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Abstract

Let A€ My (Z) be expanding (all its eigenvalues have modulii >1) with
characteristic polynomial f(x) = x? 4 px £3. Let

D = {0,v,kAv + Iv} C Z? be a 3-digit set where v € Z*\ {0} and {v,Av}
is linearly indepenedent. It is well-known that there exists a unique

compact set T satisfying T=A"Y(T+D) = ZA vi:vieD
i=1
We study the connectedness of T and give a complete characterization of

T for the two cases (i) k =0 and (ii) /=0, in terms of / and k respectively.



Introduction

o Let A€ M,(Z) be expanding (all its eigenvalues have modulii >1)
with char. poly. f(x)=x?+px+gq.

o Let 7 ={di,db,...,dg} CZ* Zis called a |q|-digit set.

o Let D=1{0,1,2,...,|g| — 1} and Z = Dv, where v € Z*\ {0}, Z is
called a consecutive collinear (CC) digit set.

e J! compact set T = T(A, ) satisfying

T=AYT+92)= ZA v,.v,G@}. T is said to be self-affine.
=1

o If intT # @, then T is called a self-affine tile.

@ The above definitions and results can be generalized to R".



Some known results

e Any Twith a 2-digit set is always pathewise connected (Hacon et al).

@ Height Reducing Property of f(x) (monic and expanding): Jg(x)
(monic) s.t. h(x) = g(x)f(x) = x"+ cm_1x™ 1+ + c1x+ co with
lco| = [£(0)[ and |ci| < [F(0)|(i # O).

@ Any planar T with a CC digit set is connected (Kirat and Lau). They
conjectured that T (in higher dim.) with a CC digit set is connected.
Akiyama and Gjini solved it up to deg. 4.

@ Laarakker and Curry considered the connectedness of T generated by
A with rational eigenvalues and a centered canonical digit set.

@ Deng and Lau, and Kirat studied a class of planar self-affine tiles
generated by product digit set.

@ Applying results of Bandt and Wang, Leung and Lau proved that: T
with a CC digit set is disklike (homeo. to the closed unit disk) iff
2|p| <|g+2|. Akiyama and Loridant re-established this result by
parametrizing d T.



Our problem

o Let A€ M, (Z) be expanding with char. poly. f(x) = x?+ px+3.

o Let 2 =1{0,v,kAv + Iv} C Z? be a 3-digit set where v € Z?\ {0} and
{v,Av} is lin. indep.

o ! compact set T satisfying T=A"YT +2) = {ZA ViV € @}.
i=1

e Find conditions (in terms of k,/ and f(x)) for T to be connected.
@ We solved the problem for the two cases: (i) k = 0(/# 0) and (ii)
=0(k #0).

o If f(x)=x2—x—3and 2 ={0,1,b}v, then T is connected if
8/5 < b <8/3 and discon. if b < (v/13—1)/2 or b> (v/13+5)/2
(Tan).

e 10 eligible char. poly.: x?+3; x?+x+3;
x242x +3;x2 £ 3x +3;x% £ x — 3 (Bandt and Gelbrich)



Main result 1

If 2 ={0,1,m}v where 2 < m € Z, then

(i) when m=2,T is always a connected tile;

(ii)) when m > 4, T s always a disconnected set;

(iii) when m =3, T is connected if f(x) = x?>4+2x+3 or x>4+3x+3 or
x? 4 x—3 and discon. if f(x) =x?>4+3 or x> £x +3.




Main result 2

If 2 ={0,1,b}v where b > 1, then

Case 1:f(x) = x4+ x+3 T is discon. if b>67/25 or b < 67/42;
Case 2:f(x) = x?+2x+3 T is discon. if b >37/10 or b < 37/27;
Case 3:f(x) = x2+£3x+3 T is discon. if b>33/10 or b < 33/23;
Case 4:f(x) = x2£x—3 T is discon. if b>19/5 or b < 19/14.

@ We conjecture that 3¢ > 2 (dependent on f(x)) s.t. T is connected
iff c/(c—1)<b<c.



Some figures (p # 0, m = 4)

f(x)=x>+2x+3



Some figures (p # 0, m = 4)




Some figures (p # 0,m = 3)
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Some figures (p # 0,m = 3)




Results on |detA| > 3

Let f(x) =x?>+px+q,p>0,9 >2 and Z = Dv be a collinear g-digit set
st. D={0=di,dy,...,dq} C Z in incr. order with di;; —d; =1 or 2 for
all i, djy1 —dj =1 for at least one j and dy;| —dx = 2 for at least one k.

Theorem
(i) Let f(x) = x2+ px+q with 2p > g+2 and {0,+1,+2,...,+q} C AD.
Then T is connected if 2p—2 € AD and 2q—p € AD.

(ii) Let f(x) = x>+ px — q with 2p > qg—2 and

{0,£1,£2,...,£(q—1)} C AD. Then T is connected if 2p+1 € AD and
2g—p—2¢€ AD.

.




Let A be the companion matrix of f(x) = x?>+5x+6,v = [ (1) ] ,
D =1{0,1,2,4,6,8}. T is connected.
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Example

Let A be the companion matrix of f(x) = x?>+4x —6,v = [ L ] .
D {O 1,3,5,7 9} T is connected.
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Tool #1

o &:={(di,dj) : (T+di)N(T+d;)#9,d;,dj € 7}, the set of edges
for 2.

@ d; and d; are said to be &-connected if 3 a finite sequence
{djl,...,djk} CYst di= dj,-’dj = djk and

(d.indj/ﬂ) €& 1<I< k- 1}-

o (did)e&iffdi—di=Y5_1A 'v;, where v e AD := 9 — 9.
e T is connected iff any two d;,d; € Z are &-connected.



Tool #2

Define a;, B; by A~'v = ajv + BjAv,i =1,2,..., where {v, Av}is lin.
indep.

qQy2+p0iy1+0; =0 and gBit2+pPiv1+Bi =0,
o =—p/q,0=(p*—q)/q* B =-1/q,B.=p/¢*
0, Bican also be expressed in terms of the roots of x>+ px+1 =0.

=Yg |oi], B =Y |Bil.
. 01 2g- (/2
o<y |o|+

(1-q*72)(4q—p?)1/2"
B S Z |BI| + (1 q 1/2‘:3(4(7 p2)1/2

n/2




Tool #3

L:={yv+0Av:v,8 € Z} the lattice generated by {v,Av}.

e For /€ L\{0}, T+/is called a neighbour of T if TN(T +1/) # @.

@ Let Z = Dv be a collinear digit set. T +/ is a nb. of T iff
I=Y%,bA"'ve T —T, where b; € AD.

o If T+/isanb. of T, where | =yv+8Av=}%7, biA~"v, then
|7 < max;|b;|&,|8] < max;|bj|B.
Moreover, T +/" is also a nb. of T, where
I'=Al—biv=9yv+8Av=—(q0+ b1)v+(y—pd)Av.

o Let T =T(A,2) and T, = T(—A,2). Then T1+1/is a nb. of Ty iff

Tr+1is a nb. of T5.

o If the char. poly. of A is x?>+ px + g and that of B is x*> — px +gq.
Then T(A, 2) is connected iff T(B,2) is connected.



Proof of main result 1 (p =0)

When p=0

o Consider the case f(x) = x?—q(q > 2) only.

o f(A)=0=A2=qg l=A2v=q1v

o let y=Y7 ,aA'vE T, wherea;c D={0= di,da,...,dq} CZ.
Then y = (X1 a2i-19 )Av+ (X711 a2 ')v.

o T connected ={}¥72, ai-1q~': a1 € D} and
{Yi1a2iq ' :aj € D} are intervals= D ={0,1,2,...,g—1}a for
some a > 0.

e D=1{0,1,2,...,g—1}a= T connected (HRP)



Proof of main result 1 (p # 0,m > 4)

o Consider p > 0 only.

@ Prove that TN(T+mv)=@ and (T+v)N(T+mv)=@. Hence T
is disconnected.



Proof of main result 1 (p # 0,m=3)

@ Consider p > 0 only.

@ Prove that TN(T +2v) =@ and (T+v)N(T+3v) =0 for
f(x)=x>+2x+3 or x?+£3x+3 or x2£x—3. Hence T is
disconnected.

@ For the other cases, show that TN(T +v) #@ and
(T+v)N(T +3v) # @ (equivalently, TN(T +2v) # D).

o Example: f(x)=x?—x—3.

0= f(A):Az—A—3I:> v=-"2AW43A 2y e T-T=>
TN(T+v)#0.
0=Ff(A)RA—-I)=(2A-3)(A’-1)-3A=2A-3/=3Y2 A %2 1=
2v=3A"43Y A Yve T—T=(T+v)N(T+3v)#0O.



Proof of main result 2

e Consider b>2 only. If 1 < b <2, then b/(b—1) > 2. Replace Z by
7' ={0,1,b/(b—1)}v.

o Example: f(x)=x?+x+3

e T is connected = (b—y)v =Y, b;A~v holds for y =0 or 1, where
bi€ AD={0,%1,£(b—1), b}
=T+(b—y)visanb. of T= T+A(b—y)v—biv is a nb. of
T= T+A%b—y)v—biAv—byv is a nb.
=T—-0B(b—y)+b)v—(b—y+b)Avisa
nb.= |3(b—y)+ by| < &b and
|3(b—y)+b2| >3(b—1)—b=2b—3= b<67/25. On the other
hand, b/(b—1) < 67/25 = b > 67/42.



Proof of results on |detA| > 3

e Find two expressions for vi v=Y%,bA"'v (*) and v=Y7 , blA"'v
(*%).

@ Adding them to give an expression for 2v.



Non-collinear 3-digit sets

Let A be a 2 x 2 integral expanding matrix with |detA| =3, and let
9 ={0,v,kAv} be a digit set where k € Z\{0} and v € R? s.t. {v,Av} is
linearly independent. Then T(A,2) is connected iff k = +1.




f(x) =x?+3,v=(1,0)¢

k=1, T connected
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k =2, T disconnected



f(x) =x?>+x+3,v=(1,0)
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k=1, T connected k=2, T disconnected



f(x) =x>+2x+3,v=(1,0)¢
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k=1, T connected

k =2, T disconnected



f(x) =x?>+3x+3,v=(1,0)
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k=1, T connected k=2, T disconnected



k=1, T connected k=2, T disconnected



Proof of Theorem (non-collinear 3-digit set)(i)

f(x)=x2+x+3

(i k=1,ie, 2={0,v,Av} and AZ ={0,£tv,£(Av —v),LAv}.
0=FfA)A-N=v=Y2 A3 (-24Av+2v) =

YR A(A2(—v)+ A3 (v—AV) +AHAV)) = TN(T +v) £ 0
Moreover,

Av=Y2  A3(A (V) +A2(v—AV) + A3(AV)) = TN(T +Av) # Q.
Hence T is connected. Ol

v




Proof of Theorem (non-collinear 3-digit set)(ii)

(cont'd) (ii) k=—1, i.e., 2={0,v,—Av} and

A9 ={0,£tv,£Av,£(Av+v)}.

0="f(A)=I=(-A-20)(A%+ )

=v=—Alv-2A v+ A3V +2A v — APV —2A v+ ATV +
2A7 8y — . = A2(—Av— V) + A3(—AV) + AH(Av +v) + A5 (Av) +
AO(—AV— V) +A T (A +A AV + V) + A2 (AV)+--- € T T
=TN(T+v)#0.

Multiply the above by A,

Av = A (—Av —v)+ A2 (—AV) + A3 (Av+v) + A4 (Av) + A5 (—Av —
V)+AC(—AV) +FAT(Av+ V) +A A+ e T-T

= TN(T+Av)#0.

Hence T is connected.




Proof of Theorem (non-collinear 3-digit set)(iii)

Proof.
(cont'd) (iii) |k| > 1, i.e., Z2={0,v.kv} and AP ={0,£v,+(k—1)v,kv}.
A pt. in T — T can be written as

X=Y72 A (kAv+iv),kAv+1; € AD. Using A~'v = oyv + BiAv, X
can be rewritten as

X = (ki + X1 (ki1 + ) ai) v+ (X1 (kiv1 + ) Bi) Av := Lv + A Av.

|li + kiy1] <1+ |k| and

B <0.63=|7]<0.63(1+|k|) < |k| = TN(T+kAv) =0 and

(T+v)N (T +kAv) =@= T diconnected. O




Further questions

e How about 2 = {0, v, kAv+ Iv}(k # 0,/ #0)?
@ How about & with more than three elements?
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