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X denotes generic r.v. with entropy H(X) < oo.
X = (Xl,XQ, T ,Xn) Then

p(X) = p(X1)p(X2) - - p(X5,).

Assume |X| < oo.

Let the base of the logarithm be 2, i.e., H(X) is in bits.
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Notation

e Consider x € A'™".
e Let N(x;x) be the number of occurrences of = in the sequence x.
o n !N (x;x) is the relative frequency of x in x.

o {nIN(x;x):x € X} is the empirical distribution of x.

Example Let x =(1,3,2,1,1).
e N(1;x) =3, N(2;x) =N(3;x) =1

e The empirical distribution of x is {%, %, %} :
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N(z;x) =0 forx ¢ Sx (1)
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n

where 0 is an arbitrarily small positive real number. The sequences in 1] [")”(] 5 are
called strongly o-typical sequences.

Remarks

o If > |[n "' N(x;x) — p(x)]| is small, then so is [n~ N (z;x) — p(z)| for ev-
ery r € X.

e In other words, n™'N(z;x) ~ p(x) for all z € X.

e Therefore, if x is strongly typical, the empirical distribution of x is ap-
proximately equal to the generic distribution p(x).

o If x is strongly typical, then p(zy) > 0 for all k& because of (1).
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1) If x € T%)5» then

o—n(H(X)+n) < p(x) < o—n(H(X)—n)

2) For n sufficiently large,

3) For n sufficiently large,

(1— 5)2n(H(X)—n) < |T&]5‘ < gn(H(X)+n),
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Theorem 6.2 (Strong AEP) There exists 7 > 0 such that n — 0 as § — 0,
and the following hold:

1) If x € T%)5» then

o~ n(H(X)Hn) < p(x) < 9= n(HX)=n),

Proof Idea

e If x is strongly typical, then the empirical distribution is “about right”.

e If the empirical distribution is about right, then everything else, including
the empirical entropy, would be about right, i.e.,

—% logp(x) ~ H(X).

e This is equivalent to p(x) ~ 27 "H(X),
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< —tog (minp(a)) > %N«u; x) — p(x)
< —dlog (ngn p(fL’))
= n,
where
n = —6log (ma;npm)) > 0.

3. Therefore,
1
<Y (—N(m;x> - p(m)) (— log p(a)) < 7.

4. It then follows from (1) that

—n(H(X) +n) <logp(x) < —n(H(X) =mn),




Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

1) If x € T then
) X

6’
2—n(H(X)—|—77) < p(x) < 2—n(H(X)—77).

Proof
1. To prove Property 1, for x € TE}(]5? we have

p(x) = p(x)p(xz) - -plzn) = [] p@N &) >0
CUGSX

because N(x;x) = 0 for all x € Sx . Then

log p(x)

= ZN(sc;X) log p(x)
= D (N(z;x) — np(z) + np(x)) log p(x)

= n ) p(z)logp(x)

3 (%Nm x) = p(2) ) (= log p(2)

1
S [H<X> + 3 (SN @ix) - p@) (- logp<:c>>] -

n

(1)

2. Since x € T&]é,

1
d | =N(z;%x) — p(z)| < 6.

T n

Now consider

3 (iN(gg; x) — p(oc)) (— log p(w))|

T mn

< ; %N(w;X) — p(x)| (— log p(x))
< —tog (minp(a)) > %N«u; x) — p(x)
< —dlog (m:gn p(fL’))
= n,
where
n = —6log (ma;npm)) > 0.

3. Therefore,

1
<Y (—N(m;x> _ p(m)) (— log p(2)) < .

4. It then follows from (1) that

or

—n(H(X) +n) <logp(x) < —n(H(X) —n),

2—n(H(X)—|—77) < p(x) < Q—H(H(X)—??),



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

1) If x € T[??X](S’ then

Q_H(H(X)‘F"?) < p(x) < 2_n(H(X)_77)_

Proof
1. To prove Property 1, for x € T[ﬁ'}{]é, we have

p(x) = p(x)p(xz) - -plzn) = [] p@N &) >0
CBESX

because N(x;x) = 0 for all x € Sx . Then

log p(x)
= > N(=;x)logp(x)

= D (N(z;x) — np(z) + np(x)) log p(x)

= nY p(x)logp(z)

3 (%N(:c; x) = p(2) ) (~ log p(a))

1
= —n [H(X) + > (—N(az; x) — p(a:)) (— log p(w))] :

mn

(1)

2. Since x € T[@(](S’

1
— N(z;x) — p(z)| < 6.

2.

X

Now consider

Z (iN(x; x) — p(a:)) (— log p(w))‘

T n

1
< Y |—N(z;x) — p(=)| (- logp(z))
1
< —tog (minp(e) ) |~ N@ix) - p(a)
<

—é log (magn p(fﬂ))

— n,

where
_ > O |

3. Therefore,
1
—n <> (—N(w;X) — p(w)) (—logp(xz)) < n.

4. It then follows from (1) that

—n(H(X)+n) <logp(x) < —n(H(X) —n),

2—n(H(X)—|—’n) < p(x) < Q—H(H(X)—??),

where n — 0 as § — 0O, proving Property 1.



Theorem 6.2 (Strong AEP) There exists n > 0 such that n — 0 as § — 0,
and the following hold:

2) For n sufficiently large,

Proof Idea

e By WLLN, w.p. — 1 (with probability tends to 1), the empirical distri-
bution of X is close to p(x), and so by definition X is strongly typical.



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € Tf}qé} >1— 6.

Proof
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that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € Tf}qé} >1— 6.

Proof

1. To prove Property 2, we write



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € Tf}qé} >1— 6.

Proof

1. To prove Property 2, we write

k=1



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € Tf}qé} >1— 6.

Proof

1. To prove Property 2, we write
n
k=1

where
Bk(“})—{ 0 if X # x.
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that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € Tf}qé} >1— 6.

Proof

1. To prove Property 2, we write
n
k=1

where
Bk(“})—{ 0 if X # x.



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € Tf}qé} >1— 6.

Proof

1. To prove Property 2, we write

k=1

where

Bk(“})—{ 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with

Pr{Bp(z) = 1} = p(=x)



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € Tf}qé} >1— 6.

Proof

1. To prove Property 2, we write

k=1

where
B (x) = { 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with
Pr{B(z) = 1} = p(=)
and

Pr{Bj(x) =0} =1 — p(x).



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,
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and

Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).
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that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € Tf}qé} >1— 6.

Proof
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ables with

Pr{By(z) = 1} = p(x)

and

Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).

3. By WLLN, for any 6 > 0 and for any © € X,

1 " 5 1)
Pr<{|— Z Bp(x) —p(x)| > — p < —
n =1 | X| | X



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € Tf}qé} >1— 6.

Proof

1. To prove Property 2, we write

k=1

where

B (x) = { 0 if X # x.
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ables with
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Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).
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Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € Tf}qé} >1— 6.

Proof

1. To prove Property 2, we write

k=1

where

B (x) = { 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with

Pr{By(z) = 1} = p(x)

and

Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).

3. By WLLN, for any 6 > 0 and for any © € X,
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Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € Tf}qé} >1— 6.

Proof

1. To prove Property 2, we write

k=1

where

B (x) = { 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with

Pr{By(z) = 1} = p(x)

and

Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).

3. By WLLN, for any 6 > 0 and for any © € X,

1 " 5 1)
Pr<{|— Z Bp(x) —p(x)| > — p < —
n =1 | X| | X

for n sufficiently large.

4. Then



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € Tf}qé} >1— 6.

Proof

1. To prove Property 2, we write

k=1

where

B (x) = { 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with

Pr{By(z) = 1} = p(x)

and

Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).

3. By WLLN, for any 6 > 0 and for any © € X,

1 " 5 1)
Pr<{|— Z Bp(x) —p(x)| > — p < —
n =1 | X| | X

for n sufficiently large.

4. Then

|

1
— N(z; X) — p(x)

)

> —— for some x

X |

}



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € T[@(]é} >1— 6.

Proof

1. To prove Property 2, we write

k=1

where

B (x) = { 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with

Pr{By (z) = 1} = p(x)

and

Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).

3. By WLLN, for any 6 > 0 and for any © € X,

1 " 5 1)
Pr<{|— Z Bp(x) —p(x)| > — p < —
n =1 | X| | X

for n sufficiently large.

4. Then

|

1
— N(z; X) — p(x)

)

> —— for some x

X |

}



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € Tf}qé} >1— 6.

Proof

1. To prove Property 2, we write

k=1

where

B (x) = { 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with

Pr{By(z) = 1} = p(x)

and

Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).

3. By WLLN, for any 6 > 0 and for any © € X,

1 " 5 1)
Pr<{|— Z Bp(x) —p(x)| > — p < —
n =1 | X| | X

for n sufficiently large.

4. Then

|

1
— N(z; X) — p(x)

)

> —— for some x

X |

}



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € T[@(]é} >1— 6.

Proof

1. To prove Property 2, we write

k=1

where

B (x) = { 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with

Pr{By (z) = 1} = p(x)

and

Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).

3. By WLLN, for any 6 > 0 and for any © € X,

1 " 5 1)
Pr<{|— Z Bp(x) —p(x)| > — p < —
n =1 | X| | X

for n sufficiently large.

4. Then

|

1

— N(z; X) — p(x)

n

5
X |

1 n
Pr — Z Bk(a:) - p(CB) >
" k=1

> —— for some x
|

5

—— for some x

| X



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € T[@(]é} >1— 6.

Proof

1. To prove Property 2, we write

k=1

where

B (x) = { 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with

Pr{By (z) = 1} = p(x)

and

Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).

3. By WLLN, for any 6 > 0 and for any © € X,

1 " 5 1)
Pr<{|— Z Bp(x) —p(x)| > — p < —
n =1 | X| | X

for n sufficiently large.

4. Then

|

1

— N(z; X) — p(x)

n

5
X |

1 n
Pr — Z Bk(a:) - p(CB) >
" k=1

> —— for some x
|

5

—— for some x

| X



Theorem 6.2 (Strong AEP) There exists n > 0 such 4. Then
that n — 0 as 6 — 0, and the following hold:

1 )
2) For m sufficiently large, Pr ‘—N(af;, X) — p(x)| > —— for some x
n | x|
Pr{X € T/%1s} > 1 — 4. 1 5
[X]o = Pr{|— Z Bp(x) — p(xz)| > —— for some =z
n k=1 | x|
Proof 1 " )
_ = Pr U — Z Bp(x) — p(x)| > —
1. To prove Property 2, we write Pt n p_—1 | X |
n
k=1
where
1 if X3, =«
_ k
B (x) = { 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with
Pr{Bj(z) = 1} = p(x)
and
Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).

3. By WLLN, for any 6 > 0 and for any © € X,

1 " 5 1)
Pr<{|— Z Bp(x) —p(x)| > — p < —
n =1 | X| | X

for n sufficiently large.



Theorem 6.2 (Strong AEP) There exists n > 0 such 4. Then
that n — 0 as 6 — 0, and the following hold:

1 1)
2) For m sufficiently large, Pr {‘—N(w, X) — p(x)| > ﬁ for some :c}
n X
Pr{X € T7}% >1— 3. 1 )
{ [X](S} = Pr<{|— Z Bp(x) — p(xz)| > —— for some x
n k=1 | x|
Proof 1 )
_ = Pr U — Z Bp(x) — p(x)| > —
1. To prove Property 2, we write Pt n p_—1 | X |
n
k=1
where
1 if X3, =«
_ k
B (x) = { 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with
Pr{Bj(z) = 1} = p(x)
and
Pr{Bj(x) =0} =1 — p(x).
Note that
EB(z) = (1 — p(2)) - 0 + p(2) - 1 = p(a).
3. By WLLN, for any § > 0 and for any = € X,
Union Bound
1 1) 1)
Pr<{|— Z Bp(x) —p(x)| > — p < —
nop_q | X | | X | Pr(Au B) < Pr(A) + Pr(B)

for n sufficiently large.



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € T[@(]é} >1— 6.

Proof

1. To prove Property 2, we write

k=1

where

B (x) = { 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with

Pr{By (z) = 1} = p(x)

and

Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).

3. By WLLN, for any 6 > 0 and for any © € X,

1 " 5 1)
Pr<{|— Z Bp(x) —p(x)| > — p < —
n =1 | X| | X

for n sufficiently large.

4. Then

1
Pr{‘—N(w;X) — p(x)

n

o)
> —— for some :c}
| X |
o)

1 n
= Pr{|— Z Bp(x) — p(xz)| > —— for some x
" k=1 | X

1 o
= PrelUJ|— D Br(®) —p(x)| > —

x [|™ k=1 | X

1 1)

< 2 Pri|— X Bi(@ —p@)| > —
x nop_—1 | X |

Union Bound

Pr(Au B) < Pr(A) + Pr(B)




Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € T[?X]é} >1— 6.

Proof

1. To prove Property 2, we write

k=1

where

B (x) = { 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with

Pr{By (z) = 1} = p(x)

and

Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).

3. By WLLN, for any 6 > 0 and for any © € X,

1 " 5 1)
Pr<{|— Z Bp(x) —p(x)| > — p < —
n =1 | X| | X

for n sufficiently large.

4. Then

1
Pr{‘—N(w;X) — p(x)

n

)
> —— for some :c}
| X |
1 d
= Pr{|— Z Bp(x) — p(xz)| > —— for some x
" k=1 | X

1 " )
= Pr U — Z Bp(x) — p(x)| > —
x |7 k=1 | X|

1 d
STPri|— > Bp(z) —p(x)| > —
x n r—=1 | X |

IN

Union Bound

Pr(Au B) < Pr(A) + Pr(B)




Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as 6 — 0, and the following hold:

2) For m sufficiently large,

Pr{X € T[?X]é} >1— 6.

Proof

1. To prove Property 2, we write

k=1

where

B (x) = { 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with

Pr{By (z) = 1} = p(x)

and

Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).

3. By WLLN, for any 6 > 0 and for any © € X,

n 5 5
Z Bp(x) —p(x)| > — p < —

1
Pr —
nop_—q | X | X |

for n sufficiently large.

4. Then

1
Pr{‘—N(w;X) — p(x)

n

)
> —— for some :c}
| X |
1 d
= Pr{|— Z Bp(x) — p(xz)| > —— for some x
" k=1 | X

1 " )
= Pr U — Z Bp(x) — p(x)| > —
x |7 k=1 | X|

1 d
STPri|— > Bp(z) —p(x)| > —
x n r—=1 | X |

IN

Union Bound

Pr(Au B) < Pr(A) + Pr(B)




Theorem 6.2 (Strong AEP) There exists n > 0 such 4. Then
that n — 0 as 6 — 0, and the following hold:

1 S
2) For m sufficiently large, Pr ‘—N(af;, X) — p(x)| > —— for some x
n | x|
Pr{X € T/} >1— . 1 »n 5
[X ]5} = Pr |— Z Bp(x) — p(xz)| > —— for some x
n | x|
Proof Z () () g
= B (x) — p(x)| > —
1. To prove Property 2, we write n op_—q k | X |
a < z Blu(x) - p(x)| > —
= r) —plx)l > ——
N(z;X) = > Bp(e), i X
k=1

< ¥

where | X |
1 if X;. = x
_ k
B (x) = { 0 if X # x.
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with
Pr{By (z) = 1} = p(x)
and
Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).

3. By WLLN, for any 6 > 0 and for any © € X,

1 ) 1)
Pr<{|— Z Bp(x) —p(x)| > — p < —
nop—q | x| | X

for n sufficiently large.



Theorem 6.2 (Strong AEP) There exists n > 0 such 4. Then
that n — 0 as 6 — 0, and the following hold:

1 )
2) For m sufficiently large, Pr |—N(:c, X) — p(x)| > —— for some x
n | x|
Pr{X € T/%1s} > 1 — 4. 1 8
[Xx]6 = Pr . |— Z Bp(x) — p(xz)| > —— for some x
n k=1 | x|
Proof 1 " )
_ = Pr U — Z Bp(x) — p(x)| > —
1. To prove Property 2, we write Pt n p_—1 | X |
n < YRl S B b)) > o
. — >~ r — klx) — plx >
N(@X) = > By(x), e n = X
k=1 5
< >
where z |X|
1 if X3, =«
— k =
Bk(“})—{ 0 if X # x. 0
2. Then By (z),k =1,2,--- ,n are i.i.d. random vari-
ables with
Pr{Bj (z) = 1} = p(x)
and
Pr{Bj(x) =0} =1 — p(x).
Note that

EBj(z) = (1 — p(2)) - 04 p(x) - 1 = p(a).

3. By WLLN, for any 6 > 0 and for any © € X,

1 " 5 1)
Pr<{|— Z Bp(x) —p(x)| > — p < —
n =1 | X| | X

for n sufficiently large.



4. Then

1
Pr{‘—N(az;X) — p(x)

n

1
= Pr

— > Bg(z) — p(x)
-y

o)
> —— for some zc}
| X |

o)
> —— for some x
| X |

)

n k=1

1 n
— > Bg(z) — p(x)
k=1

1 é
é
< [
Z:Jc:l?fl



4. Then

n

_ pr{

1 d
Pr{‘—N(m;X) — p(x)| > —— for some :1:}

| X |

1 n
— > Bg(z) — p(x)
n k=1

o)
> —— for some x
| X |

1 )
= Pr U — Z Bp(x) — p(x)| > —
T nop_q | X
1 )
< > Prq|— D Bp(z)—pl=)| > —
x n =1 | X |
)
< -
2 %



4. Then 5. Now

1
— N(z;x) — p(x)| > 6

2

o) x
> —— for some x
| X |

n

_ pr{

1
Pr{‘—N(m;X) — p(x)

1 n
— > Bg(z) — p(x)
n k=1

o)
> —— for some x
| X |

1 )
= Pr U — Z Bp(x) — p(x)| > —
T nop_q | X
1 )
< > Prq|— D Bp(z)—pl=)| > —
x n =1 | X |
)
< -
2 %



4. Then 5. Now

1
;|;N<x;x> — p(a)| > 8

1
Pr{‘—N(m;X) — p(x)

n

-
: {9{

o)
> —— for some :1:}

| X | implies

1 n
— Z By (z) — p(x)

1e)
> —— for some x
| X

)
)

> —— for some x € X.

1
‘—N(CB;X) — p(x)
n | X |

> Bp(z) — p(=)
=1

1 mn
— Z By (z) — p(x)

IA
HM
/—/‘\




4. Then 5. Now

1
;\;me) — ()| > 5

1
Pr{‘—N(m;X) — p(x)

n

-
: {9{

o)
> —— for some :1:}

| X | implies

1 n
— Z By (z) — p(x)

1e)
> —— for some x
| X

)
)

> —— for some x € X.

1
‘—N(CB;X) — p(x)
n | X |

> Bp(z) — p(=)
=1

1 mn
— Z By (z) — p(x)

IA
HM
/—/‘\




4. Then 5. Now

1
~ N(z;x) — p<w>‘ > 5

2.

o) T
> —— for some x
| X | implies

1
Pr{|gN(a:;X) — p(x)

1
= Pr —
n K

Z By (z) — p(=x)

o)
> —— for some x
| X |

1 " o)
= Pr {U{ — D Bp(z) — p(x)| > —}}
z ||" k=1 | X |
1 n o)
o
< -
2 %

= 0.



4. Then 5. Now

2.

1
~ N(z;x) — p(ac)‘ > 5

1 5 95 n
Pr{|—N(w;X) — p(x)| > —— for some :13}
n | X | implies
1 é
— — Bp(x) — p(x)| > —— for some x
gl ) —
1 )
- {Lmj{ ; k}z:: By (z) = plz)| > m}} Then we have
< : fj By (=) — p(a)| > — :
= zx: n = L (x pr(x X Pr {; ;N(:B;X) — p(x) 5}
)
< P
% T



4. Then 5. Now

1
— N(z;x) — p(2)| > &

2.

o) T
> —— for some x
| X | implies

1
Pr{|5N(a:;X) — p(x)

1 6
= Pr{U{ i i B (x) — p(x)| > i}}
e n p_q | X | Then we have
< ZPr{ i i By (z) — p(x)| > _6 } Pr {Z iN(:ch) — p(z)| > 5}
x nop—1 | X | —| ’

< T - - (SRS




4. Then 5. Now

1
S Z‘—N(x;x)—p(:c) > 0
1 €T n
Pr{|—N(a:;X)—p(:1:) > —— for some :13}
n | X | implies
1 é
= — By (x) — p(x)| > —— for some x 1
{ n z:: & i | X | } '—N(m;x)—p(m) > —— for some =z € X.
_ ! s g o
- {Lmj{ ;kz:: k() = pl@)] > |X|}} Then we have
> HE fj B, (2) — p(z)| > — !
= - "= L (x p(x X Pr{;‘;N(:ﬁ;x)—p(m) >5}
5
NERAEY e r] > o)
= d.
Then

Pr {x c T&]é}



4. Then 5. Now

1
—N(z;x) —p(z)| >4

2

5 x
> —— for some x
| X | implies

1
Pr{|;N(w;X) — p(x)

1
= Pr —
n L

> —— for some © € X.
| X |

o
> —— for some :c}

1
x| '—N(az;x> — p(a)

o
> -
| X | Then we have

in(w)—p(fE)
— P{Lmj{
e, - ) S ;)
< T . 1

= 0.

By (z) — p(x)

1
n

IN

Bk;(w) — p(x) N(x;x) — p(xz)| >

1
n

5
k=1

Then

Pr{X e T{xs}

= Pr{z :

@ n

N(z; X) —p(x)] <6
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mn

2

d.
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— N(x; X) — p(x)
{ 1
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n g
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sl

1
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1
n
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é
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)

> —— for some x

/)

}

5. Now

1
— N(z;x) —p(z)| > 6

2

X

implies

> —— for some =z € X.

1
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1
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b o
P ]
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)
-
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2
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1
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1
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1
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5. Now
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1
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Then we have

1
Pr {Z — N(xz;x) — p(x)| >

b o
P ]
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1
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= 1—Pr{z

X

2

1
— N(z; X) — p(z)| > 6




4. Then

Pf{

1 n
— Z By (z) — p(=x)

| X |

1" )
— P {U{ — > Bye) —p()| > —
x n =1 | X |
1 " )
)
B 2

%
2

> —— for some x

/)

}

5. Now

1
—N(xz;x) — p(xz)| > 6

2

X

implies

> —— for some =z € X.

1
'—N(:c;x) ~ p(a)
n x|

Then we have

1
— N(x;x) — p(z)| >

Pr {Z

X

d

1
< Pr{‘—mx;x) ~ p(z)

o)
> — forsomea:EX}.
| X |

Then
Pr {X c T[@(]é}

1
= Pr{;|;N(m;X)—p(m)

1
= 1—Pr{z — N(xz; X) — p(x)| >

oF ’
sl e

-




4. Then

Pf{

1 n
— Z By (z) — p(=x)

| X |

1 " o)
-  Pr {U{—ZBk(x)—P($) > —
z || k= | X |
1 " o)
o)
B 2

%
2

> —— for some x

/)

}

5. Now

1
— N(z;x) —p(z)| > 6

2

X

implies

> —— for some =z € X.

1
'—N(:c;x) ~ p(a)
n x|

Then we have

1
— N(x;x) — p(z)| >

Pr {Z

X

d

1
< Pr{‘—mx;x) ~ p(z)

o)
> — forsomea:EX}.
| X |

Then
Pr {X c T[@(]é}

1
= Pr{;|;N(m;X)—p(m)

-

1
~ N(z;X) - p(z)| > &

= 1—Pr{z

xr

A%




4. Then 5. Now

1
s Z|—N(w;><)—p(w) > 9
1 €T n
Pr{‘—N(m;X)—p(m) > —— for some :1:}
n | X | implies
1 é
= — Bp(x) — p(x)| > —— for some x 1
{ n g k | X | } ‘—N(a:;x)—p(w) > —— for some z € X.
n S
- {L:BJ{ kZ:: Bk(w) - rl@)| > | X | }} Then we have
< Yee|- i By (@) — ()| > — -
< a n = L (x p(x ) Pr{;‘;N(w;x)—p(m) >5}
S 1 5
< Z— < Pr{‘—N(m;x)—p(m) >—forsomex€?€'}.
= 5.
Then

Pr{XET 5}

1
= Pr{;';N(az;X)—p(w)

2
s

o)
> —— for somexe?c'}
| X |

1
= 1—Pr{Z‘—N(m;X)—p(:{:)

1
> 1—Pr{|—N(a:;X)—p(:1:)

> 1_67

proving Property 2.



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as § — 0, and the following hold:

3) For n sufficiently large,

(1_5)2n(H(X)_77) < |T[?:LX']5| < 2n(H(X)—|—77)
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that n — 0 as § — 0, and the following hold:

3) For n sufficiently large,

(1_5)2n(H(X)_77) < |T[?:LX']5| < 2”(H(X)+77)

Proof Follows from Property 1 and Property 2 in ex-
actly the same way as in Theorem 5.3. (Exercise)



Theorem 6.2 (Strong AEP) There exists n > 0 such
that n — 0 as § — 0, and the following hold:

3) For n sufficiently large,

(1_5)2n(H(X)_77) < |T[?:LX']5| < 2”(H(X)+77)

Proof Follows from Property 1 and Property 2 in ex-
actly the same way as in Theorem 5.3. (Exercise)

Theorem 5.3 (Weak AEP II)

1) If x € W[%(]e’ then

2—n(H(X)—|—e) < p(x) < 2—n(H(X)—e)'
2) For n sufficiently large,
Pr{X € W["}qe} >1— €.
3) For n sufficiently large,

(1 — 6)2’)’1,(H(X)—€) < |W[7}(]€| < on(H (X)+e)




Theorem 6.3 For sufficiently large n, there exists ¢(J) > 0 such that

PI'{X Q/ T[g(](g} < 2—ng0(5).

Proof Chernoff bound.



