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L’Hopital’s Rule
Suppose b > a and ¢ € (a,b). Let f,g: (a,b) = R be a differentiable function on (a,b) \ {c}.

o L f@)
Suppose lim f(x) = lim g(x) = 0(o0). 1f lim

exists,

Taylor’s Polynomial
Let f be a function that is k times differentiable on (a,b). Let zg € (a,b).
The k-th Taylor Polynomial centered at zg is

f(k)(zo)
k!

f" (o)
2!

k

Py(z) = f(xo) + f'(z0)(x — w0) + (x—m0)> + ...+

(z — xp)

Exercise 1 (continuation of Ex2 from the last tutorial) :

Suppose f : [, 7] = R is the continuous function defined by

m T e |-, 0
P e N S AR
a rz=0

(i) Show that f is differentiable at x = 0.

(ii) Determine whether f is twice differentiable at 2 = 0.

Exercise 2:

Evaluate the following limits by L’Hopital’s rule.

. .. sindx .« .. Incos2z
i) lim — (ii) lim ——
z—0 sin bz z—0 Incosx

1 1

) lim
(iif) acl—>ml Inz z-1

Exercise 3:

Find the n-th Taylor polynomial of f(x) centered at x(, where
(a) n=10, f(x)=¢€", xo=
(b) n=3, f(z)=sinz, z¢=

Exercise 4:

(a) Write down the Taylor polynomial Ps(z), where f(x) =1In(1 — x) centered at 0.

(b) Hence, approximate In 0.99.



Solution

Exercise 1:

(i) a =1. (Check the previous tutorial)

-1 .
. h . sin h—nh
}Lg% h h—0 h ilL—>0 h?

As h — 0, sinh —h — 0 and h? — 0. By L’Hopital’s Rule

| sinh —h . cosh —1
im —— = lim———
h—0 h? h—0 2h

Ash—0,cosh—1— 0 and 2h — 0. By L’Hopital’s Rule

. cosh—1 . —sinh
lim = lim =0
h—0 2h h—0 2
Hence f(xz) is differentiable on = 0.
(ii) For  # 0,
rcosx —sinx
f/(ﬂﬁ) = 2
Ry .
lim f'(h) — f(0) ~ lim hcosh —sinh
h—0 h h—0 h3

As h — 0, hcosh —sinh — 0 and h® — 0. By L’Hopital’s Rule

hcosh—sinh_l. cosh—hsinh—cosh_il, 7sinh_
P h3 = a0 3h2 =T T3

Hence f(z) is twice differentiable on z = 0.
Exercise 2:

(i) As ¢ — 0, sindz — 0 and sin 5z — 0. By L’Hopital’s Rule

sin 4x . 4dcosdx 4
im — = lim =
z—0 sindxr  =—0 5cosbr 5

(ii) As x — 0, Incos2z — 0 and Incosz — 0. By L’Hopital’s Rule

In cos 2z . —2tan2zx . 2tan2x

im im
z—0 Incosz z—0 —tanx z—0 tanx

As x — 0, 2tan 2z — 0 and tanz — 0. By L’Hopital’s Rule

2tan 2z . 4dsec? 2z
im =lim ——— =
z—0 tanx z—0 sec2zx
(iii)
. 1 1 . zrz—1—-Inz
lim — — —— = lim

s—»1Inz z—1 221 (z—1)lnzx

Asz— 1,2 —1—Inz — 0and (z — 1)lnz — 0. By L’Hopital’s Rule

. o x—1—Inx . 1-1 . r—1
lim ———r— = lim ———— = lim ———
=1 (zr—1)Inz z—1 hla:—&—% z—=1 zlnex +z2 —1

Asz—1,z—1—0and zlnxz + 2 — 1 — 0. By L’Hopital’s Rule

| z—1 . 1 1
m ——=]11m — = —
z=1lzlnz4+x—-1 z—=1lhnz+1+1 2



Exercise 3:

(a) Note that the 5-th Taylor polynomial of e* centered at 0 is

2 u?) u4 u5

u

Put «w = 22. Then the 10-th Taylor polynomial of e* * centered at 0 is

4 .1‘6 .T8 xlO

1+ 22 +*+§+*+?

In other words,

s B T
1 S
+ 2% + 5 + 6 + + 120

f(x) =sinz, f'(r)=cosz, f'(x)=—sinz, ["(x)=

©)-1 r)-n )

The 3-rd Taylor polynomial of f(z) = sinx centered at g is

O R 1
2! 2
Exercise 4:
(a) , ,
= In(1 — / — _ " — " _
f@)=hl=a), f@)=-1 @) =g 1)
f0)=0, f(0)=-1, f'(0)=-1, f"(0)=-2
_ 145 2 4 2 3
Pg(x)f—xlexfix iy
(b) We approximate In 0.99 by Ps(x), where = 0.01.
.012 .013
Py(0.01) = —0.01 — 20 _ 001 601005
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