MATHG6081 A Homework 6

(a) Suppose m € R, v, € [0,1], and a € ST Show that T, maps S(R") into
itself, and that the map 7,: S(R") - S (R”) is continuous.

(b) Suppose m € R,y € [0,1], 6 € [0,1), and ¢ € C'ST';. Show that for every e > 0,
T, maps S(R") into itself, and that T, . f converges in the topology of S (R”)
as ¢ — 0% for every f € S(R"). Also show that the map Tjy: S(R") — S(R")
is continuous.

. Suppose ¢ € C'S™ for some m € R. Show that there exists a € S™ such that

ﬂc]f = Taf
for all f € S(R™). Also show that

a(x,§>~z(2”;) 5107 clzy.€), . .

v

in the sense that

THEDY @%W (@9, 6)l,_, € SV

[v|<N

for all N € N. (Hint: Let n be a fixed C* function on R™ supported on B(0,2),
such that n =1 on B(0,1). Then for any € > 0 and any f € S(R"), we have

T[c}f( ) hm Tcs 1]f< ) + lim T[CE,2]f<x>
e—0t

e—0

where

ce1(w,y,8) = c(x,y, )n(r — y)n(ef),
cep(7,y,8) = c(x,y,§)(1 —n)(x — y)n(ey)n(el)

and the convergence is in S(R™) (actually we just need pointwise convergence here).
Now

-~

Teaf(@) = [ ateOf@em e

where
veal.8) = [ [ e e Sayag
— [ @ec-gopmeoa
~ [ @it g e

here ¢, ; is the Fourier transform of ¢ in the middle variable. Taylor expanding, we
get, for N > m, that

Tl GE+0) = 3 00 (@, GO0 + Ralw,G.9)

lv[<N
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where the remainder Ry (z, (, &) satisfies, uniformly in £, that

sup sup |0507 Ry (2, ¢, €)| Swxas N+

zERM £€Rn

for all ¢ € R® and all N € N, and

sup 0707 Ry (2, ¢, €)| Snvas 11V 1+ IC) N (1 + fgym W

rER™
whenever |£] > 2|¢| and N € N. Plugging this back into the formula for a. ;, we get
(2mi) =1 .
a1 (z,8) = ) 0k (@, O,y + ()
lyl<N

where e (z,£) € S™ N uniformly in e. Next,

Teaf@) = [ aaeF O

where
0e2(7,€) = / / cea(,y, Q)T D dyd(.
But since ¢, 2(z, y, ) is supported away from x = y, one can integrate by parts using

2mi(x—y)-(C—
e27ri(x—y).(<‘,£) _ Ac€ ( y) (C f)

—dm?|r — y]?

to gain decay in (. Also, since c.o(z,y,() is compactly supported in y, one can
integrate by parts using

(I—Aye 2mi(z—y)-((—¢)

2mi(e=y)-(C=€) _
14 4m2[€ — (]

to gain decay in |§ — (|. This shows

(1+ [¢])m—
e d
'““'N/n/,wmx— YL+ e — o W

which is <z (14 |¢])™N for all N € N upon dividing the domain of integration
into where |(| < |£|/2 and || > |£]/2, and the estimate is uniform in e. Similarly,
|8“8ﬁa82(x O] Sxap (L+ €)™ for all N € N, uniformly in e. Thus a.»(z, &) €

S™m- i for all N € N, uniformly in €. It remains to observe that

lim (‘9"/87 Ce 1(.’13 Y, f)l - 8;ag C(:L’,y,f)\

e—0t Y y=r

pointwisely for all |y] < N, and that there exists a symbol ey(z, &) € S™V, such
that

lim (ec1(x,&) + a-2(x,§)) = en(z,§)

e—0t
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pointwisely. By dominated convergence, this shows that if

Al
ol = 3 BT 000] clay. O+ en,6),

[vI<N

then
Tigf(x) = [ a(z,&)f(€)e*™ de = T, f(x)
RTL
for all f € S(R™); note that a(x,&) satisfies the desired asymptotic expansion by
construction.)

3. (a) Show that if @ € S™, then the formal adjoint of T, is given by a pseudodiffer-
ential operator with symbol a*, where

i)~ -
0.6 ~ 3 T o 0 )

| _
S Y- y=x

(b) Show that if a; € S™ and ay € S™2, then T,,T,, is a pseudodifferential operator
with symbol a, where

i)~
a(x, &) ~ Z %(ﬂaﬂx,f)@l@(x,f).

Y

a

(Hint: Use the previous question. Note that T,,T,, = T,, T has compound
2

symbol a;(z, §)as(y,€), and part (a) shows that

=17 -
ar(w, &) ~ S E L oy 5,0

I _
> y: y=x

See also Stein’s Harmonic Analysis, Chapter VI, Section 3 for a more direct
proof.)

4. (a) Show that for any sequence of real numbers ¢, 1, . . ., there exists a C* function
f: R — R such that f#)(0) = ¢, for all £ > 0. (Hint: Consider

o0 k

x x

flz) = ZU (57;) kT
k=0

where n € C°(R) and ¢y, is a sequence of positive numbers that tend to 0 very

rapidly.)

(b) Suppose m € R. Given a sequence of symbols ag,ay,... with a, € S™* for
all £ > 0, show that there exists a symbol a € S™, such that for every N € N,
there exists ey € S™ !V with

i

CL($,£): ak<x7£)+eN($>€>'

0

i

(Hint: Mimic the proof of (a).)
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5. (Hilbert-Schmidt norm) Let T" be an integral operator defined by

Tf(x) = / K (2, 9)f (4)dy,

where
1K (2, y)|| 22 (deayy < C-

Show that T is bounded on L? with operator norm < C. (Hint: Estimate |Tf(z)|?
using Cauchy-Schwarz:

i < ([ ta) ( [1roPa).

Then integrate in z.) Can you interpret this as a bound for the operator norms of
matrices in linear algebra?

6. (Schur’s test) Let 7" be an integral operator defined by

Tf(z) = / K (2, 9) (y)dy.

where
sup || K(z, y)||p1ayy < A and  sup || K (2, )| 11 ) < B-
x Yy

Show that T is bounded on L? with operator norm < +VAB. (Hint: Estimate
T f(z)|? using Cauchy-Schwarz:

T () < A2 / K ()| () Pdy.

Then integrate in x. Alternatively, use duality: Assume ||f||z2 = ||g|[zz = 1. Then

[ ri@steids < [ [ 1K1 @)dyds
\/Z 2 \/E 2
< 22 | [ i@alswpPas+ 22 [ 1K@ llo)Pdyis

where we used AM-GM in the last inequality. Yet another way is to interpolate
between T: L' — L' and T': L> — L*°.) Can you interpret this as a bound for the
operator norms of matrices?

7. Let {7;}jez be an ¢! sequence of non-negative real numbers, with A := 3., ;.

(a) Prove that if {t;}7_, is a finite sequence of real numbers with [t;t;| < 77
for all 4,7 = 1,...,J, then Z}]:1 it;| < A. (Hint: Let j, be the index where
’tj()’ = Inax; |tj| Then

J J J
D It] < P2 1 < o2 ol 5
j=1 j=1 j=1

which is bounded by A.)
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(b) Prove the original version of Cotlar’s lemma: If {Tj}j:1 is a finite sequence of
commuting self-adjoint operators on a Hilbert space H, with

| T3 T g sm < %;2—j

for all 4,7 = 1,...,J, then for T" = ijlTj, we have ||T||pn < A. (Hint:
Simultaneously diagonalize the T;’s, and use part (a).)

8. Let {f;} be a sequence in a Hilbert space H, and A € R. Suppose for any sequence
{e;} that satisfies e; € {—1,0, 1} for all j and has only finitely many non-zero terms,

we have
E i f
J

Show that ; f;j converges in H. (Hint: Suppose not, then there exists some ¢ > 0,
and some sequences { My}, { Ny} with My < Ny < My for all k € N, such that if

Fi = Z Jis

M <|7|<Ng

< A

then ||Fi|| > 0. As a result, 11 ||Fi]|> > A% if K is sufficiently large. But our
assumptions imply that

K
dOIR? < A2
k=1

for all K € N. Hence the desired contradition.)

9. Suppose {7}};ez is a family of bounded linear operators on a Hilbert space H, for
which there exists a non-negative ¢' sequence {7;};ez with > ;v = A < oo such
that

||T’]||H—>H <A for aH] €7
1T Tl asm < yjve for all j # k&
T;T; =0 forall j # k.
Show that > ._, T; converges strongly to a bounded linear operator 7" on H, with

jezti
T o < V2A.

This is a cruder version of Cotlar-Stein, which can sometimes be used as a substitute
in applications and admits a much more direct proof. (Hint: The ranges of T7’s
are orthogonal, so there exists mutually orthogonal projections E;’s such that T =
E;T; for all j € Z. This shows T; = T;Ej for all j € Z, so

2
SNmfl| = Y IR+ Y ATT )

gl i< g1, |EI<N
i#k
< AIESP+ DD wnlfIP <24°) )
JI<N 71|k <N
%k

uniformly for N € N. This also holds with 7} f replaced by £7;f. One can thus let
N — oo by invoking the result in the previous question.)
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10. Let H be the Hilbert transform on R, defined as convolution with the tempered
distribution given by the principal value of W—lgc The goal of this question is to prove
the L? boundedness of H by appealing to Cotlar-Stein.

Let ¢ () be a smooth even function on R, for which ¢(z) = 1if |x| < 1, and ¢(z) =0
if |z] > 2. Let p(z) = ¢ (x) — 1 (2x) so that ¢ is supported on {1/2 < |z| < 2}, and
> ez P(27x) =1 for all z # 0. For each j € Z, let

Also let
Tyf(z) = £+ ky(z) for f € S(R).

(a) Show that Z| <N k; converges to the principal value of % in the topology of

S'(R) when N — 4o00. Hence for f € S(R™), we have pointwise convergence of
>jien Lif(x) to H f(x) as N — oo.

(b) Show that

27
k; S —
and more generally
(1+|al)
0k (2)] < —
Y (14 27]a))?

Also show that

/n kj(x)dz = 0.

c¢) Using Cotlar-Stein, show that T converges strongly to H in L2, and
lil<N =J
conclude that H is bounded on L?*(R).

11. (a) (Calderén-Vaillancourt theorem) Let a € S§,. Show that the pseudodifferential
operator T, initially defined on S(R™), extends to a bounded linear operator
on L*(R™). (Hint: Let S = T,F ! where F~! is the inverse Fourier transform
on R™. Then by Plancherel, it suffices to show that S extends to a bounded
linear operator on L*(R"). Let 37 ;. ¢(z — j1) = 1 be a smooth partition of
unity on R", where ¢ is a non-negative smooth function with compact support
on B(0,1). Similarly, >~ ;. ¢(§ —j2) = 1 is a smooth partition of unity on the
¢ space. For j = (j1,7J2) € Z" X 7", let

Sif(@) = | d(z = ji)alz,€)d(€ — jo) f(€)e*™dE

R

for f € S(R"), so that Sf =3 ,cz2. S;f for all f € S(R™) with convergence in
S(R™). Now for all j,k € Z*" and f € S(R™), we have

5,511() = [ Knle.) )y
where

Kji(z,y) = oz — j1)a(z, £)d(E — 72)o(& — ko)a(y,§)o(y — kl)e%i(”_y)'ﬁdg

Rn
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But Kji(x,y) =0 if |jo — ko| > 2,

K@, 9)| S oz — ji)o(y — ki),
and if one integrates by parts using

2mi(x—vy)-
e27ri(x—y)~§ _ A£€ mi(r—y)-§

—Am?|z —y[*’

one gets

[Kjn(2,y)| SN o(x — j1)o(y — k1)

lj1 — k1|
for any N € N, if |j; — ky| > 3. Thus

1

S Sillrege < —m—
H J kHL —L* 5 (1—|—|j—/€|)N

By symmetry, the same is true for ||S;S||z2—z2. One can then apply Cotlar-
Stein. Note that this gives another proof that T,: L* — L* if a € S® = S}.)

More generally, let a € Sgﬁ for some vy € [0,1). Show that the pseudodifferential
operator Ty, initially defined on S(R™), extends to a bounded linear operator on
L*(R™). (Hint: Let a € S with v € [0,1). By replacing a(z, &) by ac(z,&) :=
a(xz,&)n(ex)n(ef) for some n € CX(R™) with n(0) = 1, we may assume that
a(x, &) has compact support in both z and ¢; this works because a.(z, &) € Sgﬁ
uniformly in e, and T,_f — T,f in S(R") for all f € S(R™) as ¢ — 0F. Define
Littlewood-Paley decomposition I = Py + > 72| A; by letting

~

Pof = F (& F (),

Asf = Fp2799)f(O) forj > 1,
where (&) is a real-valued smooth function with compact support on the unit
ball B(0,2), with ¥(§) = 1 on B(0,1), and ¢(&) = (&) — ¥(2€) so that ¢ is
supported on the annulus {1/2 < [¢| < 2}. Write

T, =T,P, + iTaAj.

Jj=1

T, Py clearly extends to a bounded linear operator on L?(R"), since its symbol
is in SY,. We claim that i odd LaAj extends to a bounded linear operator on
L*(R™): indeed if j, k are odd and distinct, then T,A;(T,Ay)* = 0, and

(LA (T2)f(@) = | Ku(r.0) f(w)dy

for all f € S(R™), where

Ko, y) = / / / Ao e(27n)az, n)p (2 ) il D a2 gy g
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satisfies

| K, y)] Sn 2m‘”"‘{j’k}(”‘”N/ (14 |z = 2™ (1 + | —yl) "V dz.

(The interchange of order of integration is justified by Fubini, since a(z,§)
has compact x and £ supports.) If N > n, then Schur’s test shows that
(To ) (T 122 Sy 2083k O-DN "go by Cotlar-Stein (or the result of
Question 9), to show that > J odd T,A; extends to a bounded linear operator on

L*(R™), it remains to show that ||7,A,| z2_z2 are uniformly bounded in j. This
follows from part (a), since if D; is the L*:-norm-preserving dilation given by

D, f(x) == 272 f(277a),

then
ITuAjll 2522 = || D ' Tuldj Dyl 1212,

whereas Dj_lT «A;D; is a pseudodifferential operator with symbol
a(2772, 277€)p(277277¢),

which is in S§, uniformly in j since @ € SY_. Similarly 3 T,A; extends to

J even
a bounded linear operator on L*(R").)



