.\. \d—?\m



2

2
X—‘g =
2x-3=c,_

\eue,\ Crves = Const aand

V = ontt are orﬂnosona.\

Cue.r'uau\ﬁ&re. esciapt at 2=0

(Note = flo)=0 1)

u(x,?) = Xl—‘a’.
Vv O, va) = 2"‘%



. Lc’c D e to open wate  Atsk QEGQ‘- \2\<\
CenS'\'AU o&‘b—9£ daRned \ctg_

A = T
wWhee a€®D . Then oo can check theak
O %(D)C\D

) g@+o Y zeD
@ 3'- ‘D — ‘D S a L'Se.c.f-of\



DC‘Q A ‘F\"ac\‘(or\a\ linear transformation (s a fnckion ov the torm
— az +b
f& = C2+d
where a,\o,C,AeC ore <t, ad-lc *O.

‘_D__?s-f_f'\’g :

- £ v wnformal

. £ waps c.‘\r-c\n.s/ s'tra'to&\,:t, \tres o c.'u"c\sLs/ s'l‘ro.'to&\.:t, taes ta T
(Viewing £ o5 a map fom the Riemann sghese €F = Qoie)

fe tse, then § meps cicdas to awrdas in TP ).
= dil«tions 2 ¢« az

® “' \S A Cprv\fof\'ﬂon 6" — tcans\ations 2\— o+t = ‘S‘ (&Y \‘;Sgcb:ug
~  \Aversions 2 (— \/2



To wiew ‘& asS a M,\? Sonn el Riemaan S?\r\&:& «:_?\'-_—' C\-__inl

to thse, we set 1(-4/) mo0 & cto
Z F(o)=o= & c=o
Then § QTP — TP actally & bifidomorgntin, e & i
Tnvartible  acd &s iaverse 5 also anq\ékkn
Fucthermore. , any bitholomonghism ot CP' s S AW feew, de.

Auvt Cq-?‘> = 2 'Y'(%)r'?T:\% L d,\o,c,déQ ond o«l—\cc.#os

So we ‘e\auL A Ma?

T GLR,T) — Awl(cp’)

| _ a~2—«-\>
2% — My =2y




\r\;\f\'\c\n % a su«-\').cc.ﬂue_ oarew? 'Q'\OW\O(V\:;I'?\'\'\'SW\ Whose  kernz\ Ts ?‘wu\ \g..g_

Kee w = § <2 °>\3 T N €& Q\"’Sk)
= A (Cr') = 6Lz, O/ENY) = POLE,Q).



S Schwarz  Lemmon

Tham (Sdhuarz Lemmna)
Let £@) be an analytic function for 12\< 1 such thot $ey=o and
@\ <\ VYV 120\ | Thwen
@) € 12V ViIzI<l aad
\$%=>\ < )
Furthermore , i€ 1NV =\ o (@I =12\ & some 2z, with o<\z|<y,
then £(@)= €92 for some oeR.

£(2)
Pt - Deline %C%) \DVA‘ %(e)': K—a' o o<\2\<)

£l S ==o




Then o TS MA\é-ck_ LHe 21 <. (wkgl,)
For wwé <\, a?V\»Smc} MmaxXimunn modulus Vn‘nc,:?b_ 1o g(%)
for |2l € v gives
o e 1(
[l € 2 ol = a2 € &
Leﬁ:r\? C= ". , We ’?f\o-J-e_ \3(?)\<\
$@ ) €2V YViZi<l aad
\ %D\ £\
™ =\ or T 2. with o<l@1<t si. FEIN=\2), then
ether \g(°)\=\ or \3,C?o)\=\, \n bt Ccoses |, the moximus
wmoduwlns ?HAC’:FK" imf\\es 'Hr\ag't_ %Czw‘—.:-)\ whee D=1\ .

The reswt fo\\ows. #



Thn  Let D be the open uwnic dnk (e C: 1210,
Then %“Dﬂ D v wnatrmal Ltjee.*?ve_ r@(- % it of the Hem

ieo -

%(%) =< |- az

for seme. aeC with \al<\ and ,€¢R

E_ : (%) BV} direct (‘,m?\h‘u—.‘\'ior\s ( ses Lectuce ‘L\J,
L‘?;) Su??cse_ %ID" D % nformal \:Becti\l&.
\_zt o= 5|(O) e C o GACG) = 0.
Consider the map D/ D dafinas by h(z) = =2
-\ v Vé' \— a2
Then §= 4o D= D T conbormal \a'i:y.c-fwt sx, $lo)=o0,
A??\vx‘f\? Schwarz \_Q..MMG\ tTo % Cr'gs?. 'Q"‘) 3‘.\,@5
@V <L (resp. WEN SIS 120 (1)




HLAUL e ‘?r\au&. \-(-(2)\=\2\ = ¥(2)=€fe°% G some 0.eR

Soe @ =F-N@=" T5 . #



§ Riemann M’*?f% Theorem

Thm ( Riemann N\aﬂﬁr\o& Theorem )
H: © s o S?mr\va_- Connected domain in Q sx. ODFC , tTen
Phee enxists a ‘o’je.c:tiuz., conformal map Cf :DOD—D

Rmks - Sv\.\afost_ @, e2:D—D are wnfomal and |oij¢c:\':ue_.
—(\f\u\ Cf’aﬁ‘-ej‘ : ‘D — D T o.\so L?:)cct’u(_ onformal . ;7

=\ O, - .
= Qe )@= =@ &/ T\R
= = 3“?‘ 7N o
D2

So . determines ol other @:D—D. ~ -



g?m%\ar\v& , %‘wu\ C(’ :D— O \>:3cct:v<, Qgr\‘Qor‘w\A\ ]
Then ‘(‘br anvA awfoMor?\n&M -‘} '-.D—-’-D, there— enists %6 A\&((ID)

Aeotermined ‘O\g T -@o\\ou‘mg Atnz\"aw\
Dt
¢} Ki
D 9 D

\e. Q= ‘(’““"fﬂ oC = C(’-‘°3°4(’ ,
Se AWt (D) = Ah‘t(\b),



Exo-m\:\l S

- U o.r‘e\a
rpor Bl tlant = {2€C: Tmz>o)

Y s

2-1

—

2«

1

-

/K\\ s

77N
l \
%

\




. S‘(({‘,

=

/////:f////z
7//// ////z

A\

Rk The Sc&\uara—C\r\dsToﬂe_\ tvansfoemation

(\n ?Miw\o-r',
c\r\oos'\r\oé =TT ca‘cvc.s

T\M. u»??r_r ‘Q\a‘& -?\a.f\-’.>



