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Exercise 1:

Evaluate the following integrals by using trigonometric substitution or other methods.

(a)

∫
1√

x2 − 16
dx

(b)

∫
1

(4x2 + 1)
3
2

dx

(c)

∫
1

x2 + x+ 1
dx

Exercise 2:

Evaluate the following integrals by using integration by part or other methods.

(a)

∫
x sec2 xdx

(b)

∫
sin lnxdx

Exercise 3:

Let m and n be positive integers. Define

Im,n =

∫ 1

−1

(1 + x)m(1− x)ndx

Show that
Im,n =

n

m+ 1
Im+1,n−1

Hence show that

Im,n =
n! m! 2m+n+1

(m+ n+ 1)!

Exercise 4:

Calculate the area in the first quadrant bounded by

(a)
y = 4x, y = x4, x = 1

(b)
y = x2 tan−1 x, x = 1

(c)
y = 4x, y = x2



2

Solution

Exercise 1:

(a) Let x = 4 sec θ.∫
1√

x2 − 16
dx =

∫
1√

16 sec2 θ − 16
d(4 sec θ) =

∫
1

4 tan θ
4 sec θ tan θdθ =

∫
sec θdθ

= ln

∣∣∣∣ sec θ + tan θ

∣∣∣∣+ C = ln

∣∣∣∣x4 +

√
x2 − 16

4

∣∣∣∣+ C

(b) Let x =
1

2
tan θ.

∫
1

(4x2 + 1)
3
2

dx =

∫
1

(tan2 θ + 1)
3
2

d

(
1

2
tan θ

)
=

∫
1

sec3 θ

1

2
sec2 θdθ

=
1

2

∫
cos θdθ =

1

2
sin θ + C =

x√
4x2 + 1

+ C

(c) Let x =

√
3

2
y − 1

2
.

∫
1

x2 + x+ 1
dx =

∫
1(

x+
1

2

)2
+

3

4

dx =

∫
1

3

4

(
y2 + 1

)√3

2
dy =

2√
3

∫
1

y2 + 1
dy

=
2√
3

tan−1 y + C =
2√
3

tan−1

(
2√
3
x+

1√
3

)
+ C

Exercise 2:

(a) ∫
x sec2 xdx =

∫
xd tanx = x tanx−

∫
tanxdx = x tanx−

∫
tanx secx

secx
dx

= x tanx−
∫

1

secx
d secx = x tanx− ln secx+ C

(b) ∫
sin lnxdx = x sin lnx−

∫
xd sin lnx = x sin lnx−

∫
cos lnxdx

= x sin lnx− x cos lnx+

∫
xd cos lnx = x sin lnx− x cos lnx−

∫
sin lnxdx

Thus ∫
sin lnxdx =

x sin lnx− x cos lnx

2
+ C

Exercise 3:
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Im,n =

∫ 1

−1

(1 + x)m(1− x)ndx

=
1

m+ 1

∫ 1

−1

(1− x)nd(1 + x)m+1

=
1

m+ 1

[
(1− x)n(1 + x)m+1

]1
−1

−
∫ 1

−1

(1 + x)m+1d(1− x)n

=
n

m+ 1

∫ 1

−1

(1− x)n−1(1 + x)m+1dx

=
n

m+ 1
Im+1,n−1

=
n

m+ 1

n− 1

m+ 2
Im+2,n−2

=
n

m+ 1

n− 1

m+ 2

n− 2

m+ 3
Im+3,n−3

=
n

m+ 1

n− 1

m+ 2

n− 2

m+ 3
· · · 1

m+ n
Im+n,0

=
n

m+ 1

n− 1

m+ 2

n− 2

m+ 3
· · · 1

m+ n

∫ 1

−1

(1 + x)m+ndx

=
n

m+ 1

n− 1

m+ 2

n− 2

m+ 3
· · · 1

m+ n

1

m+ n+ 1

[
(1 + x)m+n+1

]1
−1

=
n

m+ 1

n− 1

m+ 2

n− 2

m+ 3
· · · 1

m+ n

1

m+ n+ 1
2m+n+1

=
n!

(m+ 1) · · · (m+ n+ 1)
2m+n+1

=
n! m!

(m+ n+ 1)!
2m+n+1

Exercise 4:

(a) The area is ∫ 1

0

(4x− x4)dx =

[
2x2 − 1

5
x5
]1
0

= 2− 1

5
=

9

5

(b) The area is∫ 1

0

x tan−1 xdx =

∫ 1

0

tan−1 xd
x2

2
=

[
x2

2
tan−1 x

]1
0

−
∫ 1

0

x2

2
d tan−1 x =

[
x2

2
tan−1 x

]1
0

−
∫ 1

0

x2

2(x2 + 1)
dx

=
π

8
−
∫ 1

0

x2 + 1− 1

2(x2 + 1)
dx =

π

8
− 1

2
+

∫ 1

0

1

2(x2 + 1)
dx =

π

8
− 1

2
+

[
1

2
tan−1 x

]1
0

=
π

8
− 1

2
+
π

8
=
π

4
− 1

2

(c) Solving y = 4x and y = x2, we have x = 0 or x = 4.
The area is ∫ 4

0

(4x− x2)dx =

[
2x2 − 1

3
x3
]4
0

=
32

3


