IMPROVING THE RANGE OF p IN THE EXTENSION CONJECTURE
FOR THE SPHERE, AND IN THE KAKEYA MAXIMAL CONJECTURE

PO-LAM YUNG

1. INTRODUCTION

The extension conjecture for the sphere S*~! € R? says that if E is the extension operator,
defined for smooth functions h on S! by

Pha) = [ @ <do(o)

then E extends to a bounded linear operator from LP(S?1, do) to L‘I(]Rd)7 whenever

2d d—1
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Here do is the standard surface measure on S%~!. If the extension conjecture is true for a certain
pair of exponents (pg, qo), then it is also true for all pairs of exponents (p, go) where p > pg, since
LP(S?1 do) embeds continuously into LP?(S?! do). Rather surprisingly, there is sometimes a
way to reverse this implication: following Bourgain [1] (see the remark after his Proposition 6.47),
we will use a factorization theorem of Pisier [5] (that has its origin in earlier works of Maurey
and Nikishin), together with rotation invariance of the extension operator, to prove the following
theorem.

Theorem 1. Suppose E: L>®(S% !, do) — LI(R?) is bounded for some ¢ > 2. Then E extends to
a bounded linear operator from L% (S do) to LI(RY).

Here L% (S, do) is the Lorentz space, with quasi-norm
1
Bl oo ao) = allda((hl > )3l g
oo
= q/ do{¢ € S¥1: h(€)] > tyudt.
0
It then follows, by Marcinkiewicz interpolation with the trivial continuity of E: L (S, do) —
L>®(RY), that E maps L*(S%"!,do) boundedly to L*(R?) for all s > gq.

A similar argument can also be used in the study of the Kakeya maximal conjecture. It says
that for any

d
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there exists a constant C), 4 g such that for any 0 < § < 1 and any family T of j-separated 541 x 1
tubes in R%, we have

(1) > xr
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Here a family of J-separated tubes is one where the directions of any different tubes from the
family are at least § from each other. When p = oo, the term (ZTGT |T|)1/p above is interpreted
to be 1. If is true for a certain triple of exponents (po, qo, 50), then it is also true for all triples
of exponents (p, qo, Bo) where p > po, since we always have ) . [T| < 1, thanks to the fact that
we have at most < 6~(@=1 tubes in T should they be d-separated. There is a partial converse to
this implication:

Theorem 2. Suppose holds for certain exponents q and B with p = co. Then for any € > 0,
there exists a constant Cy g . such that
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for all 0 < § <1 and all family T of 5-separated 6%~1 x 1 tubes in RY.

One can also restate this in terms of the Kakeya maximal function; this is implicit in the proof
given in Section

We note that our proofs of Theorems [l|and [2| are not the shortest possible. See also lecture notes
of Tao [6, Section 2], as well as the exposition in the book of Mattila [4, Propositions 19.9 and
22.7], for some more direct proofs. Also, sometimes it is possible to improve the range of exponents
even further: for instance, Kim [3] improved the recent celebrated result of Guth [2], that says the
extension operator for any compact smooth surface S C R3 with positive second fundamental form
is bounded from LP(S) to L4(R?), whenever ¢ > 3.25 and p = co. By refining the methods of Guth,
Kim showed that the same remains true, whenever ¢ > 3.25 and p < ¢'/2.

This note will be organized as follows. In Section [2| we will give an exposition of the Maurey-
Nikishin-Pisier factorization theorem, including a full and direct proof of the part we will use. In
Section [3] we give a corollary of the Maurey-Nikishin-Pisier factorization theorem for operators that
commutes with rotations. We then apply this corollary to the extension problem for the sphere in
Section [4] and to the Kakeya maximal conjecture in Section [5} Finally, in Section [6] we give some
remarks about the implications of Theorems [T] and [2] on the Hausdorff dimension of a Kakeya set
in R,

Acknowledgments. The author would like to thank Ruixiang Zhang and Hong Wang for some very
helpful discussion during the preparation of this note.
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2. THE MAUREY-NIKISHIN-PISIER FACTORIZATION THEOREM

The Maurey-Nikishin-Pisier factorization theorem concerns a necessarily and sufficient condition
for a bounded linear operator 7" to be factorized through a weak LP space after a change of measure.
To appreciate this, let (£2,du) be any measure space (with a non-negative measure p). Suppose
0<r<p<oo,and f >0 is a function on Q with [, fdu < 1. Then (£, fdu) is a finite measure
space, and LP*°(€2, fdu) embeds into L"(S2, fdu). The map My, defined to be the multiplication
map by f/7, is a continuous linear map from L" (), fdu) to L"(Q, dp). Thus M1/ is a continuous
linear map from LP*°(Q, fdu) to L™ (2, du).

If now X is a Banach (or quasi-Banach) space, and T: X — LP°°(Q, fdp) is a bounded quasi-
linear map (actually we do not need full quasi-linearity here; we just need |T'(Az)| < |A||Tz| a.e.
for all A € R, z € X), then the map T":= M- o T is bounded from X to L"(Q,dp), ie.

1T Lr(@am < Cllzllx

for all x € X. The Maurey-Nikishin-Pisier factorization theorem states when a bounded quasi-
linear map T: X — L"(9,du) can be factorized like this. More precisely, it states the following
(c.f. Theorem 1.2 of [5]):

Theorem 3 (Maurey-Nikishin-Pisier). Suppose (2, du) is a measure space, and 0 < r < p < 00.
Let X be a Banach (or quasi-Banach) space, and T: X — L"(Q,du) be a bounded quasi-linear
operator. The following are equivalent:

(i) There is a constant C such that for any finite sequences {z;} in X, we have

1/p
<C (Z H%H?c)

(i) There exists a non-negative measurable function f on Q with fQ fdu =1, and a constant C’,
such that for any x € X and any measurable subset E of ), we have

sup | Tx;|
i L7 (Q,du)

1

([iraran)” < el ([ san) ™"
E E

(i) There exists a non-negative function f on Q with [, fdu =1, such that for any v € X, we
have Tx = 0 p-almost everywhere on the zero set of f, and such that T’ admits a factorization

T=MpyoT,

where M is the multiplication operator by Y7, and T is a bounded quasi-linear operator
from X to LP>°(Q, fdu).

We will only use the implication (i) implies (ii), and we will give a direct and complete proof
of this implication in what follows. Along the way, we will also observe that one may choose the
constant C’ in (ii) to be 2%/" times the constant C' in (i). This will be useful in our proof of
Theorem [21

The key for the proof that (i) implies (ii) is the Dunford-Pettis theorem, about uniform integra-
bility of a family of functions.



Definition 1. A family of integrable functions F on a measure space (2, du) is said to be uniformly
integrable, if for any € > 0, there exists § > 0 such that whenever A is a measurable subset of §)

with p(A) < 6, we have
/ fdu <e
A

forall f € F.

We first have the following sufficient condition for uniform integrability:

Lemma 1. Suppose (2, du) is a measure space, and {fn}nen is a sequence of non-negative mea-
surable functions with [o fodp < 1 for all n € N. Suppose for any sequence of mutually disjoint
measurable subsets { Ap}nen of Q, we have

n—o0

lim fndu = 0.
Ap
Then { fn}nen is uniformly integrable.

Proof. Suppose { f }nen is as given. If { f, }nen is not uniformly integrable, then there exists € > 0,
such that for any n € N, there exists a measurable subset B,, of 2, with u(B,) < 27", such that

/ fndp > €.
B

We extract a subsequence B, of B, as follows: first let ny = 1 so that B,, = Bi. When ny is
chosen for some k > 1, we choose ny41 large enough, so that

9

/ frpdp > 5
Bnk\UnZ'rLk+1 Bn,

This is possible since f,, € L'(£, du), and

pl U Ba) < D> 2m=2t"m 50

n>ngy1 n>ngy1

as ng1 — 0o. We define a sequence of measurable subsets {4, },en of 2, by

o if n # ny, for any k € N
" By \Up>n,, Br if n = ny, for some k£ € N.

Then {A, }nen is a sequence of mutually disjoint measurable sets in 2, with

€
nd o
/Anf n>5

for infinitely many n’s. But our assumption on {f, },en says that [ A, fndp should tend to zero as
n — oo. This is a contradiction, so {f, }nen is uniformly integrable. O

Next we need a consequence of uniform integrability from the Dunford-Pettis theorem:
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Theorem 4 (Dunford-Pettis). Suppose (2, du) is a probability measure space, and F is a bounded
subset of L' (2, dp). Then F is uniformly integrable, if and only if F is weakly compact in L' (2, dp),
i.e. for any sequence in { fntnen in LY(Q,du), there exists a subsequence {fn, }ren and a function

f € LYQ,du), such that
klim/fnkgdu=/fgdu
—0 JO O

whenever g € L*(Q, dp).
We will only need the forward implication, so let us focus only on that.

Proof of the forward implication. Suppose F is a bounded subset of L'(£,du) and is uniformly
integrable. Let {f,}neny be a sequence in F. Then by Banach-Alaoglu theorem, there exists a
subsequence { fy, }ken of {fn}nen, and some F € L*°(£2, du)*, such that

lim /ankgdu = F(g)

k—o00

for all g € L*>(Q,dpn). We will define a new measure space (2,dr), whose measurable sets are
precisely those of (£2,du), such that

v(A) := F(xa)
for every u-measurable subset A of €2; here x 4 is the characteristic function of A. (We will just say
“measurable” in lieu of “p-measurable” since p-measurability is the same as v-measurability, and

there is no danger of confusion here.) To verify that the above indeed defines v as a measure, we
need to check that v is countably additive. By linearity of F', we see that v is additive; if {A, }nen

is a sequence of mutually disjoint measurable subsets of 2, and A = (J,,cry An, then
N
v(A) = v(Ay) +v < U An>
n=1 n>N

We claim that
2 li A, | =
( ) Nl—r>noo v ( U n>
To do so, note that since (€2, 1) is a finite measure space, we have

s (Y a) -0

n>N

Since {fn, }ken is uniformly integrable, given any € > 0, there exists § > 0 such that whenever B
is a measurable subset of Q with u(B) < J, we have

/ Jnpdp <€
B
for all £ € N. Now pick N large enough such that

()=



Then

(UA)- lim frpdp < e.
A

n>N
This shows that holds, and one sees that v is a measure on ).

Since simple functions are dense in L (), du), we see that

F(g)z/ﬂgdv

for every g € L*(£2,du). Also, v is absolutely continuous with respect to p: if A is a measurable
subset of  with u(A) =0, then

hm/fnkd,u 0.

It follows from the Radon-Nikodym theorem that there exists a function f € L'(€, du) such that

dv = fdp. In other words,
Jim [ o gdu= [ Fode

for all g € L>°(Q,dpu), as desired. O

Proof of the implication (i) = (i) in Theorem[3 For each n € N, let

n
C’n::sup{ :x17”"$n€XWithZHMH‘];(Zl}‘

Lr(Q,dp) i=1
Then (i) implies that the sequence {C, }en is bounded above, and without loss of generality we
assume that C,, increases to C' and C' > 0. Now for each n € N, let w(n), e ,Hf,(ln) € X be such that
> i sz H,];( =1, and

sup |Tx;|
1<i<n

1

sup ]Txgn)\ >Cp——.

1<i<n L7 (Qudp) "
We write

foi= O sup T2
1<i<n
so that
1 T

(3) c (Cn - n) < [[fallzr@aw < 1.

We claim that the sequence { f,, }nen is uniformly integrable on (€2, du): indeed, for any non-negative
sequence {\, }nen, by assumption (i), we have

N n 1/p
<C (Z A%’"@E"H&) :
L™ (Q,du)

n=1i=1

N r/p
< (Z Af/’“) :
n=1

sup  sup )\711/T|Tx£”)\
1<n<N 1<i<n

i.e.

Sup A fn
1<n<N

LY(Q,dp)
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So if { Ay, }nen is a sequence of mutually disjoint measurable subsets of €, then

N N r/p
D An [ fadp < (Z Ai’ﬁ) :
n=1 n=1

Since this is true for any non-negative sequence {\, }nen, we see that the sequence { [ A, fndptlnen
is in ¢7, where + is the dual exponent to p/r. Note that p/r € (1,00), hence so is v. In particular,

A‘IL

n—o0

lim fndp =0,
An

so Lemma [1| applies, and { f,, }nen is uniformly integrable on (€2, du). It follows from the Dunford-
Pettis Theorem (4] that there exists a subsequence {fy, }xen of {fn}nen, and a function f €
LY(2,dp), such that

(4) tim [ du= [ fd
k—o00 E E
whenever F is a measurable subset of €. Letting F = §2, and using , we see that

JR

Suppose now = € X and € > 0. Then by (i), we have

n l/p
e {efzal, sup 7 <c (ueacu& 5> Hwﬁ”)\&) _C (ol + 1)
=1

1<i<

Lr(Q,dp)
Hence

/ max{e"|Tz|",C" f, }du < C” (P||z|% + 1)r/p
Q

If F is a measurable subset of €2, then the left hand side above is at least

1 T
CT/ fndu—i-/ e\ Tz dp > (C’n—> —Cr/ fndu—i-a’"/ |Tx|"dpu,
O\E E n E E

r 1\"
o [ireran s @it )" - (6= 2) e [ fun
E n E

Passing to limit along the subsequence {nj}ren, then using , we see that

SO we get

5’"/ | Ta|"dp < C" (P||a|% + 1)T/p -C"+ C’T/ fdu
E E
< CmeP|Ja|l%, + cr/ fdu.
E

(We used that 7/p < 1 in the last inequality.) Setting ¢ = ||z % ([ fdp) 1/p, and taking 1/r power

on both sides, we see that
1/r
([izaras) " <2rcres ([ san)
E E

This establishes (ii) with C’ = 21/7C. O

Sl
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3. MAUREY-NIKISHIN-PISIER FACTORIZATION FOR ROTATIONALLY INVARIANT OPERATORS

We now specialize to the situation when Q = S ! and du = do, the standard surface measure
on S*1. We will apply Theorem 3| to a bounded linear or sublinear operator T': L¢ (R%) —
LY(S% 1, do); in other words, we take r = 1 and X = L7 (R?) for some exponent ¢. We will assume
also that T' commutes with rotations; i.e.

T(goA)=(Tg)o A
for all g € L9 (R%) and all A in the orthogonal group O(d). We then have the following corollary.

Corollary 1. Let 1 < p < oo, and let T: LY (RY) — L*(S%!, do) be a bounded linear or sublinear
operator that commutes with all rotations on R%. Suppose furthermore that there exists a constant
C such that for any finite sequences {g;} in L7 (R?), we have

1
p
<¢ (} juginiq/(RdJ

Then T defines a bounded operator from LY (RY) to LP>°(S%1, do), with a norm C' where C' < 2C.

()

sup |T'g;|
% L1(S?-1 do

Proof. By Theorem [3| (more precisely the implication (i) = (ii) there), there exists a non-negative
measurable function f on S, with fsdfl fdo = 1, and a constant C’ < 2C, such that for any
ge LY (RY) and any measurable subset E of S~! we have

1—-1

(6) / Tgldo < C'|lgl Lo may (/ fda> :
E E

Suppose now A is any rotation in O(d). Then applying @ to go A in place of g, and A(FE) in place

of E/, we obtain
1—1

p
/ Tyl o Ado < C'lgl gy (/ de>
A(E) A(E)

for all g € LY (RY) and all measurable subsets E of S?~!, by invariance of 7' under A. Using the
invariance of do under rotations, we then get

1-1
P
| 125ldo < gl g ( / fda>
E A(E)

for all g € LY (R9) and all measurable subsets E of S?~'. We now average with respect to the Haar
measure dA on O(d): using Holder’s inequality to interchange the integral over A with the 1 — 113

power on the right hand side (note 0 < 1 — % < 1), we obtain

1—1
p
(7) / Tgldo < C'|lgll o ( / / fdadA)
E AeO(d) JA(E)

for all g € L (R%) and all measurable subsets E of S*~!. The map

EH/ fdodA
Aeo(d) JA(E)
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defines a rotationally invariant measure on measurable subsets E of S%~!, and this measure is 1
when E = S%! by our normalization fsd—l fdo = 1. Hence we have

/ / fdodA =o(E),
Aco(d) JAE)

the standard surface measure of E. In other words, we have, from , that
Q [ sldo < gl oy (B
for all g € L7 (R%) and all measurable subsets E of S*!. Now given g € L7 (R), let
E={¢e8"": |Ty(¢)| > a}.
Then the left hand side above is at least ao(F). Thus we have
ao(E)r < C'llgllp o).

Since this is true for all g € L (R%), we conclude that T is bounded from L9 (R?) to LP>°(S*~ 1, do)
with norm < C'. O

We remark that (8]) is just @ with f = 1. The proof that (8)) implies T': LY (R?) — LP>(S%! do)
can be easily generalized to prove the implication (ii) = (iii) in Theorem

4. APPLICATION TO THE EXTENSION PROBLEM

In this section we prove Theorem [I} We use duality. The adjoint of the extension operator F
for the sphere S is the restriction operator, given by Rg = Glga—1 on Re. If E: L=(S !, do) —
LI(R?) is bounded, then R: LY (R%) — L'(S% ' do) is bounded. Clearly R commutes with all
rotations on R%. Thus we are in position to apply Corollary [1| from the last section, for R in place
of T. We will let p = ¢/, and then we need to check that

\ <C (Z ’giH%q’(Rd)>

for any finite sequences {g; } in LY (R%). To do so we use Khintchine’s inequality: since the restriction
operator is bounded from L9 (R%) to L'(S%!, do, we have, for any choice of signs {e;}’s, that

Lfr(Ee)fersc]zs

7
Taking expectations over all possible choices of signs, and using Hoélder’s inequality to interchange

1
Py

(9)

sup | Ry;|
i L1(Se-1.do

do <(C

L7 (RY)

the expectation and the 1/¢" power on the right hand side, we get

, 1
1 q’

/Sdl (Z |Rgi‘2> dw<c /Rd (Z |gi|2> E "

The left hand side is bigger than the left hand side of @, while the right hand side is less than
the right hand side of @ since ¢ < 2 and hence ¢4 embeds into ¢2 (this is where we use our
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assumption ¢ > 2). Hence @) follows, and Corollary [1| shows that R is bounded from L7 (R%) to
L9%°(S%1 do). This gives the desired boundedness of E: L9 (S do) — LI(RY).

5. APPLICATION FOR THE KAKEYA MAXIMAL FUNCTION

In this section we prove Theorem [2 Again we dualize. Following Bourgain [1], we define, for
locally integrable functions g on R? and 6 > 0, the Kakeya maximal operator

* 1 —
gi(€) =swp oo [ lg(wlds, €5t
v |T| Jr
where the supremum is over all 471 x 1 cylinders whose direction is parallel to &.

Suppose now holds for certain exponents ¢ and 8 with p = co. Then by duality, for any
€ > 0, there exists a constant C, g such that
(10) 10802+ -1 o) < Ced Nl ot
for all 0 < § < 1 and all g € LY (R%). Hence for any 0 < § < 1,
Tg:=g;
defines a bounded sub-linear operator from L7 (R?) to L'(S?"!,do) with norm < C,p5.677¢.

Clearly T commutes with all rotations on R?. Thus we are in position to apply Corollary 1l We
will let p = ¢/, and we will show that

1

! q’

S anB:eéilBiE <Z Hg'L”iq/(Rd)>
%

for any finite sequences {g;} in L¢ (R?). It then follows that

(11)

sup(g:);

i L1(S4-1 do)

g5 ||Lq/,oo(gd—1,dg) S Oq,ﬁ,a(s_ﬁ_6 gl Lo (Rd)

for all g € L (RY), which by duality again implies that

ZXT

TeT

1

q
Sa Cq,ﬂ,sé_ﬁ_E (Z ‘T’>

TeT

La(R4)
for all family T of d-separated 6?1 x 1 tubes in R%.

Hence it remains to establish . To do so, suppose {g;} is a finite sequence in L7 (R%), and
0 <6 < 1. For any £ € S% !, we have

sup[(9i)5(¢)] < (SUilp 19:1)5(€)-

2

This is just another way of saying that

1 1
supsupT/ |gildo < SUPT/ sup |g;|do,
i e T Jr e T Jr i

which is clearly true. Hence by , applied to g = sup; |gi|, we have

< Cq,b’,e(s_ﬁ_a

sup(g:);

()

sup |gi|
K2

9

L1(S?-1 do) La' (R9)
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from which follows readily since pointwisely (sup; [g:[)? < 33, |g:]7 .

6. IMPLICATIONS ON THE DIMENSION OF A KAKEYA SET

In this section, we make some remarks about the implications of a partial restriction estimate on
the Hausdorff dimension of a Kakeya set in R%. A Kakeya set in R? is a subset of R? that contains
a unit line segment in every possible direction. It is well-known that if equation holds for some
triple of exponents (p, ¢, 3) with p = ¢, then the Hausdorff dimension of a Kakeya set in R? is at
least d — 3¢ .

Suppose the extension operator E for the sphere S¥! is bounded from LP(S* !, do) to LI(R?).
Then by a standard argument involving Khintchine’s inequality and the Knapp example, we have

2/p
> xr 5&ﬂ<§]T0
La/2(Rd) TeT

TeT
#=2( gy )

for any 0 < § < 1 and any family T of §-separated 6%~! x 1 tubes in R%. If further p < ¢, then
we may replace the exponent 2/p on the right hand side by 2/¢, and still maintain the inequality.
Hence the Hausdorff dimension of a Kakeya set in R? is at least

d q\ q\
—2 —1 (7):2(7) —d.
((q/ 2) ) 2 2
The above argument does not apply if we do not have p < g in the inequality . Nevertheless, if
we only know that E is bounded from LP(S%!,do) to LI(R?) for some p > ¢ (with ¢ > d2Td1 > 2;
otherwise F cannot map boundedly into L9), then we know E is bounded from L*>®°(S%"!, do) to
L4(R%), so Theorem [I| applies, and we deduce, as remarked immediately after Theorem |I| then E

maps L*(ST1 do) — L*(R?) for all s > g. From our discussion above, it then follows that the
Hausdorff dimension of the Kakeya set in R? is at least 2 (%)/—d for all s > ¢, i.e. at least 2 (%)/—d.

(12)

with

Alternatively, if we only know that E is bounded from L>®(S%~!, do) to LI(R?) for some q > d%dl,
then from we see that holds with p = oo, ¢ replaced by ¢/2, and § = 2 (L — 1). Thus

(¢/2)
2/q
< 52y —1)- (Z |T\>

TeT

by Theorem [2], for any € > 0, we have

ZXT

TeT

L4/2(R4)

for any 0 < § < 1 and any family T of §-separated §9~! x 1 tubes in R?. This shows that the
Hausdorff dimension of the Kakeya set in R? is at least d — [2 (Wd?)’ — 1) + E} (%)/ for all € > 0,

i.e. at least 2 (%)/ — d, yielding the same conclusion as before.
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