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In Newton’s theory of gravity, any changes in the distribution of
matter are felt at arbitrarily large distances.

Governed by the Poisson equation
V2@ = 4nGp (1)

Considered unsatisfactory already by some of his
contemporaries in the late 17th century.

Prominent scientists (e.g. Laplace) tried to come up with some
dynamical mechanism

Even bigger problem when special relativity (1905) was
introduced

Strict speed limit on communication of any kind
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Maxwell’s theory of electromagnetism does not have
instantaneous action at a distance.

E and B at a distance r from the source depend on what the
source was doing at a time ¢ — r/c.

The time lag, r/c, is the time needed for a signal to cross the
distance r if it traveled at the speed of light: electromagnetism
obeys Einstein’s speed limit.

E and B obey a wave equation

(V2 -07)E=0 (2)
(V2 -97)B=0 (3)

Changes in a charge/current distribution are communicated to
the rest of space by

Electromagnetic field does not just “track” its sources; it has
dynamics of its own.
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After special relativity was developed it was soon speculated
that the gravitational field might also be dynamical.

Changes in the gravitational field should propagate in a
wave-like fashion, no faster than the speed of light

Eliminating instantaneous action at a distance.

General theory of relativity of 1916 indeed incorporated all
these ideas.

General Relativity predicts the existence of gravitational waves
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Study GWs in the regime where gravitational fields are weak.

Write spacetime metric g, as the Minkowski spacetime 7),,,, plus
a small correction /1, :

Guv = Nuv + h,uzu ’hl“/’ < 1. (4)

Write the Einstein equations to first order in A,
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Einstein Field equations are invariant under general coordinate

transformations,
zh —s z'H(x), (5)
Metric transforms as
OxP 0x°
GrE8) = Gl — =l (6)
L w9 9!, P

This invariance is broken when we choose a fixed background
N as in Eq. (4)

Instead, we look for a reference frame where Eq. (4)
holds in a sufficiently large region of spacetime.

No longer be able to transform the metric at will.
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Still exists a (much more limited) family of transformations
which respects our choice of frame

Consider the following

gt — g = gt + ¢H(), (7)

where 0,£,| are at most of the same order as |h,, |

Substituting into the transformation law of the metric, Eq. (6)
and keeping only lowest-order terms

v (@) — By, (@) = By () — (B + Ou€y). (8)

Tjonnie Li Intensive course in Physics: Gravitational Waves 6



Linearis

fects of GWs

0800000

We can also perform global (z-independent) Lorentz
transformations,

ot —s ' = A", 2", 9)
hy, transforms as
h;W(:I}/) — PR I ) (10)

huy is a tensor under Lorentz transformations, as long as one
keeps |hu,| < 1
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To leading order in h,,, the Riemann tensor is
1
Rivpo = 3 (L)l =F Clulling = Chlleline = Oh@liys) - (L)

Linearized Riemann tensor is under the gauge
transformations Eq. (8)
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It will be convenient to introduce

1
huu = h,uu - §nuuha

where h = n*"h,,,
Note that h = 7" hy, = h —2h = —h so that

_ 1
huy = hy — 517,Wh.
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Using Eq. (11), and Eq. (13), the linearized Einstein equations
take the form

167G

DB’LLU + n#yapagilzpo— - ap&,ﬁﬂp - 8p(9uﬁyp = _TT‘WM (14)

where OJ = 0,0 is the usual d’Alembertian.
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Use residual gauge freedom Eq. (7) to further simplify

h,, transforms as

by — Py = hyw — (Oubs + 0,€ — N p€P). (15)

Impose the harmonic gauge

9" hy, = 0. (16)
Last three terms in the LHS of Eq. (14) vanish

_ 167G

s (17)

These are the linearized Einstein equations.
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Note that our ability to impose the harmonic gauge Eq. (16)
Eq. (17) implies that

0"T,, = 0. (18)

In the full theory one has V¥T),,, with V¥ the covariant
derivative
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The general solution to the linearized Einstein equations at
(t,x) is

- G [ T,(t—|x—x%/c,x)
huy(t,x) = —4— i ’
/U/( aX> 2 9 ’X— X/’

B3x. (19)

Unlike the Newtonian potential, the value of i_zm, at a point x
arbitrarily far from the source S does not have instantaneous
knowledge of what happens at at V.

There are time lags [x — x'| /¢, these being the times needed for
a signal traveling at the speed of light to get from points x’
inside the source to the point x. Just like electromagnetism

gravity does not have instantaneous action at at distance after
all.
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Ohy = 0, (20)

or written in full
1 0 -
(g + ) hw =0 )

This is just a wave equation, for waves traveling at the speed of
light
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Solutions can be written as superpositions of plane waves with
frequencies w and wave vectors Kk,

Ay cos(wt — k- x), (22)

where w = c|k|, and A, has constant components.
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For weak gravitational fields and small velocities,

71> [T > |T%| (23)
which translates into
A% > || > |n¥| (24)
In this regime,
T%/c? ~ p (25)

The equation Eq. (17) then reduces to

B 167G

OR% ~ 5 P (26)

C
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For sources moving with 3-velocity v such that v ek 1,
(1/¢2)9%h%0/0t? is of order (v/c)? 9*hY /0 (x?)?,
Eq. (21) reduces to

AV ~ —167Gp. (27)
With the identification
h% = —4¢, (28)
this becomes
V2¢ = 4nGp, (29)

Poisson equation for the gravitational potential ¢ in Newton’s
theory of gravity.
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The identification Eq. (28) is consistent with the motion of
point particles in the weak-field, low-velocity regime.

In general relativity this motion is governed by the geodesic
equation,

d?z ; dxt dx”

s FM”W? =0. (30)
Recall that g,, = nu, + by with by, | < 1.
For v/c < 1, the proper time 7 will approximately coincide with
the coordinate time ¢ associated with the background spacetime
umz
Moreover, dz/dt ~ ¢ while dxz’/dt = O(v).
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Hence, to leading order we need only retain the term in Eq. (30)
with p=v=20

A2z

21i

= 62 (;8Zh00 - 80h0i> . (31)

For a non-relativistic source, the time derivative is again of
higher order than the spatial derivatives

A2z 2
— = 58%00. (32)

This is an equation in terms of hgg rather than hgo.
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Since h% dominates all other components of h*,

h=h*, =—h*, =h", (33)
From Eq. (13) and Eq. (28) we get
hog = —2¢. (34)

Substituting this into Eq. (32) we retrieve Newton’s second law
for a force with potential ¢:

a=-V¢, (35)

with a being the acceleration 3-vector.

Retrieved both Newton’s equation for the gravitational potential
Eq. (29), and the Newtonian motion of a particle in such a
potential Eq. (35).
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The most general solution of Eq. (29) is

H(t,x) G/ P X,|d3 ' (36)

The fact that p(¢,x’) in the integrand does not include a time
lag |[x — x'|/c is due to the absence of a double time derivative
in Eq. (29)

In Eq. (27) this term could be neglected because v/c < 1.
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fects of GWs

A priori, B/w has 10 independent components

Some are gauge artefact and can be eliminated by using
transformations of the form Eq. (15).

Harmonic gauge Eq. (16) eliminates 4 components

This gauge choice still allows for residual freedom.
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Condition Eq. (16) is not spoiled by a transformation Eq. (15)
0¢, = 0. (37)
Note that if (1§, = 0 then also [1,,, = 0, where

f;w = #fl, + 8ufu - nuuapfpv (38)

because [J commutes with 0.
We can use 4 functions £, (z) to eliminate 4 more components of

i_LW without spoiling either the harmonic gauge or the simple
form of the linearized Einstein equations (17).
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We can choose {y(z) such that the trace
h=0 (39)
such that
B;w = huw (40)

Furthermore, we can choose the three functions &;(x), i =1,2,3
so that

hou(z) = 0. (41)

From Eq. (40) the harmonic gauge condition with x = 0 then
becomes

9°hoo + 'hg; = 0. (42)
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Since we just set hg; = 0, this reduces to
8°hoo = 0, (43)

so that hgg does not depend on time.

A time-independent contribution to hgy corresponds to the
static part of the gravitational interaction, i.e., to the
Newtonian potential of the source arising from its total mass
without contributions due to motion.

The gravitational wave is the time-dependent part, and since
this is our focus here we will just set hgg = 0.

Strictly speaking we should retain the Newtonian contribution
hoo, but it will have no effect on gravitational wave detection
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The spatial part of the harmonic gauge (with p =17 =1,2,3) is
then

& hij =0, (44)

and the condition A = 0 becomes

Rl =0 (45)
In summary, we have
hou =0 (46)
h'i =0 (47)
& hij = 0. (48)
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Used up all of our gauge freedom and are left with two degrees
of freedom.

The gauge in which the conditions Eq. (48) hold is called the
transverse-traceless gauge, or TT gauge.

The metric perturbation in the T'T gauge is denoted hl-TjT.
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Eq. (21) has plane wave solutions of the form

hiTjT = e'LJ(k) COS(kaL'u), (49)

with &k, = (w/c, k), and w = c|k|.
The tensor e;;(k) is called the polarization tensor.

For a single plane wave with wave vector k, the condition
0’ h;j = 0 becomes

Khr"=0 nlhi =0 (50)

where i = k/|k| is the unit vector in the direction of motion.

Non-zero components of hg; are in the plane that is
to 1.
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Suppose we choose the z axis to lie in the direction of ii.

Taking into account symmetry, transversality and tracelessness
of hIT we get

ij
he hy O
h;ro =| hx —hy O cos [w(t — z/c)] (51)
0 0 O

1j
In terms of the line element ds?, we have

ds® = — c2dt® + dz® 4+ [1 + hy cos|w(t — z/c)]] dz?

+ [1 — hy cos[w(t — z/c)]] dy? + 2hy cos[w(t — z/c)] dady.
(52)
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What is the effect of the perturbation A on matter?

Consider the relative motion of two nearby test particles in free

fall.
A free-falling test particle obeys the geodesic equation,

A2zt i ( )d:r dxP
dr? dr dr

~0. (53)

where 7 is proper time.
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Now consider two nearby free-falling particles, at z*(7) and
(1) + ¢

The first particle is subject to Eq. (53) while the second one
obeys

d*(a* + ¢*) d(z” +¢”) d(zf 4 ¢*)
v =0.
dr? +p(@ +0) dr dr 0
Taking the difference between Eq. (54) and Eq. (53)
Expanding to first order in ¢*
dQC“ dz” d¢P dz¥ dzP
4 orH o8,k —
dr? YPdr dr +¢7% ()d’TdT 0
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(54)

(55)
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Introduce the covariant derivative of a vector field V# along the
curve zM(7):
DVHE  dvH dx?

= ey
Dt dr L,V dr (56)

Using this and the definition of the Riemann tensor, recast
q. (55) as
DA . % dx¥ dz°
D72 Fpo dr dr

(57)

This is the equation of geodesic deviation, which expresses the
relative motion of nearby particles in terms of a tidal force
determined by the Riemann tensor.
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Given a point P along a geodesic, there always exists a
coordinate transformation that will make the Christoffel
symbols vanish at P:

Iy, (P) =0. (58)

This is just the Local Lorentz Frame

Furthermore, let us consider particles which move
non-relativistically,

i.e. spatial motion dx!/dr is negligible compared to dx®/dr.
Eq. (55) becomes

dQCi " ; dzY 2
dT2 + C ao—roo <d7‘> = 0 (59)
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Quantity 9,1, is evaluated at the point P, i.e., at 2* = 0,

Metric is of the form
e — e Ll (60)
Therefore
(7 96Tto = ¢ 9T (61)

Since at P both Fffp =0 and OOFB]- =0,
One has

RinO = ;T — 80{%;‘ = 9;Thy (62)
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Finally

d2<i : ) dﬂ?o 2
e =R 0¢7 <d7-> - (63)

If the test masses are moving non-relativistically then
de®/dr ~cand T =1t

We finally arrive at

(' = =R p;0(7, (64)

where a dot denotes derivation with respect to t.
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In the linearized theory, Riemann tensor is invariant

Evaluating (11) in the TT frame we get
i Lo
R oj0 = Riojo = — 5 iy - (65)

Hence, at the point P, the geodesic deviation equation reduces
to

(= thTC] (66)
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Monochromatic gravitational wave propagating in the
z-direction

Study its effect on test particles in the (z,y) plane.
Focus on the + polarization.

At z = 0 and choosing the origin of time such that ALT = 0 at

j
t=0,
1 0 0
hit =hysin(wt) | 0 =1 0 | . (67)
0 0 0
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Consider a point particle in the (z,y) plane

¢* = (w0 + 0 (t), yo + dy(1), 0) (68)

where (zg, yo) is the unperturbed position and dx(t), oy(t) the
displacement caused by the gravitational wave.
From Eq. (66) and assuming that (zo,yo) and (0,0) are on
“nearby" geodesics,

0 = —%(mo + 6x) w? sin(wt),
. hy 9 .
5y = +7(y0 + dy) w” sin(wt). (69)
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Assume small displacements compared with the unperturbed
position, dx < zp and dy < yo

or = —%xo w? sin(wt),
h
0y = —i—%yo w? sin(wt), (70)

which integrates to

dx(t) = %mo w? sin(wt),
dy(t) = —%yo w? sin(wt). (71)
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Completely analogously, for the cross polarization

ox(t) = h?xyo w? sin(wt),
dy(t) = %xo w? sin(wt). (72)
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wt=0 wt =m/2 wt=m wt = 31/2 wt = 2w

The deformation of a ring of test particles due to the + and X polarizations.
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Linearized Einstein equations in vacuum are

1
B - 2wk =0, ™

Where RE}V) is the Ricci tensor up to linear terms in the small
perturbation h,, around the flat background 7,
Computed from the linearized Riemann tensor Eq. (11)

Schematically, the linearized Einstein equations can be written
as

G ko] =0, (74)

where G,(},,) is the Einstein tensor to first order in h,, and its
derivatives.
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Given a solution hy, of the linearized Einstein equations, the
metric g, = N + hy will generally not be a solution to the
full Einstein equations.

Does not even solve second order Einstein equations

Indeed, expanding the Einstein tensor as
Grwlhpo] = Glhpol + G o] + .. (75)

where GE?,,) Collects all second order terms

Typically, G4 [hyo] # 0.
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The second order Einstein equations are

Gf}u) [hpa] + GEI?I/) [hpa] =0. (76)

Suppose a solution hy, of the linearized equations Eq. (74)

If we have
G os] # 0 (77)

Second order equation Eq. (76) does not hold.
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Correct the second order equation Eq. (76) by adding smaller
correction h,(fy)

These have to satisfy

G2

g [hpo'] + G/(.Lll/) [hgf)] = 0. (78)

We can write this in the form

8rG

G =~ tw (79)
with the identification that
¢ L@
tl“’ = _%GWJ [h’PU]' (80)
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The corrected Einstein equations then become

81
G;(}z/) [hpa + h,(o?r)] = cTth (81)
where we have
¢ )
tﬂV = _%Guy [hPU]' (82)

To second order, h,, causes the same correction to the
spacetime metric as would be produced by additional ordinary
matter with stress-energy tensor t,,,.

Note that ¢, is symmetric, and if h,, satisfies the linearized
Einstein equations then 0*¢,, = 0, hence it is conserved.
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It is tempting to regard t,, as the stress-energy tensor of the
gravitational field itself, valid to second order in deviation from
flatness.

However, ,,, is

Changes under the transformations Eq. (8).

In general relativity there is no local notion of the energy
density of the gravitational field.
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Evaluating t,,, by averaging it over a small spatial volume
surrounding that point

Obtain a gauge-invariant quantity.
A 1
tyy = ——— 2 _ Zp RO
" 5 C <RW 277u R ; (83)

where (...) denotes the average over a bounded spatial volume
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Second order contributions to the Ricci tensor are
1 1 g g o8 loa
R®) = 3 [2auhpga,,hﬂ + W2 0,0, hpo — W7 8,05 hpy — WP 8,00 h
W QOB A D8 — O iy, — CE™ iy
1 1
SEOIAN Oty = Gt Clyfi gy = §8ph8ph,w + iaph&,hw

+;8ph8“hpy] : (84)

Due to the averaging in Eq. (83), the expression for ¢, will end
up being quite simple.

Discard boundary terms since we assume an integration volume
with a boundary

Time dependence of h, will be through a retarded time

But then dohy, — — 00
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Make all terms in Eq. (84) except for first two vanish using
Gauge condition d,h"" =0
Tracelessness condition A = 0
Field equations [h,, = 0

Remaining terms can be combined to get
1
(BE) = = Oulipo 01", (85)

Thus, we arrive at
A

tuu 3971 G<8 h,ﬂcr(9 h? > (86)
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The change in ¢, under the gauge transformations Eq. (8)

4
Otuar = 25— (Duhpr O (Bh7) + 8Ol ) k)
4
¢ p¢o ocp
4
c g
= (Ouhpo0u 077 + (1 v) (57)

Inside the average (...) we can

integrate 0” by parts
use the gauge condition 0°h,s = 0.

Therefore 6t,, = 0, and t,, is gauge invariant.

Tjonnie Li Intensive course in Physics: Gravitational Waves



Linearised Gravity Effects of GWs Energy & Momentum Generation of GWs

0000000 000 00800 [o]e]e]e]e]e]

Hence it only depends on the physical content of the spacetime
perturbation h,,

In that gauge, the energy gravitational energy density is

2
o0_ ¢ S 0T 3 T
= 327TG<hij hiy ), (88)

where the dot denotes derivation w.r.t. time; note that
0o = (1/¢)04.
In terms of the two gravitational wave polarizations

2

400 _
167G

(h2 +02). (89)
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Gravitational energy inside volume V' is
m_/fmm (90)
14

The gravitational energy going through surface S per unit of
time is then given by

E
dGW:/d%@W, (91)
dt v

Where the minus sign indicates that we are interested in the
energy the surface.
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Using conservation of gravitational stress-energy 0,t"” = 0

A
@ dt \%4

= / dAn;t", (92)
ISh

where dA is the infinitesimal surface element and fn the unit
normal to S.

If S is a sphere then

Unit vector i = 7
dA = r2dSQ), with 7 the sphere’s radius
dQ = sin(6)dfd¢ in the usual angular coordinates (6, ¢).
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0000000

One then has

prani aQtr, (93)
Or __ 07 TT qry T'T
t 327TG<ah O"hE > (94)

If r is sufficiently large, a gravitational wave propagating

radially outward has the form

1
h;IjT = ;fz] (t - T'/C). (95)
The derivative with respect to r then gives
(96)

9 . rr 1 10
5 i = —afult =r/e)+ —o-fi(t —r/c).
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Note that
2 e =r/e) = ~2 2 fisls = /o), (o7
ihgT = —0ohy; +O (;)
ORI 4O (7}2) . (95)
Hence, at large distances one has t% = t% and
‘“‘3% = cr? / Q™. (99)
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Using expression Eq. (88) for the gravitational energy density,

dEcw 3r?

p TT;TT

or in terms of the two polarizations,

dEcw A3r?

N
W = s [ A + ). (101)

Thus, gravitational waves carry away energy, which they can
deposit into physical systems.
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ravitational waves also carry momentum.
Given a volume V', the gravitational momentum inside it is

1

P = / a3 tOF. (102)
cJv

Outgoing momentum per unit time is

OPLw _ _/ B 9t
14

dt
= 72 / Atk (103)
S
Using Eq. (86) we arrive at
OP&w c’r? P TT ok TT
dt 327G Jg <Ua”> (104)
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The field equations of linearized gravity are Eq. (17).

_ 167G

Ohy = — T, (105)

c
Since these are linear equations, they can be solved using
reen’s functions.

The appropriate Green’s function here is the one that solves the
equation

0,G(x — 2') = 6*(z — o), (106)
where z, 2/ are any two spacetime points

derivatives in the LHS are with respect to the components of
x = (ct, x).
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For a given T}, the solution to Eq. (105) is

167;(; /d4:c’G(x — )T (107)

() = —
@) = =2
Choosing boundary conditions such that there is no incoming
radiation from infinity

1

(x?et - x,0)7 (108)

Where 20 = ct/, 22, = ctret

Retarded time t,e¢ is given by

[x — x|

tres =t — (109)

C
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Eq. (107) then becomes

- 4G 1 x —x
huy(t,X) = CT /d3.'L'/|X_X/|Tuy t— |c|,X/ . (110)
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Look for solution in the TT-gauge.
Let nn be the direction of propagation of a gravitational wave.

Then the following operator removes the component of any
spatial vector along the direction f:

By = Gy = g (111)
Given a spatial vector v*, the vector w’ = ijj is transverse:
f-w=n'Pv =0. (112)
P;; is a projector:

PixPrj = Pij. (113)
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Using P;;, we now construct
Asjr(h) = PPy — %Pijpkl- (114)
This is also a projector, in the sense that
Aii ki it mn = Aijmn. (115)

It is transverse in all indices: niAijM =0, n Aijrr =0

It is also traceless with respect to the first and last index pairs:
Aii gt = Agj e = 0. (116)
Finally, it is symmetric under the interchange (i, 5) <> (k,1):

g g = Mg o (117)
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The explicit expression for A;; ; is:
. 1
Aij () = 03505 — §5ij5kl — 1m0k — MiNEdj
1 1
== inknlézj == inmjékl i inmjnknl.

The projection is equivalent to performing a gauge
transformation that brings A, into the TT gauge

T
hi- = Aij ki

1,
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Outside the source, the solutions to Eq. (105) in the TT-gauge
take the form

4G 1 |x — x|
TT _ - 3
hi; (t,x) = gAij,kl(n) /d xlmTkl (t - T,X, .
(120)

Study behavior of h;l;-T far from the source, at a distance r that
is much larger than the source’s size, d.

In that case we can expand

2
\x—x'\-r—x’-ﬁ—l—(’)(d). (121)
T
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To very good approximation, Eq. (120) can be written as

4G N 1 r x -i
hiTjT(taX) = CTAij,kl(n) /dgiﬁ,b(_x,’Tkl <t T + 67X/> .
(122)

To see how further simplifications can be made, it is useful to
Fourier-expand the stress tensor:

—x 4 = g /A g /
T [t — M, x| = / d”k Tkl(w, k)e—zw(t—r/c+x -n)+ik-x )
c (2m)4

(123)

For a typical source, Tj;(w, k) will only have power up to some
maximum frequency ws.

If the source is non-relativistic then w,d < c.
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In addition we have |x'| < d.

Hence the frequencies w where hEE receives its main
contributions are such that

wsd

x' -0 <

2 < 1. (124)
@

C

Hence, in the exponent of Eq. (123) we can use wx’ - i/c as an
expansion parameter:

e—iw(t—r/c+x’~ﬁ/c)+ik~x’ :e—iw(t—r/c) |:1 . fonnz
1 A
—|—§ (—z%) o"x2"n'n? +...| (125)
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In the time domain, this is equivalent to expanding

I i, i
T (t ! 4F Xn,X’) = Tkl(t = T/C, X/) == ﬂ8()Tkl
@ @ @
1 .
+ @x"xljn’njangl +..., (126)

where the derivatives in the RHS are evaluated at (t — r/c, x').

Now introduce the of the stress tensor Tj;:
S = /d?’xTU(t,x),
Sk — /d3xTij(t,x):vk,

Siikl — /dngij(t,x)xkxl,

(127)
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Then substituting the expansion Eq. (126) into Eq. (122)

14G . 1 . 1 ..
h;,ro = ;CTAU:M(H) Skl + Enmskl,m + @nmnpskl,mp + ... t ’
re

(128)

where [.. ] indicates that the expression in brackets is being
evaluated at the retarded time ¢t —r/c.

Expansion in v/c, where v is a characteristic velocity.
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Compared to S*, the moment S*™ has an additional factor
™ ~ O(d)

Each time derivative brings in a factor O(ws)

Combined with the 1/c this gives a factor O(wsd/c).

Defining v = wyd, this means that the term (1/¢)n,, SF™ is a
correction of O(v/c) to the term S*.

Similary the term (1/2¢?)n,n,S*"? is a correction of
O(v?/c?), and so on
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The expansion (128) depends on the moments of the i
Instead have an expansion in moments of
(I/CQ)TOO
(1/e)T.

The mass moments are defined as

1
M= d3x TY(t, %),

1 :
M = 2/d3$TOO(t,X)SL‘Z,
c

1 o
MY = — BT, x)x'a,
€
y 1 .
Mk = — 3z TOO(t,x)x’x]ack,
©
(129)
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while the momentum density moments are given by

1 .
P =- /dgm T%(t, %),
c

| ) .
P = /d3a; T (t, %),
@

| : :
pidk — /dszr T (¢, x)ad 2,
c

(130)
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Express the stress moments Eq. (127) as combinations of mass
and momentum density moments.

= / d*x 83,67 TH
- / B (O) (D7) TH
_ / o (029) 9T

:/d3a::ci(8lxj) doT . (131)
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Similarly, we can write
S = —/d3:c r'zI T — /d3:1:(5fa:j80T01

= /d?’xﬂcixjagToo—{—/dng@kai

1 . g
= 2/d3:va:la:7T00 —/d?’xT”
c

= MY — 8% (132)
S
§Y = oM"Y, (133)
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To leading order in v/c, the metric perturbation in the
TT-gauge takes the form

12G

[nfi(t, X)]quad = ;CTAij,kl(ﬁ)Mkl(t —r/c). (134)

This is the :
Note that A;j; contracted with MF* makes the latter traceless,
In Eq. (134) we can replace M* by

» 1
QY = MY — 269 My, (135)

The tensor Q% related to the quadrupole tensor from
Newtonian theory

y A
QY = /d3a:p(t,x) 'zl — 57’25” : (136)
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In this approximation, we find

12G -
(55 (t:%)] quaa = 5 @iy (¢ =7/0), (137)
where 1;T is the transverse part of the (already traceless)

tensor Q;;:

;’l;‘T: zg,kl( )Qz] (138)
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There is no monopole or dipole gravitational radiation.

These contributions would have depended on time derivatives of
the mass monopole M and the momentum dipole P*.

p=1 / d*x 9T
(&

1 ;
= —— /d333 aiTOZ
@

=0, (139)
Can show that P! = 0.

Conservation of total mass and momentum is responsible for the
absence of monopole or dipole radiation.
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Focus the quadrupole expression Eq. (137)
What radiation is emitted depends on the direction n.
However, without loss of generality we can set i = Z,

The projector P;; = 6;; — n;n; becomes

1 0 0
P={010 (140)
0 0 O
For any 3 x 3 matrix A;;,
1
Nij 1A = | PPy — Q-Pijpkl Ay
_ (PAP);; — %PijTr(PA). (141)
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Using Eq. (140) we get

Ain A O
PAP = Asp Ass O - (142)
0 0 O
while Tr(PA) = Ay + Ags.
Therefore
A A 0 1 0 0
A+ A
Aij A = | A1 A2 0 - % 010
0 0o 0/ .. 0O 0 0 /..
] )
(A1 — Ag2)/2 A1 0
= Aoy —(AH = A22)/2 0 . (143)
0 0 0/,
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Thus, when 1 = Z,

(Gh-db)2 dhy 0
Aij My = Mo, — (M1 —1g2)/2 0
0 0 .
ij
(144)
We arrive at
he hy 0
him = hx —hy 0 | (145)

0 0 0

(]
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we can immediately read off the two gravitational-wave

polarizations:
1G . .
hy = —— (M1 — M
+=7 04( 11 22),
2G -
hy = ——=M 146
X r C4 12, ( )

where in each case the RHS is computed at the retarded time
t—r/c.
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