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Metamaterials1 are artificial materials with unusual prop-
erties difficult to find in nature. These properties origi-
nate mainly from their structures rather than from 

their compositions. In particular, mechanical metamaterials2–11 
are specially designed structures with unusual elastic responses, 
such as negative Poisson’s ratio3,4, negative compressibility5, 
non-reciprocity6, topological boundary modes7 and ultrahigh stiff-
ness8. Adjustable mechanical metamaterials with elasticities that 
can be self-adjusted9–11 are of enormous interest for industrial and 
engineering applications. Such materials have mostly been achieved 
by regular combination of identical units. However, disordered jam-
ming structures, which are physically well defined and allow rig-
orous mathematical analysis, were recently discovered as another 
promising approach3,4,10. In this study, we realize multifunctional 
elastic systems inspired by disordered jamming structures.

Jamming is a special state in material packing that occurs in a 
wide range of situtations, such as the jamming of particles, emul-
sions and foams 12–16, traffic jams, tumour progression17 and even 
in embryonic morphogenesis18. At the jamming transition, rigid-
ity arises and the system changes from fluid-like to solid-like19–21. 
However, a marginally jammed solid near the jamming transition 
differs substantially from a typical solid: for a typical solid, different 
moduli such as the shear modulus (G) and the bulk modulus (K) 
are closely related with a roughly constant ratio, whereas for a mar-
ginally jammed solid the shear modulus approaches zero but the 
bulk modulus remains finite, making their ratios diverge22–24. This 
G ≪ K behaviour is similar to that of a liquid, which is easy to shear 
but difficult to compress. Extensive studies12–16,19–38 have demon-
strated that the unique elastic properties near jamming come from 
the non-affine response, which indicates to what extent the inter-
nal strain is independent from the external load. The non-affine 
properties also enable amazing designs of disordered metamaterials 
based on jamming3,4,10. However, an important issue remains open: 
can such a non-affine system turn into an affine one, and realize 

both affine and non-affine elasticities within one single system? The 
short answer is yes.

We first illustrate this issue in two dimensions. The network is 
derived from a two-dimensional (2D) packing system with N par-
ticles, as shown in Fig. 1a: to prevent crystallization, the particles 
have two sizes with a size ratio of 1:1.4 and a number ratio of 1:1. 
The total number of contacts between particles is NC and the con-
tact interaction is harmonic with identical spring constant k. Based 
on this packing system, we construct a network with N nodes cor-
responding to N particles, and NC bonds (that is, springs) corre-
sponding to NC contacts (Supplementary Information, section I). 
As illustrated in the upper part of Fig. 1a, we can vary the contact 
number by increasing the sizes of all the particles. As a result, more 
particles previously not in contact can touch each other, which cor-
responds to adding more bonds to the network, as illustrated in the 
lower part of Fig. 1a. During the particle inflation process, we keep 
all particle or node positions fixed and identical to the jamming 
point configuration, which makes the experimental operations sim-
ple and practical as demonstrated later.

Such a network satisfies the modified Maxwell isostatic 
theorem39:

dN− NC = f(d) + N0 − NS (1)

where d is the dimension, f(d) = d(d + 1)/2, N0 is the number of 
floppy modes and NS is the number of self-stress-states40,41. The 
coordination number, z = 2NC/N, gives the average number of bonds 
per node. At the jamming point N0 = NS and we obtain the isostatic 
condition: zC = 2NC/N = 2d − 2f(d)/N ≈ 2d for large enough N.

Above the jamming point (that is, z > zC) the system changes 
from fluid-like to solid-like. However, a marginally jammed solid 
differs substantially from a typical solid. The underlying reason is 
the affine versus non-affine elastic response. The affine response 
comes from a linear correlation between the internal displacement 
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field and the external strain at the boundary, which typically appears 
in ordered or homogeneous structures. In disordered systems, how-
ever, their non-regular structures can disturb and destroy this linear 
correlation, and produce non-affine response. In general, ordered 
or homogeneous systems are typically affine, whereas disordered or 
inhomogeneous systems are non-affine. However, in this study we 
realize both affine and non-affine elasticities within a single disor-
dered jamming network.

To realize the affine elasticity in a jamming system, we mini-
mize the non-affinity or the characteristic length l*, which is the 
typical size of a patch cut out from the system to create a floppy 
mode28–30,40 (Supplementary Information, section IV). According 
to equation (1), l* reaches a minimum when the system reaches 

complete triangulation, as shown in Fig. 1b (Methods). Moreover, 
the 2D topologically invariant Euler characteristic further gives 
z = 2NC/N = 6 − 12/N ≈ 6 at this complete triangulation (Methods). 
Therefore, we identify a critical coordination number, zaff = 6, at 
which the entire system reaches complete triangulation and the 
affine property reaches a maximum.

For direct visualization, we plot the internal displacement fields 
under external strain for z < 6 and zaff = 6 in Fig. 1c. For z < 6 the 
internal fields look rather random, while at zaff = 6 a linear correlation 
appears. Despite the underlying disordered structure, the system at 
zaff = 6 exhibits displacement fields almost identical to regular sys-
tems, confirming its affine nature (see Supplementary Information, 
section II for comparison with high-packing-density systems).
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Fig. 1 | Non-affine to affine transition in packing-derived networks. a, Converting a particle-packing configuration into a spring network. Particles 
correspond to nodes and contacts correspond to bonds. We can vary the packing density by inflating the particles (upper), which increases the number 
of bonds in the network (lower). b, For the smallest patch with three nodes cut out of the system, three bonds are required to eliminate the floppy mode. 
If one bond is missing, one floppy mode will be created by free rotation. c, Displacement field before (z = 4.04) and at (z = 6) the non-affine to affine 
transition under shear and compression stress. The field is random before the transition and becomes linear at the transition. d, The non-affinity ΔE 
approaches zero at Δz = z − zC = 2, indicating an almost ideal affine transition in our packing-derived network, the configuration of which is shown in the 
right-hand panel. e, ΔE never approaches zero in a random network, indicating its non-affine nature. Similar to d, a universal kink appears at Δz = 2, which 
separates two distinct elastic regimes. The right-hand panel shows the random network configuration. f, As every node position is perturbed from jamming 
configuration by larger and larger displacement d, the non-affinity ΔE at the kink Δz = 2 rises sharply, confirming that the affine transition uniquely occurs 
at the jamming point configuration, d = 0. The right-hand panel shows the configuration at d = 0.4 (d = 1 is equivalent to the diameter of a small particle, 
which is close to an average bond length).
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Above zaff = 6, cross or intersecting bonds start to emerge and the 
system is no longer a planar graph42–44: the topology changes and the 
Euler characteristic breaks down. The system also goes beyond the 
typical packing scenario, as packed particles can only touch nearby 
neighbours and never penetrate through them to form cross bonds. 
Therefore, this transition corresponds to a fundamental change 
in both topology and packing scenario. To reach the cross-bond 
regime, we first connect all nearest neighbours in the system to 
reach complete triangulation, and then connect the next-nearest 
neighbours with cross bonds.

We further show that the minimum non-affinity achieved at 
zaff = 6 actually approaches zero and the transition is affine. To 
quantify non-affinity, we define a dimensionless energy difference 
between the ideal affine displacement field and the actual displace-
ment field: ΔE = (Eaff − E)/Eaff. Here Eaff is the elastic energy stored 
in the affine displacement field mandatorily imposed according to 
a certain external strain, and E is the energy stored in the real dis-
placement field under the same external strain. For any non-affine 
system, the mandatorily imposed affine displacement field is not 
a force equilibrium state and requires more energy than the real 
displacement field. Thus ΔE is non-negative and only approaches 
zero as the system approaches affine elasticity. In Fig. 1d (left-hand 
panel) we plot ΔE versus Δz = z − zC (zC = 4 for two dimensions) in 
our system. For both shear and compression, there is a transition 
at Δz = 2 or zaff = 6: to its left ΔE drops rapidly towards zero, and 
to its right ΔE is locked around a small value of about 0.1. This 
transition thus enables either a substantial adjustment or a lock-in 
capability. Moreover, ΔE approaches zero at zaff = 6, indicating 
a non-affine to affine transition. We show its configuration in  
Fig. 1d (right-hand panel).

For comparison, we also calculate ΔE in a completely random 
system in Fig. 1e. Once again we observe a kink at Δz = 2, which 
separates two distinct regimes and reveals a general feature that the 
topology change at Δz = 2 produces two elastic regimes. However, 
Fig. 1e also differs substantially from Fig. 1d: at Δz = 2, ΔE is far 
above zero and thus the kink is not an affine transition. In fact, this 
random system remains highly non-affine throughout the entire 
Δz range, which could be a general feature for common disordered 
systems.

Therefore, the special combination of particle positions at the 
jamming configuration and bond connections at Δz = 2 lead to a 
non-affine to affine transition. To verify this, we perturb our system 
in Fig. 1f: as each particle is randomly displaced from the jamming 
configuration by larger and larger distance d, the non-affinity ΔE 
at Δz = 2 rises rapidly from zero. This unambiguously shows that 
the affine transition correlates closely to the jamming configura-
tion, and perturbations in general destroy this affine transition. The 
underlying reason is probably the high local uniformity of the jam-
ming configuration, which is similar to ordered lattice structures 
but in sharp contrast to the random system (see right-hand pan-
els of Fig. 1d–e). Thus the jamming configuration’s locally uniform 
node positions coupled with triangulated bond connections pro-
duce affine elasticity, and realize this ordered structure’s property in 
a disordered system (Supplementary Fig. 3).

Apparently, besides the jamming transition at zC = 4, there is 
another non-affine to affine transition at zaff = 6. Our simulations on 
bulk and shear moduli K and G can directly verify this transition, 
as shown in Fig. 2a: two renormalized moduli, K/Kmax and G/Gmax, 
are plotted as a function of Δz. Clearly, near Δz = 0, G approaches 
zero while K remains finite, making their ratio, K/G, diverge (that 
is, highly non-affine). However, for Δz > 2 or z > 6, the two curves 
merge together, indicating a constant ratio of K/G = Kmax/Gmax; 
that is, affine-like behaviour. The inset further shows that only in 
sufficiently large systems, N > 500, does zaff stabilize at 6. Fig. 2b 
plots the actual ratio, K/G, versus Δz for an N = 1,024 system: for 
Δz < 2, K/G ≈ Δz−1/2, which is different from the result of K/G ≈ Δz−1 

reported in previous studies 38,45 due to our different bond-addition 
protocol with fixed particle positions; while for Δz ≥ 2, K/G ≡ 2 and 
the system is affine-like.

To elucidate affine and non-affine elasticities, we derive a uni-
versal expression for an arbitrary modulus, M, in both affine 
and highly non-affine situations (Supplementary Information,  
section V):

M ∝ kz
∫ π

0
cos2α × P(α)dα (2)

where α is the angle between an arbitrary bond and its two nodes’ 
relative displacement due to external load (see Fig. 2c), and P(α) is 
the probability distribution of α in the entire system31. We theoreti-
cally calculate K and G with equation (2) and compare the results 
with numerical simulations in Fig. 2d,e, and observe a good agree-
ment. Therefore, P(α) in equation (2) fundamentally explains affine 
and non-affine behaviours. In the non-affine regime, P(α) varies dif-
ferently in K and G (refs. 31,45), making K/G vary with z. In the affine 
regime, however, P(α) is fixed and thus K/G remains unchanged.

Combining affine and non-affine behaviours, we design networks 
with both types of tunability: our design is well above the jamming 
point zC = 4 and closer to zaff = 6, typically at z > 5 to ensure enough 
locally triangulated regions. One specific design is illustrated in the 
left-hand panel of Fig. 3a with z = 5.28. Clearly this network con-
tains two distinct local structures: the affine regions with complete 
triangulation (that is, z = 6 locally) and the non-affine regions close 
to the jamming point structure (that is, z = 4 locally). These two 
types of regions exhibit distinct local properties (Supplementary 
Fig. 6), which form the basis of realizing the two-way tunability.

The non-affine regime enables us to adjust the ratio, K/G, across 
a broad range. Because some bonds make more contributions to 
K and some are more important to G (ref. 10), deleting or adding 
such bonds can substantially change one modulus while keep-
ing the other one stable. We first reduce K substantially by delet-
ing the bonds important to K, as shown by the first two panels of 
Fig. 3a. The effect is shown in Fig. 3b: as the most important bonds 
are continuously deleted, K drops dramatically while G is relatively 
stable. It even reaches the unusual situation of K < G, as shown in 
the upper inset. Correspondingly, their ratio K/G decreases substan-
tially as shown in the lower inset. Because K/G typically correlates 
to the Poisson’s ratio, ν, this also tunes ν from positive to negative, 
as shown in Fig. 3c and Supplementary Video 1. Therefore, our net-
work realizes non-affine elasticity and achieves a broad tunability in 
both K/G and ν.

We then demonstrate the affine-like behaviour with a constant 
K/G in the same network, based on the configuration shown in the 
middle panel of Fig. 3a. Clearly this configuration contains many tri-
angulated regions with z = 6 locally. According to our previous result, 
when the global structure reaches complete triangulation, the sys-
tem becomes an affine solid and K/G ≡ 2 is fixed. We now show that 
the elasticity is also correlated to local structures40 (Supplementary 
Information, section VI). When cross bonds are added to the 
locally triangulated regions, as indicated by the red bonds in Fig. 
3a (right-hand panel), both K and G increase while their ratio, K/G, 
remains a constant, as shown in Fig. 3d. Correspondingly, ν remains 
unchanged, as shown in Fig. 3e and Supplementary Video 2. More 
interestingly, now K/G is not just fixed at 2 but can be locked at an 
arbitrary value, such as 0.5 in this example, which provides an extra 
dimension of tunability (Supplementary Information, section VII).

Similar to Fig. 3a, we can also reduce G while keeping K rela-
tively stable by deleting the bonds important to G only, as shown 
in Fig. 3f. This procedure decreases G by two orders of magni-
tude while keeping K relatively stable, as shown in Fig. 3g. Due to 
increasing anisotropy, this operation does not change ν substantially  
(Fig. 3h and Supplementary Information, section VIII). Based on 
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the configuration in Fig. 3f (middle panel), we again add cross 
bonds in the right-hand panel and confirm the affine function, as 
shown in Fig. 3i,j.

Combining affine and non-affine features, our network realizes 
three functions: (1) keeping K stable and substantially changing G; 
(2) keeping G stable and substantially changing K; and (3) keeping 
K/G stable and simultaneously changing K and G. All functions also 
apply to other pairs of moduli and thus achieve a broadly adjustable 
elasticity (Supplementary Information, section VII).

Next we realize this powerful system experimentally. The key 
issue is to eliminate the bending energy and realize pure harmonic 
interaction theoretically assumed. We use identical springs inside 
acrylic tubes as bonds and attach multiple bonds to one smooth 
rod that behaves as a node. All bonds can rotate freely around 
each node with negligible friction, which effectively eliminates 
the bending energy because all bonds prefer to rotate rather than 
bend. To avoid conflicts between cross bonds in the same plane, we 
design a multilayer system and place bonds at different heights, as 
shown in Fig. 4a–c. For simplicity, we design a small system with 
N = 50 nodes, and all bonds can be reversibly added or deleted  
(Supplementary Video 3).

Because the bulk modulus K cannot be measured easily, we mea-
sure the Young’s modulus E and the shear modulus G (Methods). 
We first realize the non-affine property by substantially reducing 
E while changing G more gently. As shown in Fig. 4d, the coloured 

bonds are continuously deleted, starting with the ones more impor-
tant to E, which reduces E substantially while G changes more gen-
tly (see Fig. 4e). Correspondingly, E/G and ν change substantially 
in Fig. 4f. Similarly, we can reduce G substantially while keeping E 
relatively stable by deleting another set of bonds, as shown in Fig. 
4g–i. These non-affine behaviours agree well with the simulations 
in Fig. 3.

We then realize the affine property in the same system. We first 
tune E and G to a desirable E/G, as shown by the black bonds in Fig. 4j.  
At this configuration, we then demonstrate the affine function by 
adding the cross bonds in triangulated regions, as shown by the 
coloured bonds. This varies both E and G simultaneously (see Fig. 4k),  
while keeping E/G and ν constant (see Fig. 4l). Thus we realize an 
independent tuning on E, G, E/G and ν, and achieve affine and 
non-affine elasticity experimentally.

Furthermore, all our 2D results can be extended to three 
dimensions. Similar to complete triangulation in two dimensions, 
when the network is fully tetrahedralized in three dimensions, a 
non-affine to affine transition appears (Methods). Our simulation 
confirms this transition at zaff = 12.8 in Fig. 5b (zaff ≠ 12 due to poly-
disperse particle size).

Above zaff, cross bonds start to appear. Note that in three dimen-
sions they go across a face, whereas in two dimensions they go across 
another bond, as shown in Fig. 5a. Similar to two dimensions, the 3D 
cross bonds also break a fundamental topology, the Euler–Poincaré 
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characteristic43, which is the 3D generalization of the Euler’s charac-
teristic in two dimensions (Supplementary Information, section X).  
Therefore, in both 2D and 3D packing-derived networks, a fun-
damental link between the non-affine to affine transition and the 
change in topology exists.

Analogous to two dimensions, adding cross bonds inside locally 
tetrahedralized regions can again lock the non-affinity. As shown in 
Fig. 5c, the non-affinity ΔE drops rapidly before zaff and stabilizes 
around a small value after zaff, confirming the non-affine and affine 
regimes. Moreover, we can tune ΔE, K/G or ν to a desirable value, 
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and then lock it by adding cross bonds, as shown by the triangle 
symbols and the inset. Therefore, all the affine and non-affine func-
tions in two dimensions are realized in three dimensions.

For practical applications, realizing actual 3D metamaterials 
is essential. Using 3D printing, we achieve such metamaterials in 
Fig. 5d–f: the 5 × 5 × 5 node positions of these three networks are 
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Fig. 4 | Experimental realization of affine and non-affine tunability. a, Schematics of our experimental system. The bonds are identical springs confined in 
acrylic tubes. The nodes are long rods for the bonds to hold on to. The system is designed as multilayered to avoid conflicts between crossing bonds, and as 
vertically symmetric to eliminate net torques. b, Top view image of the actual system with all nodes (N = 50) labelled in red. z = 5.42 in this system. c, Side 
view image of the actual system. d, Realizing the non-affine property by removing the coloured bonds which are critical to E in the order from 1 to 10, starting 
with the more important ones. e, The removal of bonds decreases E substantially but has much less effect on G. Note that both E and G are measured over 
two perpendicular directions and then averaged. f, The bond removal achieves broad adjustment on E/G and ν. g, Similar operation of bond removal for the 
ones critical to G only (shown in the order from 1 to 10). h, G reduces substantially while E decreases gently. i, The bond removal increases E/G substantially 
but ν does not change much. j, Realizing the affine property by adding the coloured cross bonds in the order from 1 to 7. k, With cross-bond addition both E 
and G increase at the same rate. l, E/G and ν stay unchanged, as expected for an affine system.
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identical and from the same packing configuration, differing only in 
their bond number or z. From Fig. 5d to e, z increases from 7.696 to 
9.312 by adding non-cross bonds, which tunes K/G and ν. From Fig. 
5e to f, however, z increases from 9.312 to 10.432 by adding cross 
bonds, which locks K/G and ν while at the same time strengthening 
the system by increasing both K and G.

To verify their performance, we apply identical external strain to 
these three networks and compare their internal strain fields, which 
essentially determine the elastic responses such as non-affinity and 
Poisson’s ratio. As illustrated in Fig. 5g–i, rows 1 and 2 exhibit sub-
stantial differences in internal strain, demonstrating distinct elas-
tic responses due to our tuning operation; however, rows 2 and 3 

show almost identical internal strains, verifying the same elastic 
responses due to our locking operation (see also Supplementary 
Videos 4 and 5). The forces generated by this strain are also mea-
sured as 7.86, 10.47 and 12.24 N, respectively, confirming the 
expected increase of system rigidity with respect to z. Note that our 
3D printed bonds do exhibit bending force, which does not match 
the theoretical assumption perfectly. However, Fig. 5g–i still shows 
a good experimental outcome, demonstrating the robustness of 
our design, which paves the way for realizing actual metamaterials 
beyond ideal spring networks. We further note that all bonds can 
be 3D printed to be detachable to realize all functions in a single 
system (Supplementary Video 6). In addition, the size range of the 
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bonds and the overall system may vary by multiple orders to satisfy 
various practical requirements. The plasticity and failure behav-
iours can also withstand a broad range of external stress due to the 
heterogeneous structure, and avoid the sudden failure of ordered 
lattice systems, which are composed mostly of identical bonds that 
may fail simultaneously.

To conclude, we have discovered a non-affine to affine transition 
at the point of topology change. Based on this fundamental transi-
tion, we realize networks broadly tunable in K, G, K/G and ν, and 
achieve both affine and non-affine elasticities within one system. 
Moreover, such systems might be self-assembled by packing granu-
lar materials and control connections either chemically46 or electri-
cally with electromagnetic devices, which may greatly improve their 
practical applications. Our study reveals a fundamental connection 
between elasticity and topology, and provides a practical design 
principle for multifunctional mechanical metamaterials.
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Methods
Deriving the transition in two dimensions. The non-affinity will be minimized 
when l* reaches a minimum, that is, no floppy mode can be created even 
in an arbitrary smallest patch. A smallest patch is formed by three nearby 
and non-collinear nodes and we apply the theorem of equation (1) to this 
three-node patch: no floppy mode means N0 = dN − NC − f(d) + NS = 0. Plugging 
in d = 2, N = 3, f(d) = 3, NS = 0 (no self-stress-state can exist in three non-collinear 
nodes), we get NC = 3. This means three bonds are required for this three-node 
patch, that is, a triangle is needed for zero floppy mode, as shown in Fig. 1b 
(left-hand panel). If we eliminate one bond as shown in the right-hand panel, 
the three-node patch can now freely rotate without costing any energy, which 
creates one floppy mode. Therefore, to minimize l* and non-affinity, three bonds 
are required for every three-node patch and the system achieves complete 
triangulation.

A completely triangulated configuration contains no intersecting or cross 
bonds and belongs to the planar graph, which obeys the topological invariant—the 
Euler characteristic: Nf − NC + N = 2 (refs. 42,43), where Nf is the number of faces 
enclosed by edges or bonds. For a triangulated large-N system whose boundary 
influence can be neglected, each face is surrounded by three bonds, and each bond 
is shared by two faces, and thus 3Nf = 2NC. Plugging Nf = 2NC/3 into the Euler 
characteristic, we get: NC = 3N − 6 and thus z = 2NC/N = 6 − 12/N ≈ 6. Thus at zaff = 6 
the system reaches the non-affine to affine transition.

Deriving the transition in three dimensions. The smallest patch in three 
dimensions is formed by four non-coplanar nodes and we apply the Maxwell 
isostatic theorem, N0 = dN − NC − f(d) = 0, to it. Plugging in d = 3, N = 4, NS = 0 
and f(d) = 6, we get NC = 6. Thus the smallest patch without a floppy mode is a 
tetrahedron with four nodes and six bonds. Therefore, when the network is fully 
tetrahedralized, a non-affine to affine transition will appear.

Measuring E and G in the spring system. We first measure the stress by 
fixing one boundary of the system and moving the opposite boundary with 
5% strain, in either parallel (G) or perpendicular (E) direction. We then divide 
the stress with the strain and obtain the modulus. Due to the boundary effect, 
these measurements still deviate by about 10% from the rigorous definition 
(Supplementary Information, section IX) but are good enough as experimental 
approximations.
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