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1. Assume all contours of integrals are in the counterclockwise direction. Evaluate the inte-
grals.

(a) ∫
|z−i|=2

dz

(z2 + 4)2
;

(b) ∫
|z|=2

dz

z2 + 1
;

(c) Let a ∈ C, ρ > 0, so that ρ 6= |a|, find∫
|z|=ρ

|dz|
|z − a|2

.

Solution.

(a) Let g(z) = 1
(z2+4)2

. If we put f(z) = 1
(z+2i)2

, then

g(z) =
f(z)

(z − 2i)2
,

where f is analytic inside and on the circle {|z − i| = 2}.
By the Cauchy integral formula,∫

|z−i|=2

f(z)

(z − 2i)2
dz =

2πi

1
f ′(2i) = 2πi(

−2

(4i)3
) =

π

16
.

(b) z2 + 1 has two distinct roots i and−i inside the circle {|z| = 2}. By partial fraction,

1

z2 + 1
=

1

2i
(

1

z − i
− 1

z + i
).

Hence, by Cauchy integral formula,∫
|z|=2

dz

z2 + 1
=

1

2i
(2πi− 2πi) = 0.

(c) Parametrize the contour {|z| = ρ} by z = ρeiθ with θ ∈ [0, 2π]. Then

dz = ρeiθi dθ

|dz| = ρ dθ =
dz

ieiθ
= ρ

dz

iz



2

Therefore, ∫
|z|=ρ

|dz|
|z − a|2

=

∫
|z|=ρ

ρ dz

iz(z − a)(z̄ − ā)

=

∫
|z|=ρ

ρ dz

iz(z − a)(ρ
2

z
− ā)

= −iρ
∫
|z|=ρ

dz

(z − a)(ρ2 − āz)

Therefore, the integral equals 2π/ρ if a = 0. For a 6= 0,∫
|z|=ρ

|dz|
|z − a|2

=
iρ

ā

∫
|z|=ρ

dz

(z − a)(z − ρ2

ā
)
,

Notice that |ρ2/ā| < ρ if and only if ρ < |a|. By Cauchy integral formula, we have

∫
|z|=ρ

|dz|
|z − a|2

=


2πρ

ρ2−|a|2 if |a| < ρ;

2πρ
|a|2−ρ2 if ρ < |a|.

J

2. If f(z) is analytic for |z| < 1 and |f(z)| ≤ 1/(1− |z|), find the best estimate of |f (n)(0)|
that the Cauchy’s inequality will yield.

Solution. For any 0 < r < 1, if we put Mr = sup{|f(z)| : z ∈ ∂B(0, r)}, then Cauchy
inequality gives

|f (n)(0)| ≤ n!Mr

rn

Moreover, Mr ≤ 1/(1 − r) by our assumption, hence |f (n)(0)| ≤ n!
rn(1−r) . For each

n ∈ N ∪ {0}, we choose r = n
n+1

to minimize the bound. That is,

|f (n)(0)| ≤ (n+ 1)!(1 + 1/n)n.

J

3. Let f be a continuous function on {|z| ≤ 1} and analytic on {|z| < 1}. If

|f(z)| = 1 for every |z| = 1,

then f is a constant function, or f(z) = 0 for some |z| < 1.

Solution. By Maximum Modulus Prinicple, |f(z)| ≤ 1 for all |z| < 1. Suppose f(z) 6= 0
for all |z| < 1. Then, 1/f(z) is also analytic on |z| < 1 and |1/f(z)| = 1 for |z| = 1.
By Maximum Modulus Principle again, |1/f(z)| ≤ 1 for all |z| < 1. These tell us that
|f(z)| = 1 on {|z| ≤ 1}. Since the maximum of |f(z)| can be attained in the interior of
{|z| ≤ 1}, f is a constant function. J


