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Consider (x,y) € X" x Y".

Let N(x,y;x,y) be the number of occurrences of (x,y) in the pair of
sequences (X,y).

n~1N(xz,y;x,y) is the relative frequency of (z,v) in (x,y).

{n=IN(x,y;x,y)} is the empirical distribution of (x,y).



o Lect

e Then

<

Example

—_

N DN

o =



o Lect

e Then

<

Example

—_

N DN

o =



o Lect

e Then

<

Example

— NN -



o Lect

e Then

<

Example

—_

— N DN

O =



o Lect

e Then

<

Example

—_

= NN N

o =



Definition 6.6 The strongly jointly typical set T{%45 with respect to p(z,y)
is the set of (x,y) € X" x Y™ such that

N(.f,’y;X,Y) =0 for (xay) Q/SXY7

and

1
>y EN(w,y;X,Y)—p(x,y) < 4,
r Yy

where 0 is an arbitrarily small positive real number. A pair of sequences (x,y)
is called strongly jointly o-typical if it is in T&Y] 5-
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Theorem 6.8 (Preservation) Let Y = f(X). If
X = (331,332, Coe 73371) S T[g(](ﬁ

then
f(x) = (y1,92, - ,yn) € Tiys:

where y; = f(x;) for 1 <17 < n.
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Theorem 6.9 (Strong JAEP) Let
(XvY) — ((X17 Y1)7 (X27 Y2)7 Ty (X'na Yn))a

where (X;,Y;) are i.i.d. with generic pair of random variables (X,Y). Then
there exists A > 0 such that A — 0 as 0 — 0, and the following hold:

1) If (x,¥) € T{ky,5, then
2 n(HXY)IHN) < pix y) < 2 nHXY)=N),
2) For n sufficiently large,
Pr{(X,Y) € TTxyst > 1—0.

3) For n sufficiently large,

(1 o 5)2n(H(X,Y)—>\) < \T["}(Y](5| < 2n(H(X,Y)—|—)\).
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If |TT x15(x)| = 1, then
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where v — 0 as n — oo and 0 — 0.
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the number of y that are jointly typical with a typical x is approximately
equal to 277 V1X) on the average.
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e Theorem 6.10 guarantees that this is so for each typical x as long as there
exists at least one y that is jointly typical with x.
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1
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np(0,a) np(0,b) np(0, c) np(1,a) np(1,0) np(1,c)
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3?) np(1,c) )
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Rearrange the components of y corresponding to r; = 0 and rearrange the
components of y corresponding to xx = 1. This preserves joint typicality.

N np(0) np(1
frarrangements ( np(0, a) np(0,b) np(0, c) ) ( np(1,a) np(1,
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3?) np(1,c) )

Q

onH(Y|X)

Hence,

Ty x15(%)] 2 on(H(Y|X)-v)



Theorem 6.10 (Conditional Strong AEP) If [T/} y5(x)| = 1, then

Y|X

where v — 0 as n — oo and 0 — 0.



An lllustration of Conditional SAEP

AN W ! 7
onH(X|Y)
\ [ [ [




Corollary 6.12 For a joint distribution p(x,y) on X x ), let S[TB(](S be the set
of all sequences x € Ty 5 such that Ty 5(x) is nonempty. Then

STs] = (1= 6)2nH X =9),

where ¢ — 0 as n — oo and 0 — 0.



Corollary 6.12 For a joint distribution p(x,y) on X x ), let S[TB(](S be the set
of all sequences x € Ty 5 such that Ty 5(x) is nonempty. Then

STs] = (1= 6)2nH X =9),
where ¢ — 0 as n — oo and 0 — 0.

Proposition 6.13 With respect to a joint distribution p(x,y) on X x ), for
any o0 > 0,
Pr{X € Six;st >1—-0

for n sufficiently large.
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Proof
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2. Then
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Corollary 6.12 Let S be the set of all sequences
Y X1é
[X] Strong JAEP

X € T&](S such that T[Tif|X]5(x) is nonempty. Then

(1_5)2n(H(X,Y)—>\) < |T€XY]6' < Qn(H(X,Y)—{—A)'
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Proof
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2. Then
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XES[X](S

. n .
3. Using the lower bound on |T[XY]5| in Strong JAEP

and the upper bound on |T[T{,|X]5(x)| in Conditional
Strong AEP, we have
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ISP s1 > (1 — )2 (HX)=%),

where ¢ — 0 as n — oo and 6 — O.

Proof
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(x)| < Qn(H(Y|X)+V),




Corollary 6.12 Let SE?X'](S be the set of all sequences
x € T such that T

[X]6 (v | x]6 (%) is nonempty. Then

ISP s1 > (1 — )2 (HX)=%),

where ¢ — 0 as n — oo and 6 — O.

Proof
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rem 6.7), if (x,y) € T[??/XY]é’ then x € T[?X](S' In

. n
particular, x & S[X]é'

2. Then
T[r'?)(y](s = L_?J% {(=x,y) 33’€T[?§/|X]5(X)}-
XES[X](S

. n .
3. Using the lower bound on |T[XY]5| in Strong JAEP

and the upper bound on |T[T{,|X]5(x)| in Conditional
Strong AEP, we have

(1—6)2" (HEEYI=2A) <l 151 < 18512

which implies
|SE:LX]6| > (1 — 5)2n(H(X,Y)—H(Y|X)—(>\+V))

_ (1_5)2n(H(X)—M v )

4. The theorem is proved upon letting ¥ = A\ 4 v.

Strong JAEP

(1—8)2n (H(X,Y)=X)

"
< Tixy)sl =2

n(H(X,Y)+X)

Conditional Strong AEP

2n(H(Y|X)—1/) < |T[nY|X]5

(x)] < Qn(H(Y|X)+V),

n(H(Y|X)+v)




Strongly Joint Typicality Array

e Exhibits an “asymptotic quasi-uniform” structure.

e T'wo-Dimensional:

n
QnHY) Y € S5
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2nH(X) . . . k\} 2nH(X,Y)
n
X S[X](5 o o o/ (X9Y) C T[QY]5
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A

onH(X|Y) qots



Strongly Joint Typicality Array

e Three-Dimensional:
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Strongly Joint Typicality Array

e Three-Dimensional:

DnH(2)

n
ZE€ S,
Z

0

QnH(Y)

n
[Y]o

nH(X) n
2 X € S[X]5



Strongly Joint Typicality Array

e Three-Dimensional:

QnH(Z)
z c S"
[Z]6
Z04 %
g | B
pnHX) ¢ € §°"

[X]o



