s 1
la. Find lim, o0y, —

Solution

1
1 r=
E:/O 1+xdx—ln(1—|—x) —i=In2.

1)t} _ 1—cost

1b. Show that lim,,_, %{sin% + sin% 4o 4 sind® ; ;

Solution

2t 1. kt
lim —{sin-- + sin- 2y im E:—‘ mt
lim n{sm +sm + - 4 sin } lim sin =

2. If f is continuous on [a,b], prove that there exists £ € (a,b) such that fjf(x)dx:
(b—a)f(§).

Solution Define F(x f f(z)dz, then F' = f and F(b) f f(x)dx. By
mean value theorem there exists & € (a, b) such that

3a. Use the definition of definite integrals to show that

<[5

Solution Because that —|f(z)| < f(z) <|f(z)|, hence

b
flz)dz

— lim Z | f(zk |Axk§ hm Z f(zx) Axk\—hm Z | f(zg)| Az

n— oo

By definition of definite integrals

- [wita< [ fwies 11w

[ < 17wz

So




3b. Use the above to show that
2T .
i (2002
n—o0 [ xe+n

27 _: 2m :
| sin(nx )d < lsm(nx) da
o x24+n2 T x? +n?

dx=0.

Solution

By squeeze theorem, the limit holds.

3c. Solution

/2 dx _/2 dx
L (22 =20 4+4)%2 )y [(z—1)243]3/2
let (z—1)=+/3tanu /ﬂ/6 \/§S€C2Udu
0

(3 + 3tan2u)?/?

/”/6 V3sectudu 1/”/6 1 <6 1
= _— == cosudu = —sinu|j’"=—.
o [3seczu]?’? 3 ), 3 6

3d. Solution

/xln(x +3)dz —;/ln(x +3)d(a?)

21nx—|—3 zd(In(z + 3))

gbte ) [l

1 2 T
1

2 n(z+3)— /x—l—B

|

[zIn(z 4 3) — (x—3+—)dx]

%ﬁln(m +3)— % 1:102 3x+9In(zx+3))+c

So folxln(x +3)dx :% —4In4 +9In3 /2.

3e. Find fﬂ%dl‘ (hint: try x=7 —y).’



Solution Let x=m—vy, [ = f(;T lisézsxxdx, SO

I:/ xsmag dx:/ (W—y)s;nydy
o 1+cos?x o 1+cos®y
" sinyd " ysin
[
o l4+cos?y |, 14 cos*y

:W/ d(cosy2) g
o 1+ cos?y

=marctan(cos y)|g — [ =72/2 —I.

So I =7?/2.

4. More indefinite integral exercises:

4a. /d—x
1—coszx

Solution
dx 1 1 x x
/ 1—coszx _/ 2sin2£dx —/sin2£d (5) = oty e

2

4b. /tan5 zdx

Solution

5 sinr sinzdz
tan’rdr = [ —————
cosdr

:_/ (1 — cos?x)2d(cos x)

cosdx
let t=cosx (1 — t2)2dt
_ctlzcosw >
:_/(t5—2t3+t1)dt
| P
:Zt —t72—logl|t|+¢
i(cos x)™* — (cosx) 2 —log|cos x| + c.

4c. /cos%sin%dx
Solution

/cosf’x sindrdx :/ (1 — sin?z)%sin3z d(sin 1)

let t=sinx

/(t3 — 25+ t7) dt
1, 1

10+ =8

—3h gt

1
4
1 sin? x—lsm 6 + 1sir1891;+c
4 3 8 '



Ad. / _dr
COS T SIN“T

Solution

dx [ coszdx
/ cos zsin?r / cos?z sin?z
- dsinz
N / (1 — sin?x)sin?z

let t=sinx 1 1 1
/<t_2+ 2(t+1) 2(t—1))dt

11 1
—————log(1—t)+=log(t+1)+
;g log(l—t)+5log(t+1)+c

=—csc (z) — log (cos <g> —sin <%>> + log <sin (%) + cos <%>> +c

dx
Je. /—<1 —3:2)3/2

Solution

dx r=cost,t=arccosx dcost
(1 —22)3/? sin3t
1
:—/ ——dt=—cott+c

sin?t

X
:—+C

V11— 22

4f. /:L‘Z\/ 16 — 2%dx

Solution

/xQ\/de roteint el /A /16sin2t4costdsint
=64 / sin?t cos® tdt

16/51n

8/(1—cos4t Jdt =8t —2sindt + ¢

1 2V16 — 22 (a2 8)+325in*1<%>+c

4 / dx
g. (4$2+1)3/2



Solution

dx e=tans/2 [ d(tans/2)
(422 + 1)3/2 sec3t
1 1. x
= [ Zcossds=—=sins+c=——+c¢
2 2 4x2+1
ny /d—x
(2x — x2)3/2
Solution
dx 1
/(Qx _ x2)3/2 _/ [1—(z— 1)2]3/2d (z—1)
=refer to Problem 4e.
. 1 Ccos T n—2
4. In:/sinnxdx’ show that [,, = T DenrE +-— 1In,2, n>=2.
Solution
COS & n—2
I, =— . I,_2,n>2.
(n—Dsin" 1z n—1"2"7
2 .9
[n:/cos x.+sm e
sin"x
:/ cos T d(sinx)+ 1,
sinx
:% — /sinx (;:;I)lsni)'dx + 1, 9
2 9
_ .cosai +/ncos .af—i-sm xdx—l-[n,g
s~ x sm”x
— O L+ (2—n)], s
s~ x

hence the result.



