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Introduction

> In the previous two lectures, we discussed Riesz potentials,
singular integrals and Littlewood-Paley projections.

» Today we will use these ideas, to study various function
spaces that are important in the study of harmonic analysis
and partial differential equations.



Outline

» Holder spaces: equivalent characterizations

» Sobolev spaces: equivalent characterizations

» Sobolev and Morrey embedding theorems

» Functions of bounded mean oscillations (BMO)
» Singular integrals map L* into BMO

» Sobolev embeddings into BMO

» The John-Nirenberg inequality for BMO



Holder spaces

» Let v €(0,1). A function f on R” is said to be Holder
continuous of order ~y (written f € A7), if

f —f
e = [[Flloe + sup LOED PO
x,yER" ‘yh
y#0

» We will see shortly a characterization of A7 by the
Littlewood-Paley projections we introduced last time.

> As before, let ¥(£) be a smooth function with compact
support on the unit ball B(0,2), with ¢(£) =1 on B(0,1).

> Let (&) = (&) — ¥(2€) so that 1) is supported on the
annulus {1/2 < [¢| < 2}.

» For f € S'/(R"), let

Pof = FYp(€)F(€)], and
Pif = Fp(2e)f(¢)] forj>1.



Theorem

Let v € (0,1), and f € S'(R"). Then f € N (more precisely, the
tempered distribution f is given by a function in N\Y) if and only if
there exists a constant C > 0 such that

[Pif | oo (rey < C2797 forall j >0,
and the smallest C for which this holds is comparable to |f|p~.

> This allows one to extend the definition of A7 to all v > O:
For every v > 0, we define the Holder space A7(R") to be the
set of all f € S’(R"), for which there exists C such that

[P oo (rey < C2797 forall j > 0.

The smallest C for which this holds is denoted ||f||a~-

(A7 is also sometimes called a Zygmund space; the next two
theorems together show that ||f ||z~ is well-defined up to a
multiplicative constant, irrespective of the choice of P;.)



» We sketch only the essence of the proof of the theorem.
It relies on the following lemma (which can be proved by
rescaling to the unit scale):

Lemma
For any multiindices 8 and any j > 0, we have

10 Pyfllus S 217 Pifl

for all f € S'(R").

> So if ||Pf|Le < C2797 for all j > 0, then

F(x+y) = F(x)] <D IPif(x+y) = Pif(x)],
Jj=>0
which we estimate using

P (x + ) — Py (x)]

2|[Pyflli S C2707 it 27 > [y| !

Y[IIVPfllse S Cly[20=0)if 2 < |y[71

<

~



Conversely, for j > 1, we have

Pif(x) = ; f(x —y)®;(y)dy

if ®;(y) =2"d(2y) and ¢ € S(R") such that ¢ = 0.
Note that fCD = 0. Thus if

[f(x+y) = f(x)] < Cly|",
then for j > 1, we have
Pif(x) = Rn[f(x —y) — f(xX)]®;(y)dy,
from which it follows that
IPlle= < C [ 1yPI000)ldy < 2

This finishes the sketch of the proof of the theorem.



Let's call a function f on R” Lipschitz, if f is bounded and

[f(x +y) = f(x)] < Cly|

for all x,y € R".

One might guess that perhaps Al is the space of Lipschitz
functions on R”, but it is not; the space of Lipschitz functions
on R” is only a proper subset of Al

(e.g. f(x Z2‘k 2mi2ix ¢ AY(R) but is not Lipschitz).

Indeed, if f € S’(R”), then f € Al if and only if f is bounded
and
[f(x+y)+ f(x—y) = 2f(x)| < Cly|
for all x,y € R".
More generally, we have the following theorem:



Theorem
Let v € (0,2), and f € S'(R"). Then f € N7 if and only if

||fHL°°+ sup ‘f(X—l—y)—i—f(X—y)—zf(X)‘

x,y€R" ’)/‘7
y#0

< +o0.

Also, the quantity above is comparable to ||f||a~.

» Combined with the following theorem, we can characterize A7
using difference quotients only, for all v > 0.

Theorem
Let v >1, me N be so that v — m € (0,1], and f € S'(R").
Then f € N7 if and only if

1l + > 107 Fllps-m < +o0.
B=m

Also, the quantity above is comparable to ||f||a~.



> The proof of the first theorem on the previous slide is similar
to the proof of the earlier theorem. The key is to note that

|Pif(x +y) + Pif(x — y) = 2Pif (x)| < [V?Pjf ||y,
and that
Pif(x) = / fix+y)+f(x—y)— 2f(x)¢'

J 2 J(.y)d.y

if ® is even and j > 1. We omit the details.



» To prove the second theorem, if f € A7, we just use our
previous lemma to control ||P;(3°f)| 1, which in turn yields
a control of ||0°f||pv-m if |B] = m.

» Conversely, for j > 1, we havel

Pif = 37 (~1)"(=8) "9 Py (9°F),
|Bl=m

so it remains to observe that
||(—A)_’"85Pjg||Loo S 2j(|ﬁ|_2m)“PngLoo for all g,

which can be proved the same way as our previous lemma.
We omit the details.

Technically 8°P;(9°f) is only in S’(R"), and (—A)~™ is not defined for
every element in S'(R"). Fortunately, the Fourier transform of 8% P;(9°f) is
supported away from the origin in the frequency space. So strictly speaking,
instead of (—A)™™, we should write a multiplier operator whose multiplier
agrees with that of (—A)~"™ on the frequency support of 3°P;(9°f). The
observation that follows remains valid.



Sobolev spaces

» Let 1 < p< o0, and f € LP(R").

» Then f € S'(R"), so it makes sense to consider its
distributional derivatives 9°f for any multiindices £.

» Suppose k € N, and 9°f agrees with an LP function on R” for
every multiindex 5 with || < k.

» Then f is said to be in the Sobolev space WP(R"), and

1 llwee =D 107 Fllio(en).
181<k

» For 1 < p < 0o, we can characterize Sobolev spaces by a close
relative to the Riesz potentials, called Bessel potentials.
» For a € R, the Bessel potential of order « is defined by

Taf(x) = (I = A)~*?F(x)

for f € S’(R"); in other words, 7, is the multiplier operator
with multiplier (1 + 472|£]?)~/2. Note that 7, is a
homeomorphism on the topological vector space S(R").



Theorem
Let ke N, 1< p<oo,and f € S'(R"). Then f € WKP(R"), if
and only if (I — A)K/2f € LP. Furthermore,
Fllwr 2 1(1 = D)<72F | 1.
» This allows one to extend the definition of WP, and define

WP for all @« > 0 and 1 < p < oo: for such « and p, we
define the Sobolev space W*P(R") by

wer(R?) = {f € S(R"): (1 - A)*2f € 1P},

and write ||f||ya.» for any quantity ~ ||(/ — A)*/2f|| .



» To prove the theorem, suppose g := (I — A)/2f € LP. Then
for any multiindex 3, we have

’f=0°TJ.g,

and 9”7 is bounded on LP if |8| < k and 1 < p < 0o, by the
Hdérmander-Mikhlin multiplier theorem. So 9°f € LP for all
1Bl < k,if 1 <p < 0.

» Conversely, let 9°f € LP for |3| < k, and 1 < p < co. Then

(I=Po)(I=A)2f = Y (~1)(1=D)"2(1—Po)(~1) " 0°(8°F),
|81=k

and (I — A)K2(=A)~¥(I — Py)d”? is bounded on LP if |5] = k
and 1 < p < oo, by the theorem of Hérmander-Mikhlin (note
that the cut-off | — Py vanishes near the origin).

» So (I — Po)(I — A)¥/?f € LP, and together with a trivial
bound for Po(/ — A)K/2f, we see that (I — A)K/2f € LP.



» One can also characterize Sobolev spaces by Littlewood-Paley
projections and square functions when 1 < p < oo:

Theorem
Let o >0,1<p<oo,andfeS(R"). Then f € W*P(R"), if

and only if
1/2

o
> j2epif|? < +o0.
; .,
Furthermore, the quantity above is comparable to ||f ||ya..

» Indeed, a vector-valued singular integral theorem shows that

1/2 - 1/2

Z i1 — A 2fP ~ ([ S 12epr?
j=0
Lp Lp

ifa>0and 1< p< 0.



Sobolev and Morrey embedding theorems

» The Sobolev embedding theorem describes continuous
embeddings of Sobolev spaces into appropriate L9 spaces.

Theorem (Sobolev embedding theorem)

(a) Ifa€(0,n) and 1 < p < n/a, then

. 1 1
WoP(R™) < [P (R") if — =—— 2.
p* p n
(b) If k € (0,n) is an integer, then
1 k

WELR") — LP'(R") if — =1-—.
p

n

(c) Also,
W™HR™) « L®(R").



» To prove (a), it suffices to know that J,: LP(R") — LP"(R"),
if « € (0,n), 1 <p<n/aand p% = % — % This follows by
writing

To = PoTo + (I — Po)Ja(—D)*?T,;

note that PoJo: LP — LP", Zy: LP — LP", and

(I — Py)Ju(—A)*/? is bounded on LP" by the theorem of

Hormander-Mikhlin. (We put / — Py to make sure that

(I — Po)Ja(—A)/? is well-defined from S’(R") to S'(R").)
» To prove (b), note that it suffices to prove the case k =1

(when n > 1) and then use part (a). We use the following

density theorem, which is of independent interest:

Theorem
C(R") is dense in W P for all k € N and 1 < p < oo.



» Now for f € C°(R"), we have

L1 dxk)

this is a simple consequence of the fundamental theorem of
calculus in one variable.

» The k-th factor on the right hand side is a function of
X1y« ey Xke1s Xkt1, - - - , Xn, SO it suffices to apply the following
Loomis-Whitney inequality to conclude:

/ HFk (X)) 1dX<H||Fk||L1Rn 1

Here F1,..., F, are any n non-negative measurable functions
on R"1, and m,: R" — R 1 is the coordinate projection
forgetting the k-th coordinate. (This Loomis-Whitney
inequality is a simple consequence of Holder's inequality.)




The above shows that if f € C2°(R"), then

< Gl V).

T

This is called the Gagliardo-Nirenberg inequality on R".

The Gagliardo-Nirenberg inequality is known to be equivalent
with the isoperimetric inequality in geometry, which says that
for any bounded domain 2 C R” with smooth boundary,

Indeed the best constants of the two inequalites are the same,
which is achieved when Q is a ball in R".

This best constant plays an important role in the study of
many critical non-linear partial differential equations (see e.g.
the Yamabe equation in conformal geometry).

One finishes the proof of (b) by approximating a general
WLL(R") function by C2° functions, and appealing to the
Gagliardo-Nirenberg inequality.



» Finally to prove (c), note that for f € C2°(R"), then

/ / - Onf](y)dyn .

for all x € R". Hence
|fllLee < |01 ... Onf||p1.

The desired conclusion follows by approximation of W1
functions by CZ° functions.

(Indeed this also shows that functions in W™!(R") are
continuous after redefinition on a set of measure zero.)



» The Morrey embedding theorem describes continuous
embeddings of Sobolev spaces into appropriate Holder spaces.

Theorem (Morrey embedding theorem)
If « € (0,n) and n/a < p < oo, then

WP(R") < AY(R") if v =a — g.

» Indeed, if f € WP with a € (0,n) and n/a < p < oo, then
1Piflliee S 22| 1Piflle < 202 2799 ]| i

for all j > 0, where the first inequality is the Bernstein
inequality from Homework 4, and the second inequality is by
the square function characterization of W®P.



Functions of Bounded Mean Oscillation (BMO)

» Let a € (0, n). The Sobolev and Morrey embedding theorems
does not say anything about W*P(R") if p = n/a.
> Indeed W® ' (R") does not embed into L

» To obtain a positive result, we need to introduce the space of
functions of bounded mean oscillations (BMO).

> Let f be a locally integrable function on R". Define the sharp
maximal function M¥ by

M*f(x) —sup][|f ) — fgldy, x€R"
xeB

where the supremum is over all balls B containing x, and
fg = fg f (recall f5 = ﬁfB; all balls have positive and
finite radius by convention).

» We say that a locally integrable function f on R” is in BMO, if

IFll gm0 = [|MPF]| oo sen) < +o0.



Note that ||f||gmo is only a seminorm; ||f|/amo = 0 if and
only if f is constant.

We will see shortly that every BMO function defines a
tempered distribution on R"”; thus we usually think of BMO as
a subspace of the quotient space S’(R")/{constants}

(and then ||f||gmo becomes a norm on this quotient).

» Clearly all L functions on R" are in BMO.
» But BMO is larger than L*°: e.g. log|x| € BMO but ¢ L*°.
» Fortunately BMO is not much larger than L°°: one can prove

that if f € BMO, then for every € > 0, we have

(9]
/Rn (L xl)rre > <

(which is certainly true if f € L*°). This also shows BMO
functions define elements in S’(R").

Also, BMO scales the same way as L™: if f(x) € BMO, then
so is f(Ax) for any A > 0, with the same BMO norm.

Indeed BMO will act as a substitute for L>° for many purposes
in harmonic analysis, as the following theorem indicates.



Singular integrals map L* into BMO

Theorem
Let T be a bounded linear operator on L2(R"). Suppose there
exists a locally L* function Ky on {(x,y) € R" x R": x # y},
such that

700 = [ Koy

for every f € LY(R") with compact support, and a.e. x ¢ supp(f).
Suppose in addition that

sup / [Ko(x, ¥) = Ko(xo, y)ldy < C.
(x,%0)ER"XR" J |y —x0|>2|x—x0|

Then for every bounded and compactly supported function f on
R", we have

| Tfllemo S || fllLee-

Furthermore, T can be extended as a continuous linear map from
L to BMO.



» The proof of the theorem uses the following lemma:
Lemma
Let f be a locally integrable function on R". Suppose there exists

a constant A, such that for every ball B in R", there exists a
constant cg satisfying

f|f(y>—c3|dygA.
B

Then f € BMO, and ||f||gmo < 2A.

> Indeed, for every ball B, the triangle inequality shows that
|fB — CB| S A, SO

ﬁwy)— fBrdy<7£\f<y)—cB|dy+ fs — ca| < 2A.

This shows ||M#f]|~ < 2A.



To prove the theorem, let B be any ball in R”. Let xp be the
center of the ball. Let B* for the ball centered at xg, but
twice the radius of B.

For every bounded and compactly supported f on R”, let
fl = fXB*, f2 = fXRn\B* so that f = fl + f—2

Then Tf € L?(R") (since f; € L?(R™)), and

1/2
AL rE (f \Tfl(X)I2dX> < IB 2 < [l
B B

Also, since Th(x) = [pm - f(¥)Ko(x, y)dy for x € B, if we
define cg = fRn\B* f(y)Ko(xo, y)dy, then

][ I Th(x) — ca|dx < f / . O (x.) — Koo, )l
n\ B*
< C|[fe-

Thus fB | Tf(x) — cgldx < ||f]|1=, so ||fllamo S ||FLe-



Now given f € L* on R" (not necessarily compactly
supported any more), we need to define Tf(x) for a.e. x € R”
(modulo constants).

To do so, let By be a ball centered at the origin. Let Bj be
the ball centered at the origin and twice the radius of By.

Let i = fxg;, fo = fxmn\p; so that f = fi + f.

Tf(x) is defined a.e. x € By, since f; € L2(R") and T is
bounded on Lz(]R”)

For x € BOr let Tf2 fR"\B* )[KO(X y) KO(O’y)]dy
Then define Tf(x) = Tfl( ) + Th(x) for a.e. x € By.

This definition depends on the choice of By, but if By is a ball
centered at the origin that contains By, then for a.e. x € By,
the two definitions differ only by ffig\Bg f(y)Ko(0,y)dy,
which is a constant independent of x € By.

Thus Tf € S'(R")/{constants}. The earlier argument shows
readily that Tf € BMO, with || TfHBIVIO < ”f”/_oo



» Similarly, we have the following mapping properties of the
Riesz potential Z, into BMO.

Theorem

Let a € (0, n). For every bounded and compactly supported
function f on R", we have

| ZofllBMO S NI F | /e

Furthermore, I, can be extended as a continuous linear map from
L*° to BMO.



To prove the theorem, let o € (0,n), and f € Ln/e on R™.

Let By be a ball centered at the origin. Let Bj be the ball
centered at the origin and twice the radius of By.

Let fi = fxpy, o= fXRn\Bg so that f = 1 + £.
Zofi(x) is defined a.e. x € By, since f; € LP(R") for all
l<p<n/a,and Z,: LP(R") — L"%P(R”) for such p's.
For x € By, let

1 1
Toh(x) = ca,,,/ f(y) < — = na> dy.
R™\ By x =yl lyl

Holder's inequality shows that Z,f, € L*°(By).

Now define Z,f(x) = Z,fi(x) + Zofa(x) for a.e. x € By.

This definition depends on the choice of By, but if BNO is a ball
centered at the origin that contains By, then for a.e. x € By,
the two definitions differ only by féo*\Ba‘ f(y)ly|~("—)dy,
which is a constant independent of x € By.




» The earlier argument shows readily that Z,f € BMO, with
| ZofllBMO < ||fl fn/a; indeed for any ball B in R”, we have

1/p*
I GROLE (][ Ta(Fxa-) ()17 dx)
B B
_ 1
< 1B % ||f el
_ 1 a_ 1
< Bl BI5 B[ e
— [l

where p is any exponent satisfying 1 < p < n/«, and
1 o
o

T

p*



» Furthermore, if By is a sufficiently large ball centered at the
origin so that By contains B*, then defining Z,(f xgn g+) on
By as before, and letting

1 1
cg = Cn,a/ f(y) ( — e n_a> dy
R\ B* Ix0 — y| |yl

where xp is the center of B, we have

7{3 IZa(Fram g ) (x) — caldx

S ]{% ( / " ) dy> i
1 n
S == e
B \JRN\B* |xg — y|" @

Sl e

1 1
=y b=yl

» Together we see that ||Z,f||amo S || fllin/a-



» To summarize, for f € L”/"‘(]R”), we have defined Z,f as an
element of BMO, and hence as an element of the quotient
space S'(R™)/{constants}.

» Note that for f € LP(R"), 1 < p < n/«, we had defined Z,f
as LP" or weak-LP" functions in Chapter 3, and hence as
elements of S'(R").

» For f € L"/® N LP(R") for some 1 < p < n/a, this old
definition agrees with the new one above when tested against
Schwartz functions whose integrals are zero.



Sobolev embeddings into BMO

» The previous theorem allows us to prove embeddings of
Sobolev spaces into BMO.

Theorem
Let a € (0,n). Then

W (R") < BMO.

> To see this, let f € W®a (R"). Write
f = Pof +Zo(I — Po)(—=A)*27,[(1 — A)*/3f].

Since ||Pof|[roo < |l pna, (I — D)2 € LM/,
(I = Po)(—A)*/2 7, preserves L"/*, and Z,,: L"/* — BMO,
we see that f € BMO, as desired.

» Indeed more precise estimates are possible; see Homework 5
for a discussion of the Moser-Trudinger inequality, which is
important in conformal geometry.



The John-Nirenberg inequality for BMO

> We close this lecture by stating the John-Nirenberg inequality.
Theorem (John-Nirenberg)

(a) There exists constants C1, C, depending only on n, such that
for any BMO function f on R", and any cube Q@ C R", we
have

1€ QuIF() ~ fol > M _ o —is
Q| B
for all A > 0. Here fq := f, f is the average of f on Q.
(b) For any p € (1,00), there exists a constant C, p, such that

1/p
sup (]{? IF(y) - fQ|de> < Copllfllemo

for every BMO function f on R”, where the supremum is over
all cubes Q C R"; indeed one may take Ci, < GiI[(p+1)C, ?
where Cy, Cy are as in part (a).



> Note that in the inequality in part (b), the right hand side is
certainly bounded by the left hand side, by Holder's inequality.
The inequality in part (b) is thus sometimes called a reverse
Holder inequality.

» The bound for the constant in part (b) gives us the following
corollary:

Corollary

There exists constants ¢, C > 0 depending only on n, such that for
every BMO function f on R" and every cube @ C R", we have

][ exp (C!f(y) — fol) dy < C.
Q Ifllemo

» The proof of part (a) of the theorem can be achieved by
iteratively performing Calderén-Zygmund decomposition.

» Part (b) of the theorem and the corollary then follows easily.

> For details of the proofs, see Homework 5.



» We remark though that in the special case when f € BMO(R)
is non-negative and decreasing on (0,1), one can easily see
that

f(x) = O(log(1/x)) asx— 0T,
and hence exp(cf) is integrable on (0, 1) for all sufficiently
small c; indeed if [; = [27771,27/] then fi, — fi,_, S Ifllemo,
so

fi, < fi, + Gilifllamo

for all j > 1, which implies the desired pointwise bound for f
given the monotonicity of f. With a bit of care chasing
through this argument, one can also see that

clf(y) - f(o 1)\)
exp | ————— | dy < o0,
/(0,1) ( Ifllemo

which is part of the claim of the corollary on the previous slide.

» The John-Nirenberg inequality (in particular, part (b) of the
theorem) will be used in the proof of the Carleson embedding
theorem, which will in turn play a pivotal role in the proof of
the T(1) theorem in Lecture 7.



