Exercise

0r2n7r+37“<x<2n7r+%“,n€Z
1k) 1<z <9
1.(m) log(nm — §) < x <log(nm), n € Z,n > 1
lo)2nr <z <2nm+m,ne€Z,n<-1
or2nt —nm<zx <2nm,n € Z,n>1
L@ f<z<PTorm<z<it
or%”<x<27r
1.(s) No real solution
lu) 4<z<-3or—-l<z<4

lw)0<z<lorxz>4

2.(a) false 2.(b) true
2.(d) true 2.(e) false
2.(g) true 2.(h) false
2.(j) true 2.(k) false
2.(m) false 2.(n) false

1<a?—42+5<37

logs (sin(z) +3) < 2

" > 16

B cos(x)—sin(x) N
I< cos(z)+sin(z) <2 \/g

log1(F) <1
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Jx<—lorxz>2
d)z<3or3<z<10

f) 4<zx<-2

hyz<-b5or0<z<2

o<z < g orz>9

L) 2nmr— 3 <ax<2nm+ 2, neZ

1.(n) 2nm — 2% <o < 2nmw —

L(p) 5 <z < F

lr)z < -3or3<uz<4

1.(t) 1<z <3

l.v) z<0Oora>1
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0 -3 < 22 <10
f)—1g%§1
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Selected examples:

3.(d) Assume = 0. Then %8244 — 1. Jf ¢ # 0, then ”gj =1+
(Case 1) Assumex>0. Thenx—?ﬂ-%:(\f—\?) +1>1
Hencel<1+ 3+4 < 10.

(CaseQ)Assumeac<0 Thenz — 3+ 2 = — (/=2 — 2)? - 7< -T.

Hence—7<1+ 3+4 < 1.

Combining all these cases together, we have —2Z < x2+gii4 < 10.

3.(d) (Alternative approach) Notice that 2% — 3z + 4 # 0 for all .
2
Let y = L2342 Then (y — 1)2® 4 (—3y — 6)z + (4y —4) = 0.
Now, there must be real root to this equation. So, A = (3y + 6)% — 4(y — 1)(4y — 4) > 0.

Solving gives —= < y < 10.

3.(c) S _ 2l46e40 _ 7y 16y g 16

z—1 x—1

Since z > 1, & — 1+ 8+ ;1% = (Vo —1— —=2=)% + 16 > 16.

Note that % is unbounded above for z > 1.

4()Notethat\/:r:— <f<\/x+ So0<vVr—1++r<2/x <+ T+Vr+1.

Then, ﬁ+f WE > VR T
Now, \/7+f =z -z 1andf+m v+ —f

Hence we have 2v/x + 1 — 24/x < —= 7 < 2v/x — 2v/x —

4.(f) Note that 2a? + 2b% + 2¢? — 2ab — 2bc — 2ca = (a — b)? + (b—¢)? + (¢ — a)? > 0.
So a2 4+ b% + 2 > ab + be + ca.

Hence (a+ b+ c¢)? = a? + b% + ¢® + 2ab + 2bc + 2ca < 3(a® + b + ).

Also, (a+b+c¢)? = a? +b? + c® + 2ab + 2bc + 2ca > 3(ab + be + ca).

Equality holds iff a = b = c.

4.(j) From 4.(i), we have “t0tetd > /abed for a,b,c,d > 0.

utv+w
Now consider a = u,b=1v,c = w,d = “F2E%  We have otbtetd — u+v+w: T = uiytw
Note that d = 0 iff u,v,w = 0, in which case the inequality is obvious. So assume d > 0.

Since d = W > Vabed, N > vabc.

So d? > abc and hence w =d > Vabc = Yuwow.
4.(1) Since a,b,c >0, (a+ 1), (b+ 1), (c+ 1) >0.
Now, (a+ §) >2\/@ (b+ 1) > \/5,(c+l)>2\ﬁ.
So (a+3)(b+1) > (2¢/9)( 2[ )(2\/5) =8.

Equality holds 1ff a= b =c.

5.(a) Negative

=d.



5.(b) Suppose az < m < as.
Then ¢,m —a;,m —as < 0 and m — ag, ..., —ag > 0.
Hence f(m) = c(m — a1)(m — az)...(m — ag) < 0.

5.(c) anp <z < apt1,n=1,3,57

5.(d)
6.(b) Local maximum at =3 y=csc(3) = -1
Local minimum at z = 7, y =csc(3) = 1

6.(c) Take 6 = 1.
Notice that when —§ <z < 6,0 < 22 < §%2 = i.
So 2t —2? = 22(22 — 1) <0.

6.(e) Assume f(z) = 1 attains maximum at a > 0.

So there is 6 > 0 such that if 0 < a — 6 <z < a+ ¢ then f(z) < f(a).
However f(x) is strictly decreasing for > 0, so f(a — g) > f(a).
Contradiction arises. Proof for local minimum is similar.

7.(b) 4n-2

7(d) B—a=/(B+a)2—4daB=/(2-n)2—4(n—5) =vn? —8n +24 < /44
So n? — 8n + 24 < 44 and hence —2 < n < 10.
Combined with 7.(c) gives =2 < n < 3.

8.(a) Suppose x > y. Then e* > ¢¥ and e™* < e Y.

ef—e ” e¥Y—e Y
So &5— > “5—.




8.(b)

x —x z _ —2ZN\2
Notethate tet (2 e +1
2 2
Also, e? — e 2 is strictly increasing and passes through (0,0)

8.(d) S =1- 2 =1- 32

ertem? e*fe—° PEENN]
9.(b) Since \/x # ﬁ, (VT — ﬁ)z < 0.

Soy=x+%=(\f—ﬁ)2+2>2.
Then, 2 > 2y > y + 2. Hence y?> —y — 2 > 0.



