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Teichmüller�m���m

½Â (­¡ Sg � Teichmüller�m)

Teich(Sg ) = {ρ : π1(Sg )→ Isom+(H2)
∣∣ ρlÑ!ü}/ ∼§ρ1 ∼ ρ2 ��

=��3 A ∈ Isom(H2)¦� ρ1 ÏL A� ρ2�Ý"

½Â (­¡ Sg ���m)

M(Sg ) = {ρ : π1(Sg )→ Isom+(H2)
∣∣ ρlÑ!ü}/ ∼§ρ1 ∼ ρ2 ��=

��3 ϕ ∈ Out+(π1(Sg ))!A ∈ Isom(H2) ¦ ρ1 ◦ϕÏL A� ρ2�Ý"

5µTeich(Sg )�M(Sg )��O3uµ½Â�d'X�´Ä�ýEÜ

Out+(π1(Sg ))���"ù
	gÓ���u�Ï
Ä�+þ�IP"

Ø+No�ýEÜ	gÓ�§ρ ◦ f (π1(Sg ))3 Isom+(H2)¥��8Ü�

©Ù/GÑØC"Ïd��mþ�:��u­¡ Sg þ�V­(�§


Teichmüller�mþ�:��u­¡ Sg þ��Ä�+P¹�V­(�"
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­¡N�a+

Sg : º�� g �½�4­¡

Homeo+(Sg )µ Sg ��½�gÓ�+

Homeo±(Sg )µ Sg �gÓ�+£�)�½���½�¤

Homeo0(Sg )µ Homeo+(Sg )¥ðÓN�¤3�ëÏ©|

Mod(Sg )µ ­¡N�a+ Homeo+(Sg )/Homeo0(Sg )

k��P¤MCG(Sg )!Modg

Mod±(Sg )µ *¿N�a+ Homeo±(Sg )/Homeo0(Sg )

­¡N�a+Mod(Sg )¥���´­¡�½�gÓ��ÓÔa"

½n (Dehn-Nielsen)

Mod(Sg ) ≈ Out+(π1(Sg ))§Mod±(Sg ) ≈ Out(π1(Sg ))
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­¡N�a+3 Teichmüller�mþ��^

½Â (Mod(Sg )3 Teich(Sg )þ��^)

Mod(Sg )Ó�u Out+(π1(Sg ))£Dehn-Nielsen½n¤¶

f ∈ Out+(π1(Sg ))3 Teich(Sg )þ��^/Xµ

f : [ ρ : π1(Sg )→ Isom+(H2) ] 7→ [ ρ ◦ f −1 : π1(Sg )→ Isom+(H2) ]

5 1µd±þ�½Â§á�kM(Sg ) = Teich(Sg )/Mod(Sg )"Teich(Sg )

Ó�u R6g−6§üëÏ§l
­¡N�a+´��m�Ä�+"

5 2µd?^����m�,�éAu­¡þV­(�½E(��/

C§�´�±y²§�TÐéAu­¡þ�ê­�(��/C§Ïd

3�êAÛp¡Ó�­�"
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£�µTeichmüller�m¥�ål

� ρi : π1(Sg )→ PSL(2,R)!Xi = H2/ρi (π1(Sg )) (i = 1, 2)´ü��Ä

�+��P¹�V­Ýþ(�§K (h)´N� h���� û§K

dT (X1,X2) =
1

2
inf { logK (h)

∣∣∣ h3Ä�+þp�ðÓ}
�¤+L«��ó§

dT ([ρ1], [ρ2]) =
1

2
inf

logK (h̃)

∣∣∣∣∣∣∣∣
h̃ : H2 → H2,

é?¿� a ∈ π1(Sg ),
h̃ ◦ ρ1(a) = ρ2(a) ◦ h̃


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Mod(Sg)3 Teich(Sg)þ��^´�å

é f ∈ Mod(Sg ) ∼= Out+(π1(Sg ))§5¿ f [ρ] = [ρ ◦ f −1]"

3O� dT (f [ρ1], f [ρ2])�§�.�'e(.�@
 h̃ : H2 → H2 ÷vµ

é?¿� a ∈ π1(Sg )k h̃ ◦ (ρ1 ◦ f −1)(a) = (ρ2 ◦ f −1)(a) ◦ h̃"

� a�H π1(Sg )¥����§f −1(a)��H
 π1(Sg )¥���"

�ù
 h̃��Ð÷vµé?¿� b ∈ π1(Sg )k h̃ ◦ ρ1(b) = ρ2(b) ◦ h̃"

dd��µO� dT (f [ρ1], f [ρ2])�I��.�'e(.�@
 h̃¤|

¤�8Ü§�O� dT ([ρ1], [ρ2])�I��.�'e(.�@
 h̃¤|

¤�8Ü§�Ð´Ó��8Ü"Ïde(.�Ó"

Ú¡² ­¡N�a+3 Teichmüller�mþ��^ 6 / 18



Mod(Sg)3 Teich(Sg)þ��^´ properlyØëY�

½Â

+ G 3�m X þ��^¡� properlyØØØëëëYYY§eé X ¥�?¿;8

B§{g ∈ G : g(B) ∩ B 6= ∅}k�"

½n (Fricke)

Mod(Sg )3 Teich(Sg )þ��^´ properlyØëY�

{g ∈ G : g(B) ∩ B 6= ∅}¿�X [ρ] ∈ B � g [ρ]�åØ�¶

[ρ] ∈ Teich(Sg )� H2/ρ(π1(Sg ))þk�^ÿ/���Ýû½¶

[ρ] ∈ B � g [ρ]�åØ�¿�Xþãk�^ÿ/��ÝCzØ�¶

�½V­­¡ H2/ρ(π1(Sg ))§��½þ¡?¿�^ÿ/� c§T

V­­¡þ�Ý� c ��Ý�'CzØ��4ÿ/��kk�^"
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+3�mþ�^�5�

� f ´Ýþ�m (X , d)þ��åC�§P

τ(f ) = inf
x∈X
{d(x , f (x))}

τ(f )¡� f �²£�Ý£translation length¤"

�+ G �å!properlyØëY/�^3Ýþ�m (X , d)þ§K+ G �

�� f �|^²£�Ý©¤naµ

(1) τ(f )ØU� X þ?¿:��¶

(2) τ(f )U� X þ,�:��¿� τ(f ) = 0¶

(3) τ(f )U� X þ,�:��¿� τ(f ) > 0"
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N�a+��� Nielsen-Thurston©a

Nielsen-Thurston½n� Bersy²§Ù¢Ò´4±þ� G Ú X ©O�

¤Mod(Sg )Ú Teich(Sg )§�yna+���AÛ5�©OÎÜ��!

k��!pseudo-Anosov"

� f áuMod(Sg )§K f �±©¤naµ

(1) �3­¡þ��dk�^*dØ���{ü4­�Óèa|¤�

8Ü C§f �½4 C£8Ü¿Âe��½§#N�� C ¥��

�¤§¿� f ��êÃ�¶

(2) f ´Mod(Sg )¥�k����¶

(3) f ¬�½4 Teich(Sg )¥��^ÿ/�£8Ü¿Âe��½¤§f �

�3ù^ÿ/�þ��^´z�:Ñ²£
 τ(f )"
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1�a�AÛ5�

e τ(f )ØU�?Û�: [ρ] ∈ Teich(Sg )��§y² f ¬�½4k�^

{ü4­��Óèa|¤�8Ü�Ú½µ

1 �3�X� {[ρn]}§¦� dT ([ρn], f [ρn])→ τ(f )

2 �X nO�§3 [ρn]�Ñ�V­­¡ H2/ρn(π1(Sg ))þ¬�3�

5�á�4ÿ/�

3 H2/ρn(π1(Sg ))þéá�4ÿ/�3 f �^e���¬éá

4 3�½V­(��­¡þ§�Ýéá�4ÿ/�ØUk�õ

£MargulisÚn¤§l
�Ýv
á�4ÿ/�� f �^k�g�

7,£�g�
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1�aAÛ5��y²µ��m� thick part

�M(Sg )´º� g ­¡���m§[ρ]´Ù¥�:§H2/ρ(π1(Sg ))´

[ρ]éA�V­­¡§ε > 0´é���ê"

½Â��mþ����Ý¼ê±9 ε-thickÜ©Xeµ

L([ρ]) : H2/ρ(π1(Sg ))þ�á4ÿ/���Ý"

M≥ε(Sg ) : {[ρ] ∈M(Sg )
∣∣ L([ρ]) ≥ ε}

½n (Mumford)

g ≥ 1�M≥ε(Sg )´;8"
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1�aAÛ5��y²µÑyéá�4ÿ/�

y² H2/ρn(π1(Sg ))þ¬Ñy�Ý¿©��4ÿ/�§=é?¿� ε§

Ñ�3 N§¦� n > N � H2/ρn(π1(Sg ))¬á�M≥ε(Sg )�	"

y²Xeµe�3�½� ε§é?¿ N§Ñ�3 n > N ¦�

H2/ρn(π1(Sg ))¬á�M≥ε(Sg )�¥"duM≥ε(Sg )´;8§�3f
S� ρnk ¦� H2/ρnk (π1(Sg ))3��m¥Âñ".£� Teich(Sg )¥

w§=�3�X�� gk ∈ Mod(Sg )§¦� gk [ρnk ]Âñu Teich(Sg )¥

�,: [η]"d��3Mod(Sg )¥Ã���� gk ◦ f ◦ g−1k §�^3 [η]

þ���(J� [η]�ål�u�½~ê§ù��Mod(Sg )3

Teich(Sg )þ��^Ø´ properlyØëY�§gñ"
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1�a�AÛ5�

é f ∈ Mod(Sg )§e τ(f ) = 0�U���§y² f k��µ

�3 [ρ] ∈ Teich(Sg )§÷v f [ρ] = [ρ]"

�3 A ∈ Isom(H2)§ρ ◦ f −1 : π1(Sg )→ Isom+(H2)�

ρ : π1(Sg )→ Isom+(H2)ÏL A�Ý"

é?¿� x ∈ H2, a ∈ π1(Sg )§k dH2(ρ(e) · x , ρ(a) · x) =
dH2(ρ ◦ f −1(e) · x , ρ ◦ f −1(a) · x)§Ïd3�Ý�¿Âe ρ�

ρ ◦ f −1 �����å�^="

^=��Ý7L´ π�knê�§ÄK ρØlÑ"
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1na�AÛ5�

e�3 [ρ] ∈ Teich(Sg )¦� d([ρ], f [ρ]) = τ(f )§y²�3üx�pî

���Û:�ÿÝ�G(� (Fu, µu)!(F s , µs)µ

1 f ¬�½4 Teich(Sg )¥²L [ρ]� f [ρ]�ÿ/�¶

2 Teich(Sg )¥á3±þÿ/�þz��:3 f e��^�´÷XT

ÿ/��í
ål τ(f )¶

3 �Ñü|�pî���Û:�ÿÝ�G(�"
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1na�AÛ5�µBers�y²

é���Ú§Bers�y²´�µ

l [ρ]� f [ρ]�3 TeichmüllerN�£TeichmüllerÄ�½n¤

÷X Teich(Sg )¥�½�ÿ/�í���½�ål⇐⇒�3��
�X�g�©3±þ TeichmüllerN��^eØC

�E(�­¡þ��X�g�©(½
ÿÀ­¡þü|�pî�

�ÛÉ�G(�

£±þ^�E(�!TeichmüllerÄ�½n!�X�g�©�Ü©´�

�½n¥y²�J:§�´^�©Ûóä�õ�Ü©¤"
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1na�AÛ5�µThurston�y²

é���Ú§Thurston�y²´�µ

Teich(Sg )¥�:��u��ÿÝ§^uïþÿÀ­¡þ4­�Ó

èa��Ý

Teich(Sg )¥� f �½�ÿ/�üà���uü�/4�ÿ

Ý0£=�;z���:¤

^�î�ÿÝ��G(�5£ãù
/4�ÿÝ0§ù
�G(�

��­¡þ�ÿÀé�§�3 f ��^eØC

/4�ÿÝ03|8þ���§3 f �^e�Cz��'~§Ï

de�rù
/4�ÿÝ0��;z��ØÄ:§I���K�

da"
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ØÄ:�AÛ¿Â

4Mod(Sg )¥���å/�^3 Teich(Sg )� Thurston;zþ§�â

T�^�ØÄ:8a.5éMod(Sg )¥��?1©a"

��a. ØÄ:�AÛ¿Â

�� òz�E(�§Deligne-Mumford;z

±Ï ,«é¡�E(�

�-Anosov òz�E(�§�X�g�©��G(�
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A�y²�é'

Bers�y²¿Ø^�9� Teichmüller�m�;z§�´�^�E

(�!�X�g�©±9 TeichmüllerN�§?nù
ÀÜÑ7L

^ér�©Ûóä"

Thurston�y²��9� Teichmüller�m�;z§wþ�éÿ

À!ØI�©Û§�¢Sþ�^�ÿÝ�fÂñ§��þ�´�

^��¼£¦+�C¤éÿÀ���¤"

Nielsen�y²´r f : Sg → Sg J,¤ f̃ : H2 → H2¶2í�Ã¡

�>.¤� f̃∂ : ∂H2 → ∂H2§= S1 → S1¶é f̃∂ : S1 → S1 �Ø

Ä:8?1©a"

Bestvina-Handel�y²�I^»�;�ù�X|Ü�óä"
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