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1. Show that vectors (en), where en is the sequence whose n-th term is 1 and all other terms are
zero,

e1 = (1, 0, 0, . . .),

e2 = (0, 1, 0, . . .),

· · ·

form a Schauder basis in `p for every p ∈ [1,+∞) and in the spaces c0 and c00.

Proof. Let x = (x(i))∞i=1 be a sequence in R or C. For every n ∈ N, define sn =
∑n

i=1 x(i)ei.
Then sn ∈ c00 ⊂ `1≤p<∞ ⊂ c0 for all n ∈ N. Note that x− sn = (0, . . . , 0, x(n+ 1), . . .).

Convergence of the series

(a) If x ∈ `p, 1 ≤ p < ∞, then (
∑∞

i=1 |x(i)|p)1/p = ‖x‖p < ∞. For every ε > 0, there
exists N ∈ N such that for any n ≥ N , (

∑∞
i=n+1 |x(i)|p)1/p ≤ ε, thus

‖x− sn‖p = (
∞∑

i=n+1

|x(i)|p)1/p ≤ ε.

Hence sn converges to x in ‖ · ‖p, i.e., x = limn→∞ sn =
∑∞

i=1 x(i)ei in `p.

(b) If x ∈ c00 or c0, then for every ε > 0, there exists N ∈ N such that for any n ≥ N ,
supi≥n+1 |x(i)| ≤ ε, thus

‖x− sn‖∞ = sup
i≥n+1

|x(i)| ≤ ε.

Hence sn converges to x in ‖ · ‖∞, i.e., x = limn→∞ sn =
∑∞

i=1 x(i)ei in c00 or c0.

Uniqueness of the expansion
Let (α(i))∞i=1 be a sequence of scalars such that

∑∞
i=1 α(i)ei = 0 ∈ `p, 1 ≤ p < ∞ or

c00 or c0. It suffices prove that α(i) = 0 for all i ∈ N.

Suppose on the contrary that there exists n0 ∈ N such that α(n0) 6= 0. Let ‖ · ‖ denote
‖·‖∞ or ‖·‖p. Since ‖·‖p ≥ ‖·‖∞, we have ‖·‖ ≥ ‖·‖∞. By the convergence of

∑∞
i=1 α(i)ei

in ‖ · ‖, there exists N ≥ n0 such that ‖
∑∞

i=N+1 α(i)ei‖ < |α(n0)|/2. It follows from the
triangle inequality that

0 = ‖
∞∑
i=1

α(i)ei‖ ≥ ‖
N∑
i=1

α(i)ei‖ − ‖
∞∑

i=N+1

α(i)ei‖

≥ ‖
N∑
i=1

α(i)ei‖∞ −
|α(n0)|

2

≥ |α(n0)| −
|α(n0)|

2
> 0,

which is a contradiction. Hence α(n) = 0 for all n ∈ N.
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2. Let X = {x ∈ C[0, 1] : x(0) = 0} with the sup-norm, and let f be a linear functional on X
defined by

f(x) =

∫ 1

0

x(t)dt.

Show that ‖f‖ = 1.

Proof. Since |f(x)| =
∣∣∣∫ 1

0
x(t)dt

∣∣∣ ≤ ∫ 1

0
|x(t)|dt ≤ ‖x‖∞, we have ‖f‖ ≤ 1.

For any ε > 0 small, define

xε(t) =


t

ε
if t ∈ [0, ε],

1 if t ∈ (ε, 1].

Then xε ∈ X with ‖xε‖∞ = 1 and |f(xε)| = |
∫ 1

0
xε(t)dt| = 1 − ε/2. Hence ‖f‖ ≥ 1 − ε/2.

Letting ε→ 0, we have ‖f‖ ≥ 1, thus ‖f‖ = 1.

— THE END —
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