
10.2 Definition



Definition 10.10 The di↵erential entropy h(X) of a continuous random vari-

able X with pdf f(x) is defined as

h(X) = �
Z

S
f(x) log f(x)dx = �E log f(X)

Remarks

1. Di↵erential entropy is not a measure of the average amount of information

contained in a continuous r.v.

2. A continuous random variable generally contains an infinite amount of

information.
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Example 10.11 Let X be uniformly distributed on [0, 1). Then we can write

X = .X1X2X3 · · · ,

the dyadic expansion of X, where X1, X2, X3, · · · is a sequence of fair bits. Then

H(X) = H(X1, X2, X3, · · · )

=
��

i=1

H(Xi)

=
��

i=1

1

= �



Example 10.11 Let X be uniformly distributed on [0, 1). Then we can write

X = .X1X2X3 · · · ,

the dyadic expansion of X, where X1, X2, X3, · · · is a sequence of fair bits. Then

H(X) = H(X1, X2, X3, · · · )

=
��

i=1

H(Xi)

=
��

i=1

1

= �



Example 10.11 Let X be uniformly distributed on [0, 1). Then we can write

X = .X1X2X3 · · · ,

the dyadic expansion of X, where X1, X2, X3, · · · is a sequence of fair bits. Then

H(X) = H(X1, X2, X3, · · · )

=
��

i=1

H(Xi)

=
��

i=1

1

= �



Example 10.11 Let X be uniformly distributed on [0, 1). Then we can write

X = .X1X2X3 · · · ,

the dyadic expansion of X, where X1, X2, X3, · · · is a sequence of fair bits. Then

H(X) = H(X1, X2, X3, · · · )

=
��

i=1

H(Xi)

=
��

i=1

1

= �



Example 10.11 Let X be uniformly distributed on [0, 1). Then we can write

X = .X1X2X3 · · · ,

the dyadic expansion of X, where X1, X2, X3, · · · is a sequence of fair bits. Then

H(X) = H(X1, X2, X3, · · · )

=
��

i=1

H(Xi)

=
��

i=1

1

= �



• Consider a continuous r.v. X with a continuous pdf f(x).

• Define a discrete r.v.

ˆ

X� by

ˆ

X� = i if X 2 [ i�, (i+ 1)�).

• ˆ

X� is a quantization of X with resolution �.

• Since f(x) is continuous,

pi = Pr{ ˆ

X� = i} ⇡ f(xi)�

where xi 2 [ i�, (i+ 1)�).

Relation with Discrete Entropy
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• Then for small �,

H(

ˆX�) = �
X

i

pi log pi

⇡ �
X

i

(f(xi)�) log(f(xi)�)

⇡ �
X

i

(f(xi)�) (log f(xi) + log�)

= �
X

i

f(xi)� log f(xi)�
X

i

f(xi)� log�

= �
X

i

[f(xi) log f(xi)]�� (log�)

X

i

f(xi)�

⇡ �
Z

f(x) log f(x)dx� (log�)

Z
f(x)dx

= h(X)� log�.

• Note that H(

ˆX�) ! 1 as � ! 0.
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Example 10.12 Let X be uniformly distributed on [0, a). Then

h(X) = �
Z a

0

1

a

log

1

a

dx = log a.

Remark h(X) < 0 if a < 1, so h(·) cannot be a measure of information.

Example 10.13 (Gaussian Distribution) Let X ⇠ N (0,�

2
). Then

h(X) =

1

2

log(2⇡e�

2
).
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Example 10.13 (Gaussian Distribution) Let X ⇠
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Theorem 10.14 (Translation)

h(X + c) = h(X).

Theorem 10.15 (Scaling) For a 6= 0,

h(aX) = h(X) + log |a|.

Remarks on Scaling The di↵erential entropy is

• increased by log |a| if |a| > 1

• decreased by � log |a| if |a| < 1

• unchanged if a = �1

• related to the “spread” of the pdf

Properties of Differential Entropy
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Theorem 10.14 (Translation)
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