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Chapter 3 
The I-Measure



In this chapter



• Set-theoretic structure of Shannon’s information measures

• Why Shannon’s information measures can be represented by a form of
Venn diagram – information diagram?

• How to use information diagrams to obtain information identities and
inequalities

• Problem-solving examples

In this chapter



• Set-theoretic structure of Shannon’s information measures

• Why Shannon’s information measures can be represented by a form of
Venn diagram – information diagram?

• How to use information diagrams to obtain information identities and
inequalities

• Problem-solving examples

In this chapter



• Set-theoretic structure of Shannon’s information measures

• Why Shannon’s information measures can be represented by a form of
Venn diagram – information diagram?

• How to use information diagrams to obtain information identities and
inequalities

• Problem-solving examples

In this chapter



In this chapter

• Set-theoretic structure of Shannon’s information measures

• Why Shannon’s information measures can be represented by a form of
Venn diagram – information diagram?

• How to use information diagrams to obtain information identities and
inequalities

• Problem-solving examples



An Example

X 1 X 2 H (         ) , 

X 1 X 2 H (         ) 
X 1 X 2 H (         ) 

X 2 X 1 I (         ) ; 

X 1 H (    ) 
2 X H (      ) 



An Example

X 1 X 2 H (         ) , 

X 1 X 2 H (         ) 
X 1 X 2 H (         ) 

X 2 X 1 I (         ) ; 

X 1 H (    ) 
2 X H (      ) 



An Example

X 1 X 2 H (         ) , 

X 1 X 2 H (         ) 
X 1 X 2 H (         ) 

X 2 X 1 I (         ) ; 

X 1 H (    ) 
2 X H (      ) 



An Example

X 1 X 2 H (         ) , 

X 1 X 2 H (         ) 
X 1 X 2 H (         ) 

X 2 X 1 I (         ) ; 

X 1 H (    ) 
2 X H (      ) 



An Example

X 1 X 2 H (         ) , 

X 1 X 2 H (         ) 
X 1 X 2 H (         ) 

X 2 X 1 I (         ) ; 

X 1 H (    ) 
2 X H (      ) 



An Example

X 1 X 2 H (         ) , 

X 1 X 2 H (         ) 
X 1 X 2 H (         ) 

X 2 X 1 I (         ) ; 

X 1 H (    ) 
2 X H (      ) 



An Example

X 1 X 2 H (         ) , 

X 1 X 2 H (         ) 
X 1 X 2 H (         ) 

X 2 X 1 I (         ) ; 

X 1 H (    ) 
2 X H (      ) 



H/I $ µ⇤

, $ [
; $ \
| $ � (A�B = A \Bc

)

• µ⇤
is some signed measure (set-additive function).

• Examples:

1.

H(X1|X2) = µ⇤
(

˜X1 � ˜X2)

H(X2|X1) = µ⇤
(

˜X2 � ˜X1)

I(X1;X2) = µ⇤
(

˜X1 \ ˜X2).

Substitution of Symbols



H/I $ µ⇤

, $ [
; $ \
| $ � (A�B = A \Bc

)

• µ⇤
is some signed measure (set-additive function).

• Examples:

1.

H(X1|X2) = µ⇤
(

˜X1 � ˜X2)

H(X2|X1) = µ⇤
(

˜X2 � ˜X1)

I(X1;X2) = µ⇤
(

˜X1 \ ˜X2).

Substitution of Symbols



H/I $ µ⇤

, $ [
; $ \
| $ � (A�B = A \Bc

)

• µ⇤
is some signed measure (set-additive function).

• Examples:

1.

H(X1|X2) = µ⇤
(

˜X1 � ˜X2)

H(X2|X1) = µ⇤
(

˜X2 � ˜X1)

I(X1;X2) = µ⇤
(

˜X1 \ ˜X2).

Substitution of Symbols



H/I $ µ⇤

, $ [
; $ \
| $ � (A�B = A \Bc

)

• µ⇤
is some signed measure (set-additive function).

• Examples:

1.

H(X1|X2) = µ⇤
(

˜X1 � ˜X2)

H(X2|X1) = µ⇤
(

˜X2 � ˜X1)

I(X1;X2) = µ⇤
(

˜X1 \ ˜X2).

Substitution of Symbols



H/I $ µ⇤

, $ [
; $ \
| $ � (A�B = A \Bc

)

• µ⇤
is some signed measure (set-additive function).

• Examples:

1.

H(X1|X2) = µ⇤
(

˜X1 � ˜X2)

H(X2|X1) = µ⇤
(

˜X2 � ˜X1)

I(X1;X2) = µ⇤
(

˜X1 \ ˜X2).

Substitution of Symbols



H/I $ µ⇤

, $ [
; $ \
| $ � (A�B = A \Bc

)

• µ⇤
is some signed measure (set-additive function).

• Examples:

1.

H(X1|X2) = µ⇤
(

˜X1 � ˜X2)

H(X2|X1) = µ⇤
(

˜X2 � ˜X1)

I(X1;X2) = µ⇤
(

˜X1 \ ˜X2).

Substitution of Symbols



Substitution of Symbols

H/I $ µ⇤

, $ [
; $ \
| $ � (A�B = A \Bc

)

• µ⇤
is some signed measure (set-additive function).

• Examples:

1.

H(X1|X2) = µ⇤
(

˜X1 � ˜X2)

H(X2|X1) = µ⇤
(

˜X2 � ˜X1)

I(X1;X2) = µ⇤
(

˜X1 \ ˜X2).



Substitution of Symbols

H/I $ µ⇤

, $ [
; $ \
| $ � (A�B = A \Bc

)

• µ⇤
is some signed measure (set-additive function).

• Examples:

1.

H(X1|X2) = µ⇤
(

˜X1 � ˜X2)

H(X2|X1) = µ⇤
(

˜X2 � ˜X1)

I(X1;X2) = µ⇤
(

˜X1 \ ˜X2).



Substitution of Symbols

H/I $ µ⇤

, $ [
; $ \
| $ � (A�B = A \Bc

)

• µ⇤
is some signed measure (set-additive function).

• Examples:

1.

H(X1|X2) = µ⇤
(

˜X1 � ˜X2)

H(X2|X1) = µ⇤
(

˜X2 � ˜X1)

I(X1;X2) = µ⇤
(

˜X1 \ ˜X2).



Substitution of Symbols

H/I $ µ⇤

, $ [
; $ \
| $ � (A�B = A \Bc

)

• µ⇤
is some signed measure (set-additive function).

• Examples:

1.

H(X1|X2) = µ⇤
(

˜X1 � ˜X2)

H(X2|X1) = µ⇤
(

˜X2 � ˜X1)

I(X1;X2) = µ⇤
(

˜X1 \ ˜X2).



2. Inclusion-Exclusion formulation in set-theory

µ�(X̃1 ⇥ X̃2) = µ�(X̃1) + µ�(X̃2)� µ�(X̃1 ⇤ X̃2)

corresponds to

H(X1, X2) = H(X1) + H(X2)� I(X1;X2)

in information theory.



2. Inclusion-Exclusion formulation in set-theory

µ�(X̃1 ⇥ X̃2) = µ�(X̃1) + µ�(X̃2)� µ�(X̃1 ⇤ X̃2)

corresponds to

H(X1, X2) = H(X1) + H(X2)� I(X1;X2)

in information theory.

___

___



2. Inclusion-Exclusion formulation in set-theory

µ�(X̃1 ⇥ X̃2) = µ�(X̃1) + µ�(X̃2)� µ�(X̃1 ⇤ X̃2)

corresponds to

H(X1, X2) = H(X1) + H(X2)� I(X1;X2)

in information theory.

___

___



2. Inclusion-Exclusion formulation in set-theory

µ�(X̃1 ⇥ X̃2) = µ�(X̃1) + µ�(X̃2)� µ�(X̃1 ⇤ X̃2)

corresponds to

H(X1, X2) = H(X1) + H(X2)� I(X1;X2)

in information theory.

__

___



2. Inclusion-Exclusion formulation in set-theory

µ�(X̃1 ⇥ X̃2) = µ�(X̃1) + µ�(X̃2)� µ�(X̃1 ⇤ X̃2)

corresponds to

H(X1, X2) = H(X1) + H(X2)� I(X1;X2)

in information theory.

___

___



2. Inclusion-Exclusion formulation in set-theory

µ�(X̃1 ⇥ X̃2) = µ�(X̃1) + µ�(X̃2)� µ�(X̃1 ⇤ X̃2)

corresponds to

H(X1, X2) = H(X1) + H(X2)� I(X1;X2)

in information theory.

___

___



2. Inclusion-Exclusion formulation in set-theory

µ�(X̃1 ⇥ X̃2) = µ�(X̃1) + µ�(X̃2)� µ�(X̃1 ⇤ X̃2)

corresponds to

H(X1, X2) = H(X1) + H(X2)� I(X1;X2)

in information theory.

___

___



2. Inclusion-Exclusion formulation in set-theory

µ�(X̃1 ⇥ X̃2) = µ�(X̃1) + µ�(X̃2)� µ�(X̃1 ⇤ X̃2)

corresponds to

H(X1, X2) = H(X1) + H(X2)� I(X1;X2)

in information theory.

___

___



2. Inclusion-Exclusion formulation in set-theory

µ�(X̃1 ⇥ X̃2) = µ�(X̃1) + µ�(X̃2)� µ�(X̃1 ⇤ X̃2)

corresponds to

H(X1, X2) = H(X1) + H(X2)� I(X1;X2)

in information theory.

___

___



2. Inclusion-Exclusion formulation in set-theory

µ�(X̃1 ⇥ X̃2) = µ�(X̃1) + µ�(X̃2)� µ�(X̃1 ⇤ X̃2)

corresponds to

H(X1, X2) = H(X1) + H(X2)� I(X1;X2)

in information theory.

__

___



2. Inclusion-Exclusion formulation in set-theory

µ�(X̃1 ⇥ X̃2) = µ�(X̃1) + µ�(X̃2)� µ�(X̃1 ⇤ X̃2)

corresponds to

H(X1, X2) = H(X1) + H(X2)� I(X1;X2)

in information theory.

___

___



2. Inclusion-Exclusion formulation in set-theory

µ�(X̃1 ⇥ X̃2) = µ�(X̃1) + µ�(X̃2)� µ�(X̃1 ⇤ X̃2)

corresponds to

H(X1, X2) = H(X1) + H(X2)� I(X1;X2)

in information theory.

__

___



2. Inclusion-Exclusion formulation in set-theory

µ�(X̃1 ⇥ X̃2) = µ�(X̃1) + µ�(X̃2)� µ�(X̃1 ⇤ X̃2)

corresponds to

H(X1, X2) = H(X1) + H(X2)� I(X1;X2)

in information theory.

___

___



3.1 Preliminaries



Definition 3.1 The field Fn generated by sets

˜X1, ˜X2, · · · , ˜Xn is the collection

of sets which can be obtained by any sequence of usual set operations (union,

intersection, complement, and di↵erence) on

˜X1, ˜X2, · · · , ˜Xn.

Definition 3.2 The atoms of Fn are sets of the form \n
i=1Yi, where Yi is either

˜Xi or
˜Xc
i , the complement of

˜Xi.
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measure takes only positive values, it is simply called a measure.
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• A signed measure µ on F2 is completely specified by the values on the

atoms

µ( ˜X1 \ ˜X2), µ( ˜Xc
1 \ ˜X2), µ( ˜X1 \ ˜Xc

2), µ( ˜Xc
1 \ ˜Xc

2)

• The value of µ on other sets in F2 are obtained by set-additivity. For

example,

µ( ˜X1) = µ(( ˜X1 \ ˜X2) [ (

˜X1 \ ˜Xc
2))

= µ( ˜X1 \ ˜X2) + µ( ˜X1 \ ˜Xc
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