Short notes on error analysis

(1) Purpose of a physics experiment

In research:
1. to discover something new;
2. to confirm whether a theory or model is

correct.

In teaching lab courses:
1. to verify a theory (or a law);
2. to reproduce a known experiment.

(2) Experimental errors

Everyone makes mistakes!

But experimental error does not mean
“mistake”.

Even though you do not make any mistake in
experiment, your result is still having
experimental error which actually means
uncertainty.

No measurement is exactly correct.

Experimental error is inevitable!

To avoid human uncertainty, we usually do an
experiment with the help of suitable
instrument (ruler, multimeter, power supply,
CRO, etc.).

[The terms: apparatus, equipment &
instrument have roughly the same meaning. ]

Sources of experimental errors

1. Real mistake: malfunction of equipment,
wrong design of experimental setup, careless
operation of equipment, wrong procedure,..
We should avoid real mistake by careful
planning of experiment and proper operation
of equipment.

2. Instrument error: comes from the limitation
(precision, reliability & reproducibility) of
equipment and tools used in experiment.

(a) Analog equipment:

Depending on how careful you take the

reading, the accuracy of the result can be

anywhere from one-half to one-fifth of the

smallest division.

E.g. 1: For the analog scale shown in Fig. 1,
the reading is recorded as 2.14 + 0.05.
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Fig. 1
E.g. 2: A meter stick or measuring tape is
accurate to 0.5 mm.

(b) Digital equipment:
[An equipment usually comes with a manual

in which its precision or capability is listed as

the “specifications”.]

Take the digital multimeter (model

GDM-8135) as an example. According to its

manual, the error of DC voltage reading is

“£(0.1% of reading + 1 digit)”.

This includes two types of errors (to be

explained in 4 & S below):

(1) Systematic error: “+0.1% of reading”
The manufacturer does a generic calibration
& guarantees such a precision.

(i1)) Random error: “+ 1 digit”

It is due to fluctuation of electronics.
“1 digit” actually means one least
significant digit or last digit of display.

E.g, if the reading on the display is 18.5 mV

(here, 5 is the least significant digit)

then the erroris  (18.5x0.1%)+0.1=0.1

If the reading on the display is 118.5 mV

then the erroris (118.5x0.1%)+0.1=0.2

- The instrument errors are intrinsic.

- Always use the most sensitive scale of
equipment.

. Human error: comes from the uncertainty in

visual judgment and human response if we

need to do so in the measurements.

E.g. 1: In a free fall experiment, we use a
measuring tape to measure the height (d) at
which a ball is dropped. The tape has a
precision of 0.5 mm. But the experimental
error od is larger than 0.5 mm because in the
measurement process, we need to judge
where the end points are. If we use a
stopwatch to measure the falling time (¢), we
experience the reaction-time problem. This
will increase the error ot .

E.g. 2: In a geometric optics experiment, it is
difficult to judge the position of an image
precisely.

- To avoid human uncertainty, always try to
design an experiment using only digital
equipment for measurements.

- Human uncertainty can result in both
systematic error and random error.

. Systematic error: comes from

® persistent biased human observation;

® uncalibrated equipment or faulty technique
(e.g. misalignment in an optics
experiment);

® drifting of lab environment;

® simplification in analysis; and ....
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E.g. 1: In doing a free fall experiment, your
stopwatch may run constantly faster. Then
your falling time data have a systematic
error. In the analysis, we neglect the air
friction. Your falling time data are
systematically larger; but this error should
be negligible. (For a good experiment, such
a simplification in analysis should be
justified by order-of-magnitude estimation.)

E.g. 2: In Exp. 1 of PHY2811, you need to
judge when the water drop falls across a
mark. You should observe the drop & mark
horizontally at the same time. If you
persistently look at an angle, you introduce
a systematic error. Furthermore, when you
hit the timer, the lag due to the gap between
your finger and the button or keyboard
increases the actual time. Since you press
the button twice to get a time difference, the
actual experimental error is smaller.

E.g. 3: In Exp. 2 of PHY2822, we neglect
the heat loss to the leads & assume that the
electrical energy supplied to the lamp is
carried away by electromagnetic radiation.

E.g. 4: If a voltmeter does not read zero even
when the inputs are shorted, then all
measured values have a constant offset.

It is difficult to detect systematic error, but
you can eliminate most of them by proper
calibration of equipment. At least you
should check their consistency.

5. Random error or statistical error: comes
from

® random fluctuation of equipment reading
due to finite precision;

® random drifting of environment (electric
power voltage, room temperature, air
pressure, etc.); &

® random fluctuation in human judgment or
reaction.

- Random fluctuation may also be due to
stochastic nature of the physical process
involved in the experiment (e.g., counting
of radiation due to radioactive decay).

- Random errors can be determined by
repeated measurements. (See (3) below.)

6. Summary:
® Equipment should be calibrated and
checked (at least zero-checked).
® Avoid human error and systematic error.
® Your measurement error (the
experimental error of measurement) is

usually due to instrument error. If human
judgment is involved, then the
measurement error is mainly due to human
uncertainty (usually human error >
instrument error.) Always use the larger
error as the overall measurement error.

® Random error can be determined &
minimized by repeated measurements:

(3) Repeated measurement & distribution of

data

Suppose you are doing an experiment to
measure a physical quantity x. (E.g. in a free fall
experiment, you measure the falling time ¢.)
When repeating the measurement, very likely,
you get different results.

Suppose you repeat n times and obtain data:

Xy, Xy, Xy e, X,
The average value is almost always the best
result which should be close to the “true value”.

The data can be described in a histogram of
frequency distribution:

S
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Fig. 2 A typical histogram

To plot the histogram, the horizontal scale (for x)
is divided into small intervals of equal size
(called bins). The vertical scale is for the
(normalized) number of observations with x
falling inside each bin. In Appendix A, we show
you how to plot histogram by Excel.
A smooth plot can be obtained only for large n.
Very often we can use a normal distribution
(also called Gaussian distribution®) to fit the
histogram (as shown in Fig. 2):

1

N
j“; f(x)dx=1.

[* For counting of radiation due to radioactive
decay, we need to use Poisson distribution. ]
According to the sampling theory,

the mean X = (in)/n
i=1

e—(x—i)z /2067

Eq.[1]

where

Eq. [2]
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is the best estimate of your measurement of x,

= -wy
n—1 —

is the best estimate of the standard deviation
(also called the true standard deviation) .

and o=

0,

S(x)

0.2 4

0.1 4

’/ faWal
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(x—-x)/o
Fig.3 Normal distribution

The area under the curve in region
X—o<x<x+o is0.68.

That means if you repeat one more
measurement, you have 68% chance to get a
new value of x falling within the interval:

xXto.

For this set of data, label the results as X, & o,.
Now repeat measurements of the whole data set,
you get similar distribution with results:

X, & o,.

Keep repeating the measurements of the whole
data set & obtain:

x&o, X, &0,, X;&o0;,...

The distribution of X 1is also normal (i.c.,
Gaussian) with a smaller standard deviation:

o 1 4 —
G’C‘ﬁ_\/n(n—l)g(x"_x)

(4) What is experimental error?

After measuring one data set (x,, x,, x; ..., X, ),

you can present your result as x = dx
where ox isjust o. and known as

the standard error:

1 < —\2
5x—\/n(n_1);(xi—x)

ox can be determined by Excel (Appendix A).

Eq. [3]

Meaning of standard error:

Assume that the data set can be described by a
normal distribution. Then when you repeat the
measurements & obtain another data set, you

have 68% chance to get a new value of X
falling within the interval: X £ox.

[Note: Some people prefer using “probable
error” Ox definedas oOx,=0.670x

Then when you repeat measurements, you have
~50% chance to get a new value of X falling
within the interval: X +dx,.]

(5) How to present data & error?

Write your result as X £ Jx.

If you repeat measurement only for a few times,

then there is no point to calculate random error.

In this case, just use the measurement error for

the data.

1. The error 6x should be quoted to one (or
at most two) significant figure(s) only.

2. The datum should have significant figures
consistent with its error.

3. Round off data to the right number of
significant figures.
E.g. 1: 33+022=35

E.g.2: 3.1416x2.54* =20.3
E.g. the CODATA recommended value of
elementary charge:
e =(1.602176487 +0.000000040) x 10" C
or in concise form,
e=1.602176487(40)x107" C.
(http://physics.nist.gov/cuu/Constants/index.html)
You can also use the percentage error
e=1.602176487x107""C +£2.5x10°%,
but be careful when using this format.

(6) Is your experiment satisfactory?

Discrepancy: 1f your experiment is new, then

you just present the datum with estimated error.

If a theory (a law) exists to predict an expected

value x7, then we consider discrepancy:
A=|x—x|

Very likely x #x,.

1. If A<Ox, we say we have verified the
theory within the experimental error. To
further test the theory, we need to improve
the experiment for smallerox .

2.If A > 0Ox, then the theory may be wrong.
You need to check both theory & experiment
carefully & look for an explanation of the
discrepancy. New law or theory of physics
may be discovered when one observes such
discrepancy.
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’%6x+6x%‘ y = f(x).
| It is easier to handle & visualize a linear plot.

‘ So usually we try to convert the expression into

Fig. 4 a linear equation & plot a linear graph.
Compared with accepted value:

|
X

T

R

Least square fit to a linear graph:
Given: n data points: (x;y,), i =1, 2,...n.
If you try to verify the linear equation:
y=ax+b,
then a and b can be obtained by minimizing the
mean-square deviation

In the first-year labs, you will verify various
laws or repeat some well-known experiments.
In many cases, what you measure has an
accepted value xr

(available in handbooks or webpage like

http://physics.nist.gov/cuu/Constants/index.html). S = li (y, —ax, — b)?
1.If A<ox (Fig. 4), you can say you have n'is
just repeated the experiment (or the where y, —ax, —b is the deviation of the point
experiment is satisfactory, or your (x;, v)) from the straight line.
experimental result agrees with the accepted | Appendix B, we shows you how to get the
value). Present A/ x; (in %) in your fitting done by Excel and find the
conclusion. In the first-year lab, we aim at < slope a+da and intercept b+ 0b.
5% discrepancy. The formulae used in Excel (see also Ref. 1)
2.1If A>ox (Fig.5), then the discrepancy is were derived with the following assumptions:
significant. This indicates that you made a 1. The x-values are assumed to be exact or with
mistake or there exist some systematic errors negligible uncertainty (ox =0).
in equipment. 2. The y-values are subject to random errors
dx —H%— dx — only.
’% | 3. The y-values measured for a fixed x follow a
‘ KA * normal distribution.
)ic 1 Fie. 5 4. &y is the same for all x-values.
18- - You can find the derivation in any book in
(7) Accuracy vs precision: (13) References & you will learn it in the
Accuracy: It measures how close the 2nd-year lab.
experimental result comes to the “true” - We show you here only the “unweighted”
value. linear least square fit. If you repeat
Precision: It measures how exactly the measurements of y many times for each x &
experimental result is determined without obtained oy,, then you better use the
reference to any “true” value. weighted least square analysis.
Compare Fig. 4 and Fig. 6: (See Ref. 1 for detail.)
’65}6 * 5?69‘ (9) Propagation of error
E | X Very often you need to determine a physical
‘ ! ‘ | quantity indirectly.
il r E.g., in a free fall experiment, you need to
x Fig. 6 . 1,
Result in Fig. 6 is more precise than that in Fig. ~ Verify d = Egt ; Eq. [4]

4, probably due to better equipment butitisnot oo s the falling height &
properly calibrated. Result in Fig. 4 is more

i t is the falling time.
accurate than that in Fig. 6.

In experiment, you measure d & ¢ and estimate
Good result should be both accurate and their errors: d +8d and ¢+t .

precise (i.e., A<dx<X). 2d
Then you can get gby g=—-

(8) More complicated experiment -
Very often we need to check a theory by The error in g is due to error in d and error in ¢.
measuring a quantity y as a function of x & We can determine 5g in terms of 6d and 6.

verify an expression
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Suppose you need to calculate a physical
quantity & by a given expression
k=f(p,ps,-.)-
In the experiment, you measure the independent
(uncorrelated) quantities p,, p,,... & estimate
their errors:
Ptop,p,t6p;,...
Assume all independent quantities are subject
to random error and normal distributions. Then

by sampling theory (see reference 1 for
derivation), the (standard) error of & is given by

5k=\/i(§l]2(5pi)2 .

Eq. [5]

i=1 i

This tells you how the errors op, affect ok .

Special cases:

LLIf k=]](p)"  (withconstant?,),
i=1

! —\/;(m (pi j |

E.g., in a free fall experiment,

then Eq. [6]
2d

g= 7

Then the error of g is given by

2 2
e_ (] (o]
g d t
2.1f k= ZCI. P, where c; are constant

i=1

coefficients,

m

then k= [>(cop,) .

i=1
- Based on these formulae, we know that it
is sufficient to consider only those
parameters that have significant errors.
- Try to identify major sources of errors for
each experiment.

Eq. [7]

(10) Error of our equipment

® Each equipment you use in the teaching labs
was calibrated by the manufacturer and its
instrument error is given in the manual that
comes with the equipment. Better calibration
can be done only if appropriate standards are
available (e.g. you need a standard voltage
source to calibrate a voltmeter).

® Refer to the Equipment Notes in Lab for
the instrument error of our equipment.

(11) Repeated measurements?

Now we know that the random error can be
determined & minimized by repeated
measurements. But we have to compromise
between data precision and time. Consider the
free fall experiment again. Suppose you have
time to make 20 measurements. How do you
plan the experiment to obtain g?
Option 1: Fix d & measure ¢ 20 times. Use the
average falling time ¢ to calculate g by Eq. [4].
Option 2: For each d, measure ¢ & repeat twice.
Use ¢ to calculate g by Eq. [4]. Repeat
measurements for different 4 and use g as the

final answer.

Option 3: Make measurements like option 2 but
plot d against 7°& determine g from the slope
of the straight line.

Option 3 is usually the best choice because

- the plot can help us to avoid systematic error
(in d for this free fall experiment);

- you can verify the theory (Eq. [4]);

- it is easy to identify wrong data if they are far
from the straight line. (But be careful in
rejection of data.)

- You can now use Eq. [6] to calculate the error
of g

og O(slope) ,

g slope
where slope & d(slope) are obtained by curve
fitting (Appendix B).

(12) Error bars

Usually we illustrate the data errors
graphically using “error bars”. See
Appendix C for an example to inset error bars
in your Excel plot.

(13) References (all reserved at UL)

(1) L. Kirkup, Data Analysis with Excel,
(Q180.55S7K57 2002)

(highly recommended)

(2) John R. Taylor, “An introduction to error
analysis: the study of uncertainties in
physical measurements” (QA275.T38 1982)

(3) L. Lyons, “A practical guide to Data
analysis for physical science students”
(QC33L9 1991)

(4) D.C. Baird, “Experimentation” (QC39B17
1995)

(5) F.C. Chen’s notes, “Principles of data
analysis”

(available for download in Lab Course Page)

H.K. Wong, CUHK, 2004-2008

PHY2811/2822  e-5



Appendix A:

Error analysis & histogram of data (x;,i =1, 2,..., n) by Excel
(1) The data file (FreeFall.xls) is available for download in the course page.

(2) We use Free fall Experiment as an example. The falling height (d) was 1.3 m.

(3) Input data (the falling time #) in one column, e.g. cell A3 to A32 in Column A.
(4) To get standard error o¢, select Tools: Data Analysis (7 £!': Z¥E 77 7).

E3 Microsoft Excel - FreeFall.xls

@ Fle Edit View Insert Format '_I'mis|lgam Window Help  Adobe PDF

DEEan 8RY & BEY Sdng. F7 @ 150% -0 R,
TimesNewRoman 12 » B 7% Errid(jﬁeclgng..‘ [ Seladaf -
= Sp h b
- E Share Workbook.,. ‘
f\ | Track Changes 3 | E | F G H
1 f tﬂ“] Protection ki
2 sec | Colne Colabaraton »s  bin width = 0.0005
3 05157 |mip 2 45
4 0.5168 |may FormusAuding ' 50
5 0.5158 Tools on the Web... ‘55
- -~ | Macro 3 I
6 0.5164 i 50
Z  AutoCorrect Options.., |
7 0.5165 Qustomize... b5
= options... |
§ 05161 el
9 0.5168 0.5175
10 05159 |w_
11  0.5171 ity
12 05171 Data
13 0.5145
14 0.5157
15 0.516
16  0.5157
17 0.5154

(5) Inthe Data Analysis dialog box, select Descriptive Statistics (Fu#%F) and click OK.

2|

analysis Tools -
anava: Twio-Factor Without Replication ;I

Correlation cancel
|Covariance

Exponential Smoothing Help

F-Test Two-Sample for Yariances

Fourier Analysis

Histogram

Mowing Average

Fandom Mumber Generation ;I
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(6) In the Descriptive Statistics dialog box, Fill Input Range with your mouse.
Select Summary statistics (ﬁ‘ﬁjgl;ﬁ;ﬁ%)
and then click OK.

Descriptive Statistics

~Input
Input Range: |$A$3 Eakaz y
Cancel |

Grouped By: & Columns

(" Rows Help |

|_ Labels in First Row

—oufput options
(" Qutput Range: I 1{
(% Lew ‘\Warksheet Ply: I

( Mew \Workbook

|7 Summary statistics
[ Confidence Level for Mean: |95— £
I_ Kih Largest: 1—
|_I<t‘n Smallest: 1

(7) A new worksheet will pop out and show the mean in cell b3 and 67 in cell B4.

In this example, 6r=0.0001. It is just equal to the instrument error of the Smart Timer.

Skip other details.

E Microsoft Excel - FreeFall. xls

- OX
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@ Fle Edt ¥ew Insert Format Tools Data Window Help Adobe PDF - 8 X
DEHag SRY fEE- v-o- @0 = -2 2 [l 100% ~ 2@,
TimesMew Roman » 12 v B I U EEE=EHEH gel T R 21T E -l DA -
B4 v A 0.000116065776074533
A B C D E F G z

1 Column |

2

3 Mean 0.5161

4 |Standard Error | 0.000116066!

5 Median 0.51605

6 Mode 0.5156

7 |Standard Deviation = 0.000635718

8 |Sample Variance 4.04138E-07

9 Kurtosig 0.019516133

10 | Skewness -0.06988872

11 Range 0.0028

12 Mininuun 0.5145 b
13 Maximum 0.5173

14 |Sum 15.483

15 |Count 30

16 -
M 4 » WP Part] fPart I1 Y Sheet2 / |« | Ml
Ready MM
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(7) Plot the distribution of data in a histogram:

Step 1: Find minimum data by typing =min(a:a) in cell C3.
Find maximum data by typing =max(a:a) in cell C4.

Step 2: Take cell width =0.0005 s
and declare the bins for the histogram on column D.
The first bin 0.5145 is for data ranging from 0.5141 to 0.5145.
The second bin 0.5150 is for data ranging from 0.5146 to 0.5150.
The third bin 0.5155 1s ...

Ed Microsoft Excel - FreeFall.xls

@ Fle Edit View Insert Format Tools Data Window Help Adobe PDF
DEeday gAY & BR-T - e =-E4 ik 150% - B,

Times NewRoman « 12 ~ B 7 U xR YE| Dok d-A

c3 = & =MIN(AA)
A _ B < D E _ E _ G
1 t falling time
2 sec Bins  bin width = 0.0005
iJ 0.5157  |mumimum =|[ 0.5145] 0.5145
4 05168 |maximum= 0.5173 0.5150

i
i
il
i

5 0.5158 0.5155
6 0.5164 0.5160
7 05165 0.5165
8§ 05161 0.5170
9  0.5168 0.5175
10 05159 |w_

11 05171

12 05171 ) Data

13 0.5145
14 05157
15 0516

Step 3: Select Tools: Data Analysis (7 =': ¥¥| i #7) and Histogram (jf1 % )
Fill Input Range & Bin Range with your mouse. Select Chart Output.

Crata Analysis i' & Histogram

n Input:
Analysis Tools v RS IRy =
&nava: Two-Factor Without Replication - | i e D53 059 =] QCME‘
Corre I_atlcun Cancel | e Help
Covariance
Descriptive Statistics o Qutput options
Exponential Smoathing = C QutputRange: £
F-Test Two-Sarnple for Yariances @® Mew Workshest Ply:

Four ier Analisis (™ hew Workbock
[ Pareto (sorted histogram)

Movwing Average
Fandorm Murmber Generation

[ cumulative Percentage
| chart output

KN
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Step 4: Then a histogram is popped out in a new worksheet.

E3 Microsoft Excel - FreeFall xls

@ Fle Edt W“ew [nsert Format Tools Data  Window Help  Adobe POF > - 8 X
beEdad SRV & 2@E- B ol 4% 100% - @)@,
Eok B A,
Chart 1 - E
A B (& D E F G H 1 J K L M o

1 EBin Frequency [
2 0.5145 1 12

3 0.5150 0

4 0.5155 3

5 0.5160 11 10

6 0.5165 8

7 0.5170 4

8 05175 3 =

9 More 0 &

10 =

11 ;c" :

12 =

13 4

14

15 ]

16 2

17

15 = | | | |

;3 0.5145 0.5150 0.5155 0.5160 0.5165 0.5170 0.5175

21 falling time (s) |
22

73 p
M 4 » W[\ Partl /Part Il Y Sheetl / [4] | Il
Reacly UM

Use your mouse to point at any number of the x-axis and right-click mouse.
Select Format Axis...
Select Font size or adjust Alignment to get a proper scale of the x-axis.

Pattemsl Scale | Fonit |Number Alignmentl

~Orientation———— ight-to-left
" Automatic Text direction: ICDntext j
-
*
T .
& *
. Text
T
*
*
IE Degrees

Offset: 100 —

Ik I Cancel
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Appendix B: Linear least-square fit by Excel

Initial setup
(1) Input data in two columns, e.g. Column A for x and Column B for y.
(2) Plot y vs x:

1. Highlight Column A and Column B.

2. Click the chart (ﬁ?&%ﬁ) icon Bl once.

3. Click XY Seatter Plot (XY 777l

4. Click Next ("~ — #) and fill Chart Title and Axial Titles.

5. Click Finish (55%).
Linear least-square fit
(1) Point at any data point on the graph and click to highlight all data.
(2) Then right-click to pop out dialog box and select Add Trendline ([t F@Eﬁa&)

Ed Microsoft Excel - linear fitting s i _ 3 x

E!»_.'l Ble Ecit Vew [nsert Format Tools Chart Window Belp  Adobe PDF Typeaquestionforhelp = = & X

. e rol=EE=EEA %, @ BB EE L - O L -

DEHA GRAY | L BR- o -0 w= kY e Y EEE0 -2 @d 3.

Series "y (cm)” - & —SERIES(SheeursBm $B%2,5heet]1$A33: $A516 Sheet1!$BS3:5B$16,1)

| I O o 5 I i e | P v

1] x ¥

2 | (sec) {cim)

3 1 1.1

4 2 2.3

5| 3 3 = Lo

6| 4 3.9 E i

7 5 5.1 ‘:; 10 o

g g gg § : " o O |& Format Data Series... |

pani el L — . Chart Type... =

10 8 g vg o [ +] " Sourceg;ta...

11 J 9.5 o , Add Trendine...

12| 10 9.5 0 ' o

13 1 11 0 5 ™ ;

| 12 12.4 Hueiiarey

15| 13 13

6| 14 14

gl

18

BE T

(3) Select Type: Linear HE[: 7354%), and in Options, do not select Display equation on chart GEi:
s _HEEA- =Y and click OK:

Type | Options | Type |
rTrend/Regression type ~Trendline name
. @ Autornatics  Linear (y (o)
bl Order
y " Custorn: I
Linear Logarithrnic F'Dlynomhal EarEEeE

Forward: ID 5‘ Units
iy . Perlud
o L f Backward: ID 5‘ Units

Power Exponential taving Average
[~ Set intercept = IU
Based on series: [ Digplay equation on chart
_ [ Display R-squared value on chart
=

oK I Cancel K I Cancel
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Then we obtain:

15
=)
L
% 10 1
=
O
£ 5
o
0 : :
0 5 10 15
time (sec)

(4) Toget axdaand b+0b,select Tools: Data Analysis (T 5': 5¥R[57#7).

(5) Inthe Data Analysis dialog box,
select Regression (3#55) and click OK.

2|

Analysis Toals

X

4

F-Test Two-Sample for Variances :I
Fourier Analysis

Histogram

Moving Average

Randorm Murnber Generation Help
Rank and Percentile

Cancel

P il

Regression

Sarmpling

t-Test: Paired Two Sample for Means

t-Test: Two-Sarnple Assuring Equal Yariances LI

(6) In the Regression dialog box, Input Y range and Input X range with your mouse.
Then click OK.

2|x|

~Input
Input ¥ Range: |$E.$3 FBE16 }I

(0]

Cancel

Input X Range: |$A$3:$A$16 B

Ik

Hel
[ Labels [ Constant is Zero 2

[~ confidence Lavel: |95 5

~Oufput options
" Output Range: I }I
® New \Worksheet Bly: I

" Mew Yworkbook
Residuals

[ Residuals [~ Residual Plots
[ Standardized Residuals [~ Line Fit Plots

~ormal Probability
|_ Mormal Probability Plots
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(7) A new worksheet will pop out and show (for y = ax +b):

E3 Microsoft Excel - linear fitting.xls ;lilil
@ File Edt “iew Insert Format Tools Data Window Help Adobe PDF Type aquestion for help = = & X
FTHHRE R ~12 v B I U EE=EHEHA%, DN EE DA

DS SRY | BR-<T oo |abedd B 3 EE Q Pagebreak = -l 2] 2} @l 45 100% ~ 3

C17 - A 0.162079033717233
A B | C | D E | Fomdagar] g | g | &

1 |SUMMARY CUTPUT

2

3 Regression Stabstos

4 \Multiple R 0.997811

5 |R Square 0.9956263

6 |Adjusted R Square 0.9952624

7 | Standard Error 0.25871101

8 | Obgervations 14

9

10 |[ANOV A

11 ar S8 Ay F Siemificance F

12 |Regression 1 2252008132 2252058132 2732011509 1.58088E-15

13 |Residual 12 0989186813 0.082432234

14 | Total 13 226.195

15

16 Coefficients| Standard Error 1 Siat Pyalue Lower 5% Lipper 5%  Lower 95.0%0,
'/ |Intercept 0.0879121| 0.1620?9034! 0542402501 0597470374 0265227784 04410519 .2652273

18 |X Variable 1 0.9940451  0.019035217 52.26864745 1.58088E-15 005347083 1.03641923 0.95347083

19 |
20
W [\ 8heet2 /sheet1 / |« | L]Jﬂ
Ready TR

The results:

1. slope a in cell B18,

2. intercept b in cell B17,

3. standard error da in cell C18,

4. standard error 6b incell C17.

Skip other details. (See p. 374 of Ref. 1 for explanation.)
(ANOVA = analysis of variance; see p. 354 of Ref. 1))
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Appendix C: Error Bars

Now we know how to estimate errors in experiments.

Usually we illustrate the data errors graphically using “error bars”.
Let’s take Exp. 2 of PHY2811 as an example.

In part II, we plot delay time (¢) against distance (d):

3.0

N
a
!

delay time (ms)
N
o

1.5
1-0 T T T T T
15.0 20.0 25.0 30.0 35.0 40.0 45.0
distance (cm)
Fig.1 Calibration in ultrasonic experiment

In general, different data have different errors.

For PHY2811/2822 lab, in order to save time, we just consider the error of one data point.

Take the first data point:

d=20.0+£0.5cm

& t=14£0.1ms

We can insert error bar in Excel graph.

First input errors 0d & ot in Excel worksheet (Fig. 2)

Fig. 2 Data sheet

A B C D F G
I PHY2811 Exp. 2
2
3 d t od ot
4 (cm) (msec) (cm) (msec)
5 20.0 1.4 0.5 0.1
6 250 1.7 | |
7 300 2.0 [« 4 g
8 35.0 2.3 Emitter
9 40.0 2.6 1
10 —
11 Recerver
12 Metal
13 screen
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Remove the trendline.

Use your mouse to point at any data point on the graph (Fig. 1) and double-click left button
(or click right button & select “Format Data Series”).

In the pop-out dialog box, select “X Error Bars” manual.
Select “Both” in “Display” and “Custom” in “Error amount”.

Enter the same error data for “+” and “-” boxes.

Do the same for “Y Error Bars”:

Data Labels l Series Order I Options I Data Lahels l Series Order l Options l
Fatterns } Axis ¥ Error Bars ' Error Bars I Patterns l Axis 1 ¥ Error Bars Y Errar Bars
Display Display
Both Plus Minus Mone Both Plus Minus MNone
Error amaount: Error amoLnt
(" Fixed value: 3 EI: " Fixed value: 0.3 EI:
" Percentage: E EI: % (" Percentage: 3 EI: %
(" Standard deviation(s): 1 El: (" Standard deviation(s): 1 El:
(" Standard error (" Standard errar
® Customn: 4+ |=Datal$CH5:$CE9 Y @ Custom: 4+ |=Datal$DEs$040 EY
- |=Datal$C$s $C$9 g - |=Datal$DS:$0E0 E
oK | Cancel | OK | Cancel
Click OK & add the trendline. Then we have the final plot with error bars:
3.0
2.5 A
—
[72]
£
N
()]
£ 20 -
wd
>
iy
[})
©
1.5 A
1.0 T T T T T
15.0 20.0 25.0 30.0 35.0 40.0 45.0
distance (cm)

Important note:

1. All data points should have their error bars in the graph. To minimize our work load we require
error bar of only one data point in each plot.

2. In most linear least square fit ( y = ax + b) including Excel, it is assumed that ox =~ 0 or negligible.
(See p.4). So we usually need vertical error bardy .
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Appendix D: Multiple least square fit for y = a, + a,x, + a,x, + ..

We consider an experiment on simple pendulum with large amplitude.
The period of the pendulum can be approximated by a series, for which ;
the first three terms are

2 i
T=2rx L L 1 9°+ 3 - in4&+--- [1]
gl 22 Ty

where 6, is the amplitude of the oscillation.

[References:
(1) D. Kleppner & R.J. Kolenkow, An introduction to mechanics (1973), p. 276.
(2) D. Halliday, R. Resnick and K. S. Krane, Physics, Vol. 1, 5t ed., 2002, Chap. 17, 381-382.

(3) R.B. Kidd and S.L. Fogg, “A simple formula for the large-angle pendulum period”, Physics
Teacher 40, 81 (2002).

(4) L. E. Millet, “The large-angle pendulum period”, Physics Teacher 41, 162 (2003).]

For this example, we rewrite Eq. [1] as

T'=a,+ax +a,x,+.

2
where X, =sin’ i = sin* =2z 7|t %
2’ g 2%

Then prepare the Excel worksheet: (available for download in my course page)
& click Tools/Data Analysis/Regression as we did in Appendix B:

_E_B_ﬂldic_rml’l Excel - pendulum.xls

Eile Edit VYiew [nsert Format Tools Data Window Help
DR &R V| - - 24 &l Gl @ 100% - [Rd .
Times New Rom -1 B 2 U QF VTP OERD BLH-9-4A-.
E18 ¥ A
. A B _ € | o |E F G H I
1 Sunple pendulum with large amplitude | ‘ ‘ |

—

2 A
’ 2 46
T=2lr ‘1+—25111 u 242 sin —']+ =aptax tax,+.
J

2
4 6o T sin’(8y/2) | sin*(6,/2) T — 1§
51 (£ 1 degree) |(£0.0002 gec) Exponential Smoothing B E |
6 10 1.4053 0.0076 | 0.000058 fF-Teet Twi-Saple for Varinces Cancel |
7 20 1.4148 0.030 0.00091
8 30 1.4273 0.067 0.0045 R 0
g 40 1.4459 0.12 0.014 .
10 50 1.4694 0.18 0.032 l
11 60 1.5009 0.25 0.063
12 70 1.5384 0.33 0.11 | |

Input Y Range with 7 data.

Input X Range with all x; and x, data:
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E "

@ Eile Edit ¥iew [nsert Format Tools Data Window Help

© - L) & .
oA,
D6 A 5
A B (8 D E F G H I I I
1 Simple pendulum with large amplitude Regression
y \ Input
T 27\/7 1+ igsin2 $+ - sin’ $+ =gy Input¥Range: $Cha4CEL2 X
S 2 2 274 2 / Cancel
2 Input ¥ Range: $D%6 :$EE13] EY |
3 4 - ; g - - : £ - [ Labels | Constant is Zero % —
4 eU T s (GD"II) s (eﬂ"'l) [ confidence Level: ’95— o |
5 (£1 degree) |(£0.0002%ec)| | | B
6 10 1.4053 | 0.0076 | 0.000058 ;|| CHtutoptens B
7 20 14148 | 0.030 0.00091 ]| © QuiputRange: £ B
8 30 14273 NSl IR | | © 1= WorkeestEly
9 40 14459 | 012 0.014 ||| ¢ Mew sorkbook B
10 50 14694 | 018 | B
E = v = i [ Residuals [ Residual Plots —
11 60 1.5009 E 0.25 0.063 ; [ standardized Residuals [ Line Fit Plots [
12 70 15384 | 033 011 ¢
”””””””””””” - Marmal Probability =
13 [ mormal Probability Plots |
14
15 T
Then Click OK. The regression result is shown in a new worksheet:
EA Microsoft bxeel simple pendulum
'E] Ble Edit View Inweit Formst Tool: Dsta Window Help
DEdsRy|s SRR TRE W - S
FhiaAiE - 12 vnfu@iéﬂﬁ'iﬂﬂ"éﬂiﬁ“ﬁﬁ"ﬂj@ B A,
3l - A
A B e I} E F 3 H i 1
1 |SUMMART OUTPUT
%
3 Regresaion Statistics
4 Multiple B (0.89900026
> R Square 0.89980053
6 Adjusted R Square  0.999700704
7 |Standard Error 0.000840451
8 Ohservations 7
9
10 ANOVA
11 df 55 MS F Significance F
12 |Regression 2 0.014161849 00070800 |10024.55 3.97834E8
13 |Residual 4 282543606 TOG4ELDT
14 |Total &) 0014164674
15
16 Croefficients  Standard Error f Stat Poralue  Lower 95% Upper 95% Lower 95, Upper 95.0%
17 |Infercept 1403642920 0000688098 20370141 3.48EB-13 14019259 1405726 140193 1405756
18 |X Variable | 0.327195352  0.01095963 2085392 TOEOG 0296765823 0357605 0.296760 0357625
19 ¥ Variable 2 0246529330 0.03219027 76563041 0.001564  (0.157129645 (0.335009 0.15713  0.330028
20
M
The fitting results are  ao=1.4038+0.0007
a1=0.33+0.01
a,=0.25+0.03
2
For this experiment, we can plot (sin’ % + %sin4 %) vs. T
& use the slope of the linear graph to determine g as shown in the Excel file (pendulum.xls).
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