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Agenda

• Phylogenetic tree reconstruction:
– Given a set of DNA/protein sequences
– Construct a tree that most likely refers to 

historical evolutionary events
• Distance-based methods:

– Unweighted Pair Group Method with Arithmetic mean 
(UPGMA)

– Neighbor Joining (NJ)

• Sequence-based methods:
– Maximum parsimony 
– Maximum likelihood
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Solving the problem: Ideas

• What do you do when you encounter a 
computationally hard problem?
– Define an easier version of the problem
• By making certain assumptions

– Design smart algorithms/data structures to avoid 
redundant calculations

– Use heuristics to solve it, not necessarily getting 
the optimal solution
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UPGMA

• Algorithm:
– Compute the distance between each pair of 

sequences (distance matrix)
– Treat each sequence as a cluster
– Merge the two closest clusters and update the 

distance matrix. 
• The distance between two clusters is the average

distance between all their sequences:

– Repeat previous steps until only one cluster is left
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Exercise: UPGMA
• Given the distance matrix, construct the phylogenetic tree 

using UPGMA algorithm. Calculate the branch lengths (the 
tree is additive) and represent the tree in Newick format.

• Note: we will specify if we want the branch length in the 
question.
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A B C D

A 0 11 4 11

B 11 0 13 4

C 4 13 0 13

D 11 4 13 0



Answer: UPGMA
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A B C D

A 0 11 4 11

B 11 0 13 4

C 4 13 0 13

D 11 4 13 0

AC B D
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B 12 0 4

D 12 4 0
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Tree in Newick format:
((A:1,C:3):4,(B:2,D:2):4);



Introduction to Neighbour Joining
• Problems with UPGMA
– Hard to assign branch length
– Not always unique

• Idea of Neighbour Joining
– Merge some species that are relatively close to each 

other and distant from the other species
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Neighbor Joining

• Repeat the following steps until all branch lengths 
are assigned
– Find two sets connected to hub with minimum Q, say 

set Ci and Cj (given r = the current number of clusters)

– Insert an internal node Ck connecting Ci, Cj and the 
hub

– Compute the distances with following equations:
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Exercise 4: Neighbor Joining

• Construct the phylogenetic tree with the 
following distance matrix using neighbor 
joining algorithm.
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d A B C D E
A 0 1 2 6 19
B 1 0 3 7 18
C 2 3 0 8 17
D 6 7 8 0 16
E 19 18 17 16 0



Answer: Neighbor Joining
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d A B C D E u
A 0 1 2 6 19 28

B 1 0 3 7 18 29

C 2 3 0 8 17 30

D 6 7 8 0 16 37

E 19 18 17 16 0 70
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Answer: Neighbor Joining
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d A B C DE

A 0 1 2 4.5

B 1 0 3 4.5

C 2 3 0 4.5

DE 4.5 4.5 4.5 0

DE
2.5 6

13.5
A

B

C

D

E

d A B C D E u
A 0 1 2 6 19 28

B 1 0 3 7 18 29

C 2 3 0 8 17 30

D 6 7 8 0 16 37
E 19 18 17 16 0 70
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Answer: Neighbor Joining
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d A B C DE u
A 0 1 2 4.5 7.5

B 1 0 3 4.5 8.5

C 2 3 0 4.5 9.5

DE 4.5 4.5 4.5 0 13.5

Q A B C DE

A -14 -13 -12

B -12 -13

C -14

DE

DE
2.5 6

13.5

A

B

C

D

E

AB

0.25

0.75



Answer: Neighbor Joining
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d AB C DE u
AB 0 2 4 6

C 2 0 4.5 6.5

DE 4 4.5 0 8.5

Q AB C DE

AB -10.5 -10.5

C -10.5

DE

DE
2.5 6

13.5

A

B

C

D

E

AB

0.25

0.75
AB
C

0.75

1.25



Answer: Neighbor Joining
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d ABC DE

ABC 0 3.25

DE 3.25 0
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Demonstration: Neighbor Joining

• Find a web tool to perform Neighbor Joining using 
the distance matrix in the previous exercise.

• Compare the tree constructed manually in the
previous exercise with the one produced by the web 
tool.

15BMEG3012 Bioinformatics Tutorial Notes | Spring 2021



Step 1: find the tool
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Step 2: select the tool 
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Step 3: input the distance matrix
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The Phylip format
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5
A         0 1 2 6 19
B         1 0 3 7 18
C         2 3 0 8 17
D         6 7 8 0 16
E         19 18 17 16 0



Step 4: show the results

• Tree in the Newick format:
– (D:2.5000,E:13.5000,(C:1.2500,(A:0.3333,B:0.6667):0.750

0):3.2500);
– Note: the above Newick format is for the tree rooted at 

node “8”.
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Comparison 

• The tree produced by the web tool is almost 
the same as the one constructed manually.

• There are some possible reasons if the results 
are different:
– Different ways to break ties
– Different formulas used in the web tool
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Maximum parsimony

• Rational: 
– Mutations are rare
– A tree is likely to be true if it involves few 

mutations

• “Small parsimony” problem:
– Sequences at the leaf nodes and the rooted tree 

structure are given
– Find the ancestral sequences
– Note: if the tree structure is not known, the 

problem is NP hard 
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Maximum parsimony

Large parsimony Small parsimony

Observed sequences Given Given

Ancestral sequences Need to work out Need to work out

Tree topology Need to work out Given

Number of mutations Minimum among all tree 
topologies 

Minimum subject to the 
given tree topology

Algorithms No efficient algorithms 
known (NP hard)

Simple version, extended 
version
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Small parsimony (simple version)

• Upward Phase:
– If Sleft-child ∩ Sright-child = { }, 

then Scurrent ← Sleft-child U Sright-child
– If Sleft-child ∩ Sright-child ≠ { }, 

then Scurrent ← Sleft-child ∩ Sright-child
• Downward Phase:

Croot ← any one in Sroot
– If Cparent ∈ Scurrent then Ccurrent ← Cparent

– If Cparent ∉ Scurrent then Ccurrent ← any one in Scurrent
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Example: small parsimony (simple version)
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AC GT CC

Upward Phase Downward Phase

AC GT CC

[A,G][C,T]

[A,G,C][C]

AC GT

AC

CC

AC

AC GT

GC

CC

GC

AC GT

CC

CC

GC

AC GT

CC

CC

AC



Small parsimony (extended version)

• Upward Phase (same as before):
– If Sleft-child ∩ Sright-child = { }, 

then Scurrent ← Sleft-child U Sright-child
– If Sleft-child ∩ Sright-child ≠ { }, 

then Scurrent ← Sleft-child ∩ Sright-child
• Downward Phase (majority vote):

In turn, Croot ← one in Sroot
– Compare the characters in {Cparent},  Schild1, and 

Schild2 and find those having the most appearances 
– In turn, choose one to be Ccurrent
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Example: small parsimony (extended version)
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AC GT CC

Upward Phase Downward Phase

AC GT CC

[A,G][C,T]

[A,G,C][C]

AC GT

AC

CC

AC

AC GT

GC

CC

GC

AC GT

CC

CC

GC

AC GT

CC

CC

AC

AC GT

CC

CC

CC

Found in extended 
version but not in 
simple version



Exercise 1: Small parsimony

• You are given the following tree topology. 
Considering each site independently, find: 
– the ancestral sequences such that the number of 

mutations is minimum, using both simple and 
extended versions;

– the optimal number of mutations.
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GCC ACT CCC TCT TCC



Answer: Small parsimony

• Upward phase 
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GCC ACT

[A,G,T][C][C]

[A,G][C][C,T]

CCC TCT

TCC

TCC

[C,T][C][C,T]



Answer: Small parsimony (simple version)

• Downward phase
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GCC ACT

ACC

ACC

CCC TCT

TCC

TCC

TCC

GCC ACT

GCC

GCC

CCC TCT

TCC

TCC

TCC

GCC ACT

TCC

ACC

CCC TCT

TCC

TCC

TCC

GCC ACT

TCC

GCC

CCC TCT

TCC

TCC

TCC

Number of mutations: 5



Answer: Small parsimony (extended version)

• Downward phase
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GCC ACT
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Maximum likelihood

• Maximum likelihood: find parameters (θ) of a 
model such that the probability of having the 
observed data under this model, Pr(X|θ), is 
maximized. 

• Small likelihood problem:
– Tree topology is given
– Find the mutation rates and divergence times
– There are effective heuristic methods
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Maximum likelihood

Large likelihood Small likelihood

Observed sequences Given Given

Ancestral sequences Consider all possible cases Consider all possible cases

Time of divergence Need to work out Need to work out

Mutation rate Need to work out Need to work out

Tree topology Need to work out Given

Likelihood Maximum among all tree 
topologies

Maximum subject to the 
given tree topology

Algorithms No efficient algorithms 
known (NP hard)

Effective heuristic methods
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• We try different time of divergence and mutation 
rates, and change them a little bit each iteration

• After many trials, the likelihood will converge to 
some local (possibly global) maximum

• Key points:
– Evaluate likelihood given time of divergence and 

mutation rate using dynamic programming
– Compare the value of likelihood

Small likelihood
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Image credit: http://www.absoluteastronomy.com/topics/Hill_climbing



Computing likelihood [Optional]
• Define table V, where entry V(i,x) is the likelihood of 

the sub-tree rooted at i when the parent of i takes 
character x

• Example:
– Likelihood =

Pr(g:A) V(e,A) V(f,A) +
Pr(g:C) V(e,C) V(f,C) +
Pr(g:G) V(e,G) V(f,G) +
Pr(g:T) V(e,T) V(f,T)

– V(e,A) =
Pr(e:A|g:A,teg) V(a,A) V(b,A) +
Pr(e:C|g:A,teg) V(a,C) V(b,C) +
Pr(e:G|g:A,teg) V(a,G) V(b,G) +
Pr(e:T|g:A,teg) V(a,T) V(b,T)

– V(a,A) = Pr(a:G|e:A, tae)
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a:G b:G c:T d:G

e:? f:?

tae

g:?

tbe tcf tdf

teg tfg

For internal nodes

For leaf nodes



Exercise: Computing Likelihood [Optional]
• Using Jukes-Cantor model with mutation rate = 

0.01, divergence time are drawn on the branches 
of the tree. Assume the probability of having A, C, 
G and T are equal (0.25) for the sequence g. 
Calculate the likelihood of the tree.
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a:G b:G c:T d:G

e:G f:G

1

g:G

1 1 1

1 1



Answer: Computing Likelihood [Optional]
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Node Likelihood

a va = 0.97

b vb = 0.97

c vc = 0.01

d vd = 0.97

e ve = (0.97)va vb = (0.97)(0.97)(0.97) = 0.912673

f vf = (0.97)vc vd = (0.97)(0.01)(0.97) = 0.009409

g vg = (0.25)ve vf = (0.25)(0.912673)(0.009409) 
=  0.00214683506

a:G b:G c:T d:G

e:G f:G

1

g:G

1 1 1

1 1

A Particular
Case

Probability

1 mutation 0.01

1 no change 0.97



Exercise: Likelihood [Optional]
• Given that mutation rate = 0.1, divergence time are 

drawn on the branches of the tree. Assume the 
probability of having A, C, G, or T are equal for the 
sequence g, using Jukes-Cantor model, find the 
likelihood of this tree.
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a:G b:G c:T d:G

e:? f:?

1

g:?

1 2 2

2 1



Exercise: Likelihood [Optional]
X

A C G T

V(a,X) 0.1 0.1 0.7 0.1

V(b,X) 0.1 0.1 0.7 0.1

V(c,X)
2(0.1)(0.7)
+2(0.1)(0.1)
= 0.16

2(0.1)(0.7)
+2(0.1)(0.1)
= 0.16

2(0.1)(0.7)
+2(0.1)(0.1)
= 0.16

(0.7)(0.7)
+3(0.1)(0.1) 
= 0.52

V(d,X)
2(0.1)(0.7)
+2(0.1)(0.1)
= 0.16

2(0.1)(0.7)
+2(0.1)(0.1)
= 0.16

(0.7)(0.7)
+3(0.1)(0.7) 
= 0.52

2(0.1)(0.7)
+2(0.1)(0.1)
= 0.16

V(e,X)

(0.52)(0.1)(0.1)
+(0.16)(0.1)(0.1)
+(0.16)(0.7)(0.7)
+(0.16)(0.1)(0.1)
= 0.0868

(0.16)(0.1)(0.1)
+(0.52)(0.1)(0.1)
+(0.16)(0.7)(0.7)
+(0.16)(0.1)(0.1)
= 0.0868

(0.16)(0.1)(0.1)
+(0.16)(0.1)(0.1)
+(0.52)(0.7)(0.7)
+(0.16)(0.1)(0.1)
= 0.2596

(0.16)(0.1)(0.1)
+(0.16)(0.1)(0.1)
+(0.16)(0.7)(0.7)
+(0.52)(0.1)(0.1)
= 0.0868

V(f,X)

(0.7)(0.16)(0.16)
+(0.1)(0.16)(0.16)
+(0.1)(0.16)(0.52)
+(0.1)(0.52)(0.16) 
= 0.0349696

(0.1)(0.16)(0.16)
+(0.7)(0.16)(0.16)
+(0.1)(0.16)(0.52)
+(0.1)(0.52)(0.16) 
= 0.0349696

(0.1)(0.16)(0.16)
+(0.1)(0.16)(0.16)
+(0.7)(0.16)(0.52)
+(0.1)(0.52)(0.16) 
= 0.07168

(0.1)(0.16)(0.16)
+(0.1)(0.16)(0.16)
+(0.1)(0.16)(0.52)
+(0.7)(0.52)(0.16) 
= 0.07168
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a:G b:G c:T d:G

e:? f:?

1

g:?

1 2 2

2 1

Likelihood = (0.25)(0.0868)(0.0349696) +(0.25)(0.0868)(0.0349696) 
+(0.25)(0.2596)(0.07168)   +(0.25)(0.0868)(0.07168)    = 0.00772516864

A Particular
Case

Probability

1 mutation 0.1

1 no change 0.7

1 mutation 
+ 1 no change (0.1)(0.7)

2 mutations (0.1)(0.1)

2 no changes (0.7)(0.7)



Example: Comparison of Likelihood [Optional]

• Given that transition rate = 0.1, transversion rate = 
0.01, divergence time are drawn on the branches 
of the tree. Assume the probability of having A, T, 
C, and G are 0.2, 0.2, 0.3 and 0.3 respectively for 
the sequence e. Using Kimura two-parameter 
model, determine which tree is more likely.
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a:A b:G c:T

d:?

1

e:?

1

1

2

a:A c:T b:G

d:?

1

e:?

1

1

2

Tree I: Tree II:



Example: Comparison of Likelihood [Optional]
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a:A b:G c:T

d:?

1

e:?

1

1

2

Tree I:
X

A C G T

V(a,X) 0.88 0.01 0.1 0.01

V(b,X) 0.1 0.01 0.88 0.01

V(c,X)
2(0.01)(0.88)
+2(0.1)(0.01)
= 0.0196

2(0.1)(0.88)
+2(0.01)(0.01)
= 0.1762

2(0.01)(0.88)
+2(0.1)(0.01)
= 0.0196

(0.88)(0.88)
+2(0.01)(0.01) 
+(0.1)(0.1)
= 0.7846

V(d,X)

(0.88)(0.88)(0.1)
+(0.01)(0.01)(0.01)
+(0.1)(0.1)(0.88)
+(0.01)(0.01)(0.01)
= 0.086242

(0.01)(0.88)(0.1)
+(0.88)(0.01)(0.01)
+(0.01)(0.1)(0.88)
+(0.1)(0.01)(0.01)
= 0.001858

(0.1)(0.88)(0.1)
+(0.01)(0.01)(0.01)
+(0.88)(0.1)(0.88)
+(0.01)(0.01)(0.01)
= 0.086242

(0.01)(0.88)(0.1)
+(0.1)(0.01)(0.01)
+(0.01)(0.1)(0.88)
+(0.88)(0.01)(0.01)
= 0.001858

Likelihood = (0.2)(0.086242)(0.0196) 
+(0.3)(0.001858)(0.1762) 
+(0.3)(0.086242)(0.0196) 
+(0.2)(0.001858)(0.7846) = 0.00123494284

A Particular Case Probability

1 transition (A<->G, C<->T) 0.1

1 transversion 0.01

1 no change 0.88

A Particular Case Probability

1 transition + 1 transversion (0.1)(0.01)

1 transition + 1 no change (0.1)(0.88)

1 transversion + 1 no change (0.01)(0.88)

2 transitions (0.1)(0.1)

2 transversions (0.01)(0.01)

2 no changes (0.88)(0.88)



X
A C G T

V(a,X) 0.88 0.01 0.1 0.01

V(c,X) 0.01 0.1 0.01 0.88

V(b,X)
2(0.1)(0.88)
+2(0.01)(0.01)
= 0.1762

2(0.01)(0.88)
+2(0.1)(0.01)
= 0.0196

(0.88)(0.88)
+2(0.01)(0.01) 
+(0.1)(0.1)
= 0.7846

2(0.01)(0.88)
+2(0.1)(0.01)
= 0.0196

V(d,X)

(0.88)(0.88)(0.01)
+(0.01)(0.01)(0.1)
+(0.1)(0.1)(0.01)
+(0.01)(0.01)(0.88) 
= 0.007942

(0.01)(0.88)(0.01)
+(0.88)(0.01)(0.1)
+(0.01)(0.1)(0.01)
+(0.1)(0.01)(0.88) 
= 0.001858

(0.1)(0.88)(0.01)
+(0.01)(0.01)(0.1)
+(0.88)(0.1)(0.01)
+(0.01)(0.01)(0.88) 
= 0.001858

(0.01)(0.88)(0.01)
+(0.1)(0.01)(0.1)
+(0.01)(0.1)(0.01)
+(0.88)(0.01)(0.88) 
= 0.007942

A Particular Case Probability

1 transition (A<->G, C<->T) 0.1

1 transversion 0.01

1 no change 0.88

Example: Comparison of Likelihood [Optional]
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a:A c:T b:G

d:?

1

e:?

1

1

2

Tree II:

Likelihood = (0.2)(0.007942)(0.1762) 
+(0.3)(0.001858)(0.0196) 
+(0.3)(0.001858)(0.7846) 
+(0.2)(0.007942)(0.0196) = 0.0007592698

A Particular Case Probability

1 transition + 1 transversion (0.1)(0.01)

1 transition + 1 no change (0.1)(0.88)

1 transversion + 1 no change (0.01)(0.88)

2 transitions (0.1)(0.1)

2 transversions (0.01)(0.01)

2 no changes (0.88)(0.88)

Previously, Likelihood of Tree I = 0.00123494284

So, Tree I is more likely than Tree II.



Check list

• What are the beliefs in maximum parsimony?
• What are the differences between the simple 

version and extended version of parsimony 
algorithm?

• What are the similarities and differences 
among the four phylogenetic tree 
reconstruction algorithms (i.e., maximum 
parsimony, maximum likelihood, UPGMA, 
Neighbor-joining)?
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