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Solution 6

Hand in no. 1, 3, 4 and 5 by March 28.

Consider the initial-boundary value problem for the heat equation:
ut = uxx + F (x, t), in [0, π]× (0,∞),

u(x, 0) = f(x), in [0, π],

u(0, t) = g1(t), u(π, t) = g2(t), t > 0.

(1)

1. Find the solution of (1) when F ≡ 0, g1 = 5 and g2 ≡ 0. Hint: Find ϕ so that v = u− ϕ
satisfies (1) with F, g1, g2 all vanish.

Solution. Let

ϕ(x) = ϕ(x, t) =
(

1− x

π

)
g1(t) +

x

π
g2(t) = 5

(
1− x

π

)
.

It is easy to check that

ϕt = ϕxx = 0, ϕ(0) = 5 and ϕ(π) = 0.

By Theorem 4, there is a solution v of (1) with F, g1, g2 all vanish and v(x, 0) = f(x)−ϕ(x).
Now u ≡ v + ϕ is the required solution.

2. Find the solution of (1) when g1, g2 vanish and F (x, t) = C. Hint: Consider the function
w satisfying w′′ + C = 0, w(0) = w(π) = 0.

Solution. Clearly, w(x) := −C
2 x(x − π) satisfies w′′ + C = 0 and w(0) = w(π) = 0. By

Theorem 4, there is a solution v of (1) with F, g1, g2 all vanish and v(x, 0) = f(x)−w(x).
Now u ≡ v + w is the required solution.

3. Find the solution of (1) when g1, g2 vanish and F is nice. Hint: Make use of the Fourier
expansion of F (x, t) =

∑
Fn(t) sinnx.

Solution. As in the proof of Theorem 4, write

u(x, t) =

∞∑
n=1

bn(t) sinnx,

and

f(x, t) =
∞∑
n=1

Bn sinnx.

Assume that F is sufficiently smooth and satisfies F (0, t) = F (π, t) = 0. Then F (x, t)
admits a sine series representation:

F (x, t) =
∞∑
n=1

Fn(t) sinnx.

In order u(x, t) represents a solution to (1), we require

ut − uxx − F (x, t) =
∞∑
n=1

(b′n(t) + n2bn(t)− Fn(t)) sinnx = 0.
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Thus we need to solve

b′n(t) + n2bn(t)− Fn(t), bn(0) = Bn.

By multiplying an integrating factor en
2t on both sides, the above ODE can be solved with

bn(t) =

(
Bn +

∫ t

0
Fn(s)en

2sds

)
e−n

2t.

A solution to (1) is thus

∞∑
n=1

(
Bn +

∫ t

0
Fn(s)en

2sds

)
e−n

2t sinnx. (2)

4. Find the solution of (1) when g1, g2 vanish and F (x, t) = e−t sinx.

Solution. By question 3, we have

b1(t) =

(
B1 +

∫ t

0
e−sesds

)
e−t = (B1 + t)e−t,

and for n ≥ 2,
bn(t) = Bn.

Hence the solution to (1) is

u(x, t) = te−t sinx+
∞∑
n=1

Bne
−n2t sinnx.

Consider the initial-boundary value problem for the wave equation:
utt = c2uxx, c > 0 in [0, π]× (0,∞),

u(x, 0) = f(x), ut(x, 0) = g(x), in [0, π],

u(0, t) = u(π, t) = 0, t > 0.

(3)

5. Let u(x, t) =
∑∞

n=1 bn(t) sinnx be the solution to (3).

(a) Show that bn satisfies the differential equation

b′′n(t) + n2c2bn(t) = 0.

(b) Show that the solution u is given by

u(x, t) =

∞∑
n=1

(cn cosnct+ dn sinnct) sinnx,

where cn and dn are determined by

f(x) ∼
∞∑
n=1

cn sinnx,

and

g(x) ∼
∞∑
n=1

cndn sinnx,
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Solution.

(a) Let

utt(x, t) =

∞∑
n=1

vn(t) sinnx and u(x, t) =

∞∑
n=1

wn(t) sinnx.

Then

vn(t) =
2

π

∫ π

0
utt(x, t) sinnx dx =

d2

dt2
2

π

∫ π

0
u(x, t) sinnx dx = b′′n(t).

By integration by parts (twice), we have

wn(t) =
2

π

∫ π

0
uxx(x, t) sinnx dx

=
2

π
ux sinnx

∣∣∣π
0
− n 2

π

∫ π

0
ux cosnx dx

= −2n

π
u cosnx

∣∣∣π
0
− 2n2

π

∫ π

0
u sinnx dx

= −n2bn(t).

Now

b′′n(t) + n2c2bn(t) = vn(t)− c2wn(t) =
2

π

∫ π

0
(utt − c2uxx)dx = 0.

(b) Solving the ODE b′′n(t) + n2c2bn(t) = 0, we have

bn(t) = An cosnct+Bn sinnct,

where An, Bn are constants. The initial conditions imply that

bn(0) =
2

π

∫ π

0
u(x, 0) sinnx dx =

2

π

∫ π

0
f(x) sinnx dx = cn,

and

b′n(0) =
2

π

∫ π

0
ut(x, 0) sinnx dx =

2

π

∫ π

0
g(x) sinnx dx = cndn.

Thus An(0) = bn(0) = cn and Bn(0) =
b′n(0)

nc
= dn. Hence, the solution u is given by

u(x, t) =

∞∑
n=1

(cn cosnct+ dn sinnct) sinnx.


