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ABSTRACT. Given a degenerate Calabi-Yau variety X equipped with local deformation data, we
construct an almost differential graded Batalin-Vilkovisky (almost dgBV) algebra PV ™" (X), giving
a singular version of the extended Kodaira-Spencer dglLa in the Calabi-Yau setting. Assuming
Hodge-to-de Rham degeneracy and a local condition that guarantees freeness of the Hodge bundle,
we prove a Bogomolov-Tian-Todorov—type unobstructedness theorem for the smoothing of singular
Calabi-Yau varieties. In particular, this provides a unified proof for the existence of smoothing of
both log smooth Calabi-Yau varieties (studied by Friedman [18] and Kawamata-Namikawa [37]) and
maximally degenerate Calabi-Yau varieties (studied by Kontsevich-Soibelman [41] and Gross-Siebert
[26]). We also demonstrate how our construction yields a logarithmic Frobenius manifold structure
on a formal neighborhood of X in the extended moduli space using the technique of Barannikov-
Kontsevich 2] [1].

1. INTRODUCTION

1.1. Background. Deformation theory plays an important role in algebraic geometry, mirror sym-
metry and mathematical physics. Two major approaches are the Cech approach [54] and the
Kodaira-Spencer differential-geometric approach [49]. The latter is particularly powerful in Calabi-
Yau geometry [4] 63, [64]. Given a Calabi-Yau manifold X, the Kodaira-Spencer differential graded
Lie algebra (abbrev. dgLa) (Q2%*(X, T)l(’o), 0,[,*]) can be upgraded to a differential graded Batalin-
Vilkovisky (abbrev. dgBV) algebra (Q%* (X, A*T19),0, A, A). The famous Bogomolov-Tian-Todorov
Theorem [3], 59, 60] then gives unobstructedness of deformations, or equivalently, local smoothness
of the moduli space, as well as a local structure of Frobenius manifold on the extended moduli space
by the work of Barannikov-Kontsevich [2], [1].

A degeneration of Calabi-Yau manifolds { X} gives a singular Calabi-Yau variety which is equipped
with a natural log structure in the sense of Fontaine-Illusie and Kato [33]. Smoothing of de-
generate Calabi-Yau varieties via log geometry is therefore fundamental in the study of global
and compactified moduli spaces of Calabi-Yau manifolds. Two fundamental results in this direc-
tion are the existence of smoothing of log smooth Calabi-Yau varieties studied by Friedman [18]
and Kawamata-Namikawa [37] and that of maximally degenerate Calabi-Yau varieties studied by
Kontsevich-Soibelman [41] and Gross-Siebert [26]; two entirely different methods, namely, T!-lifting
in the former and the scattering diagram technique in the latter, are used respectively.

It is a well-known philosophy that any deformation problem should be governed by a dgLa (or more
generally, an L-algebra), after pioneering works of Quillen, Deligne and Drinfeld (see e.g. [40]).
A lot has been done in this direction; see e.g. [15, 14} [16] 17, 27, 29, [45] 47, [46] 48| [51]. Employing
this framework, Bogomolov-Tian-Todorov-type theorems have been formulated and proven in the
Calabi-Yau setting, e.g. in [38, B35 36, 32, B30, B3I]. On the other hand, our earlier work [6] and
[7], where we realized the proposals by Kontsevich-Soibelman [39] and Fukaya [20], have shown how
asymptotic expansions of the Maurer-Cartan elements of the Kodaira-Spencer dgLa Q%*(X, A*T)l(’O)

(where X is a torus bundle over a base B) could give rise to scattering diagrams and tropical disk
1
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counts as the torus fibers shrink. Scattering diagrams and tropical counts were used by Kontsevich-
Soibelman [41] and Gross-Siebert [26] to construct quantum-corrected gluing data to solve the
important reconstruction problem in mirror symmetry, which is a crucial step in understanding the
Strominger-Yau-Zaslow proposal [57]. Our results in [6, [7] indicate that scattering diagrams and
tropical counts are encoded by Maurer-Cartan elements.

It is therefore natural to ask whether a dgLa (or better, a dgBV algebra) governing the smoothing
of (maximally) degenerate Calabi-Yau varieties can be constructed. One major difficulty arises
from non-trivial topology change dictated by the residue of the Gauss-Manin connection in such a
degeneration, so simply taking the trivial product Q%*(X, A*T1%)[[¢]] does not lead to smoothing
— this is in sharp contrast with deformations of smooth manifolds where the topology remains
unchanged. It turns out that one cannot expect to get a genuine dgBV algebra. In this paper we
show that instead an almost dgBV algebra PV**(X) can naturally be constructed from a degenerate
Calabi-Yau variety X, giving the analogue of the Kodaira-Spencer dgBV algebra in the smooth case,
and prove that (the classical part of) its Maurer-Cartan equation indeed governs the geometric
smoothing of X.

More precisely, motivated by the divisorial log deformation theory studied by Gross-Siebert [24)
25], we develop an abstract algebraic framework to construct an almost dgBV algebra PV**(X)
from local deformation (or thickening) data attached to X via a local-to-global Cech-de Rham-type
gluing construction (see Theorem [L.I)). Such a simplicial construction of PV**(X) can capture the
aforementioned nontrivial topology change because the local thickenings are not locally trivial. It
also allows us to directly link the smoothing of degenerate Calabi-Yau varieties with the Hodge
theory developed in [2, [II, 38, 35, [44], and this will be important in future study of degenerate
Calabi-Yau varieties and the higher genus B-model [§] via (almost) dgBV algebras.

We give two applications. First, assuming Hodge-to-de Rham degeneracy and a local condition
that guarantees freeness of the Hodge bundle, we prove a Bogomolov-Tian-Todorov—type unob-
structedness theorem for the smoothing of X (see Theorem . Theorem is within a singular
analogue of the framework of Katzarkov-Kontsevich-Pantev [38],[35] and its proof just uses standard
techniques in BV algebras [38, 35, [58]. In particular, this gives a unified proof for the existence of
smoothing in both the log smooth and maximally degenerate cases because both assumptions are
known in these cases. Second, under two further assumptions, we construct a logarithmic Frobenius
manifold structure on a formal neighborhood of X in the extended moduli space by the technique
of Barannikov-Kontsevich [2, [I] (see Theorem [1.3]).

Very recently, Felten, Filip and Ruddat [I3] proved that the Hodge-to-de Rham degeneracy as-
sumption and the local condition in Theorem both hold for so-called toroidal crossing spaces —
a very general class of spaces that includes both log smooth and maximally degenerate Calabi-Yau
varieties. So applying Theorems andyields the existence of smoothing for all such spaces (see
[13] for more details). In particular, the compactified moduli space of Calabi-Yau manifolds should
parametrize these spaces and the moduli is smooth over those points. In an even more recent work
[12], Felten showed that the almost dgla we constructed here (called a pre-dgLa in [12]) governs
the log smooth deformation functor; he also gave a nice explanation why ordinary dgla’s are not
sufficient in controlling deformations of a log smooth morphism.

1.2. Main results. To describe our main results, fix a monoid @) and let C[Q] be the universal
coefficient ring equipped with the monomial ideal m = (Q \ {0}).

1.2.1. A singular analogue of the Kodaira-Spencer dgBV algebra (@ & @ Consider a complex
analytic space (X, Ox) equipped with a covering V = {V, }, by Stein open subsets, together with
local deformation or thickening data attached to each V,, which consist of a k*P-order coherent sheaf



GEOMETRY OF THE MC EQUATION NEAR DEGENERATE CY 3

of BV algebras (’fg;;, /\,kAa) over *R := C[Q]/m*t! acting on a k'™-order coherent sheaf of de
Rham modules (*K%, A, *9,) (see Definitions & in §2)) for each k € Z>p. Then fix another
covering U = {U; };en by Stein open subsets equipped with higher order local patching data, which
are isomorphisms k@[)aﬁ,i *Galu, = FG slu, of sheaves satisfying some conditions (Definition .
In geometric situations, these patching isomorphisms always come from local uniqueness of the local

thickening data, but they are mot compatible directly. Fortunately, the differences between these
data are captured by Lie bracket with local sections from ¥G* (see Definition [2.17)).

The ordinary Cech approach to deformation theory is done by solving for compatible gluings
kgag : kg;; — ’“g;; and understanding the obstructions in doing so. In our situation, instead of
gluing directly, we first take a dg resolution of the sheaf ¥G* given as a sheaf of dgBV algebras
kPVy* defined by the Thom-Whitney construction [62, I1]. Then we solve for compatible gluings
kgag RPVE kPVE’* which satisfy the cocycle condition and are compatible for different orders

k. Morally speaking, this works because the local sheaves ¥ PV5*’s are more topological than the
k G»’s. Now the upshot is that this gives rise to an almost dgBV algebra (meaning that the derivation
is a differential only in the 0-th order), instead of a genuine dgBV algebra, which is already sufficient
for deducing unobstructedness. Our first main result is the following:

Theorem 1.1 (=Theorem + Proposition + Theorem [3.34). There exists an almost dif-
ferential graded Batalin-Vilkovisky (abbrev. dgBV) algebra of polyvector ﬁeldﬂ

(PV**(X),0, A, M)

over C[[Q]] meaning that it satisfies all the dgBV algebra identities except that the equations 0% =
OA + A0 = 0 hold only in the 0-th order, i.e. when restricted to °PV**(X) = PV**(X) Rc(qQ]]

(ClQ/{@\ {0})).

In geometric situations such as the log smooth case studied by Friedman [I§] and Kawamata-
Namikawa [37] and the maximally degenerate case studied by Kontsevich-Soibelman [41] and Gross-
Siebert [25], this theorem provides the correct singular analogue of the Kodaira-Spencer dgBV
algebra automatically yielding smoothing of the singular Calabi-Yau variety X.

1.2.2. Unobstructedness (4 € §3). Now we consider the extended Maurer-Cartan equation
(1.1) (O+tA+[p,])* =0

for ¢ € PV**(X)[[t]], where t is the descendant parameter as in [I]. Using standard techniques in
the theory of BV algebras [38,[35, 58], we prove an unobstructedness theorem under two assumptions:

e the Hodge-to-de Rham degeneracy assumption saying that H*(°PV (X)[[t], 0+t A) is a free
C[[t]] module (Assumption [5.4)), and
e a local condition that guarantees freeness of the Hodge bundle (Assumption [4.15).

Theorem 1.2 (=Theorem[5.5]+ Lemma + Proposition[5.13)). Under Assumptions[4.15 and[5.4)
the extended Maurer-Cartan equation (L.1)) can be solved order by order for ¢ € PV**(X) @ CJ[t]].

In particular, geometric deformations (i.e. smoothing) of X over Spf(C[[Q]]) are unobstructed.

This can be viewed as a singular version of the famous Bogomolov-Tian-Todorov (BTT) theorem
[3, 59, [60] as well as the framework put forth by Katzarkov-Kontsevich-Pantev [38] [35].

IWe are using the Cech approach but the operator is written as & because it plays the role of the Dolbeault operator
in the differential-geometric approach, and similarly, we write PV *(X) because it plays the role of the complex of
polyvector fields.
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We remark that Assumption depends on how good the models of the local smoothing are.
If the local models are good enough, Theorem essentially reduces smoothability of X to the
Hodge-to-de Rham degeneracy (i.e. Assumption .

1.2.3. Log Frobenius manifold structures (@ From the almost dgBV algebra PV**(X), we want
to construct a logarithmic Frobenius manifold structure on a formal neighborhood of X in the
extended moduli space by directly adapting the techniques developed by Barannikov-Kontsevich
[2, 1]. For this purpose, we suitably enlarge our coefficient ring C[Q] to include all the extended
moduli parameters.

Firstly, from the log structure on X, we have the complex of log de Rham differential forms
* and we can construct the residue action N, of the Gauss-Manin connection V acting on the
cohomology H*(X, Q*) for each constant vector field on Spec(C[Q)]) given by v € (Q9%)Y @z R. We
assume the following:

e the existence of a weight filtration of the form
{0} CW<oC - CWe,r C--- C Wy =H(X,Q)

indexed by half-integer weights r € %Z which is opposite to the Hodge filtration F*(H*(X, Q*))
(Assumption [6.12), and

e the existence of a trace map tr : H*(X, Q*) — C such that the associated pairing °p(a, 3) :=
tr(a A ) is non-degenerate (Assumption [6.17)).

Given a versal solution ¢ to the Maurer-Cartan equation (1.1)), we consider the m module
Ho o=l H*("PV*(X)[[H]], 0+t A+ [, ]),
k

which is equipped with the Gauss-Manin connection V together with a V-flat pairing (-,-) con-
structed from ©p.

Theorem 1.3 (=Theorem [6.28). The triple (H,V,{:,-)) is a semi-infinite log variation of Hodge
structures in the sense of Definition [6.3. Under Assumption we can construct an opposite
filtration H_ to the Hodge bundle Hy in the sense of Definition [6.5. Furthermore, there exists a
versal solution to the Maurer-Cartan equation such that e/t gives a miniversal section of the
Hodge bundle in the sense of Definition[6.26. Finally, under Assumption[6.17, there is a structure of
logarithmic Frobenius manifold on the formal neighborhood Spf(C[[Q]]) of X in the extended moduli
space constructed from these data.

1.2.4. Geometric applications (¢ @ & @) In the last two sections, we explain how to apply our results
to the geometric settings studied by Friedman [I8] and Kawamata-Namikawa [37] (§7 the log smooth
case) and Kontsevich-Soibelman [4I] and Gross-Siebert [26] (§8} the maximally degenerate case).
In both cases, there is a covering V, of X together with a local thickening V,, (which is toric in
both cases) of each V,, over Spec(C[Q)):

Vi ©

Vl'a
Spec(C) —————Spec(C[Q)])
These serve as local models for the smoothing of X.

Let Z C X be the codimension 2 singular locus of the log-structure of X and write the inclusion of
the smooth locus as j : X \ Z — X. We take *G¥ to be the push-forward of the sheaf of relative log
polyvector fields from X \ Z to X and lej; as the push-forward of the sheaf of total log holomorphic
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de Rham complex from X \ Z to X. The higher order patching data kﬂ)aﬁ,i come from uniqueness of
the local models near a point in X, and they fit into our algebraic framework. Also, both freeness of
the Hodge bundle (or Assumption and Hodge-to-de Rham degeneracy (i.e. Assumption
have been proven: [37, Lemma 4.1] in the log smooth case and [25, Theorems 3.26 & 4.1] in the
maximally degenerate case. Therefore, we obtain the following corollary.

Corollary 1.4 (see Corollaries and. In both the log smooth and maximally degenerate cases,
the complex analytic space (X, Ox) is smoothable, i.e. there exists a k™-order thickening (*X,*O)
over *St locally modeled on ¥V, for each k € Z>o, and these thickenings are compatible.

As mentioned before, the recent works [13], [12] by Felten, Filip and Ruddat have already shown
that our results are applicable to much more general geometric situations.
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NOTATION SUMMARY

Notation 1.5. We fix a rank s lattice K together with o strictly convexr s-dimensional rational
polyhedral cone Qr C Kgr := K®z R. We let Q := Qr N K and call it the universal monoid. We
consider the ring R := C[Q] and write a monomial element as ¢ € R for m € Q, and consider
the mazimal ideal given by m := C[Q \ {0}]. We let *R := R/mF*! be the Artinian ring, and
R = @k kR be the completion of R. We further equip R, *R and R with the natural monoid
homomorphism Q — R, m — ¢, giving them the structure of a log ring (see [26], Definition 2.11]);
the corresponding log spaces will be denoted as ST, ¥St and St respectively.

Furthermore, we let Q% := R®c \" Kc, kQ*ST =*Roc N"Kc and Q*ST .= Roc N*Kc (here
Kc = K ®7 C) be the spaces of log de Rham differentials on ST, kSt and ST respectively, where we
write 1 ® m = dlogq¢™ for m € K; these are equipped with the de Rham differential O satisfying
A(g™) = ¢™dlogq™. We also denote by Ogi := R ®c K¢, Ogi and ésh respectively, the spaces
of log derivations, which are equipped with a natural Lie bracket [-,-]. We write 0, for the element
1 ®@ n with action 8,(¢™) = (m,n)g™, where (m,n) is the natural pairing between K¢ and K.

For a Z2-graded vector space V** = @D, , V", we write vk = D, gr VP and V* = P, vk if
we only care about the total degree. We also simply write V if we do not need the grading.

Throughout this paper, we are dealing with two Cech covers V = (V,)q and U = (Ui)iez.. at the
same time and also k*'-order thickenings, so we will use the following (rather unusual) notations:
The top left hand corner in a notation kQ refers to the order of #. The bottom left hand corner
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in a notation ,# will stand for something constructed from the Koszul filtration on ,K,’s (as in
Definitions and [2.20), where ® can be r, 71 : 73 or || (meaning relative forms). The bottom right
hand corner is reserved for the Cech indices. We write #,...o, for the Cech indices of V and #;,...;,
for the Cech indices of U, and if they appear at the same time, we write W apioip-

2. THE ABSTRACT ALGEBRAIC SETUP

2.1. BV algebras and modules.

Definition 2.1. A graded Batalin-Vilkovisky (abbrev. BV) algebra is a unital Z-graded C-algebra
(V*,A) together with a degree 1 operator A such that A(1) =0, A% =0 and the operator 6, : V* —
VL defined by 6,(w) :== A(v Aw) — A(w) Aw — (=1)IPlo A A(w) is a derivation of degree |v] + 1
for any homogeneous element v € V* (here |v| denotes the degree of v).

Definition 2.2. A differential graded Batalin-Vilkovisky (abbrev. dgBV) algebra is a graded BV
algebra (V*, N\, A) together with a degree 1 operator O satisfying

AaAB)=(0a)AB+ (=D)Yan@d8), 9>=0A+Ad=0.

Definition 2.3. A differential graded Lie algebra (abbrev. dgLa) is a triple (L*,d,[-,-]), where
L=, L% ] : L* ® L* — L* is a graded skew-symmetric pairing satisfying the Jacobi identity
[a, [b, ¢]] + (—=1)lellblHlallel[p, [c, a]] 4 (—=1)lallel+bllel[c [a,b]] = O for homogeneous elements a,b,c € L*,
and d : L* — L*T! is a degree 1 differential satisfying d> = 0 and the Leibniz rule dla,b] =
[da,b] + (—=1)!%l[a, db] for homogeneous elements a,b € L*.

Given a BV algebra (V* A, A), the map [-,]] : V@V — V defined by [v,w] = (=1)I!l6,(w) is
called the associated Lie bracket}] Using this bracket, the triple (V*[—1], A, [,+]) forms a dgLa.

Notation 2.4. Given a nilpotent graded Lie algebra L*, we define a product ® by the Baker-
Campbell-Hausdorff formula: vOw = v+w+ %[v, w]+--- forv,w € V*. The pair (L*,®) is called
the exponential group of L* and is denoted by exp(L*).

Lemma 2.5 (See e.g. [47]). For a dgLa (L*,d,[-,-]), we consider the endomorphism ady := [0, "]
for an element 9 € L such that ady is nilpotent. Then we have the formula

ady __ 1
e (d+ (¢, —])e™ P = d + [ (), ) — [———(dV), ]
ady
for € € L*. For a nilpotent element ¥ € L°, we define the gauge action
ady __ 1
. pady _ €
exp(V) x & = e (§) = — o —(dv)

for & € L*. Then we have exp(¥1)* (exp(2) x ) = exp(¥ ©@V2) *&, where © is the Baker-Campbell-
Hausdorff product as in Notation [2.]}

Definition 2.6 (see e.g. [42]). A BV module (M*,0) over a BV algebra (V*,A,A) is a complex
of C-vector spaces equipped with a degree 1 differential O and a graded action by (V*, N\), which will
be denoted as 1, = va: M* — M*T’l (for a homogeneous element v € V*) and called the interior
multiplication or contraction by v, such that if we let (—1)I’1L, := [0, v1] := do (v1) — (=1)I*I(v1) 00,
where [-,-] is the graded commutator for operators, then [Ly,,ve1] = [v1, v2]o.

2For polyvector fields on a Calabi-Yau manifold, we have [-,-] = —[-,]sn, where [, -]sn is the Schouten-Nijenhuis
bracket; see e.g. [28] §6.A].
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Given a BV module (M*,9) over (V*,A,A), we have [0,L,] = 0, Ly 0, = {Luy, Loy} and
Loinvy = (_1)‘1)2"61)1 0 (v2) + (v14) © Ly,

Definition 2.7. A BV module (M*,0) over (V*,A,A) is called a de Rham module if there is a
unital differential graded algebra (abbrev. dga) structure (M*, A, D) such that vi acts as a derivation
forve V=t ie vi(wi Awy) = (val)/\wg—&—(—1)|w1|w1/\(mw2), and vi(wi Aws) = (vowy) Awg =
w1 A (vows) for v € VY. If in addition there is a finite decreasing filtration of BV submodules
{0} = yM*---C ,M*C - M* = M*, then we call it a filtered de Rham moduleﬂ

Given a de Rham module (M*, ) over (V* A, A), it is easy to check that for v € V1, L, acts
as a derivation, i.e. L,(wy Aws) = (Lywi) A wg + wy A (Lyws).

Lemma 2.8. Given a BV algebra (V*, A, A) acting on a BV module (M*,0) both with bounded
degree, together with an element v € V™1 such that the operator vA is nilpotent and element w such
that O w = 0 satisfying A(a)sw = O(asw), we have the following identities

00 k & k
exp([A,vA])(1) = exp (Z C jj}l)! (Av)), exp([0,v.]) w = exp (Z v ji)l)! (Av))_n w
k=0 k=0

where &, is the operator defined in Definition |2.1].
Proof. To prove the first identity, notice that [A, vA] = §, + (Av)A and

exp (Z (k+1)!(Av)> :1—1—2 Z ]

... |
k=0 m>10<ki <<k, (511) -+ (sm!)
81, ,8m >0

651 S1 65m S
(s (Av)™ - (g iy (Aw)) ™
(k1+1) ( )

So it suffices to establish the equality

651 51 6§m Sm
(wrm@n) - (mrm(ao)
(s1) -+ (sm!) ’

(6, + (Av/\))L
I (1) = Z
’ 0<k1<<km, 81, ,8m>0:
(k1+1)81+---(km+1)8m:L

which can be proven by induction on L. Essentially the same proof gives the second identity. O

2.2. The 0*P-order data. Let (X,0 x) be a d-dimensional compact complex analytic space.
Definition 2.9. A 0"-order datum over X consists of:

e a coherent sheaf of graded BV algebras (°G*,[-,-], A,°A) over X (with —d < x < 0), called
the 0*P-order complex of polyvector fields, such that °G® = Ox and the natural Lie algebra
morphism °G™1 — Der(Ox), v [v,-] is injective,

e a coherent sheaf of dga’s (°IC*, A,°0) over X (with 0 < x < d+s) endowed with a dg module
structure over the dga OQET, called the 0™-order de Rham complex, and equipped with the
natural filtration 9KC* defined by 2K* = OQé%f ACK* (here A denotes the dga action),

e a de Rham module structure on °IC* over G* such that [po,aN] = 0 for any ¢ € °G* and

a € OQET, and

e an element “w € T(X, K%/ 0K with °0(°w) = 0, called the 0t"-order volume element,
such that

3This is motivated by the de Rham complex equipped with the Koszul filtration associated to a family of varieties;
see e.g. [50, Chapter 10.4].
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(1) the map 2% : (°G*[—d],°A) — (8K*/9K*,°0) is an isomorphism, and
(2) the map %01 : OQET ®c (/I [-r]) — 2/, K", given by taking wedge product by
Q7 (OST (here [—r] is the upshift of the complex by degree ), is also an isomorphism.

Note that (OIC*, A, 08) is a filtered de Rham module over °G* using the filtration K*, and the map

961 is an isomorphism of BV modules. We write (ﬁlC*,Oa) = (3k*/9K*,99) and Yo := (20_1)_1.

Remark 2.10. When X is a d-semistable log smooth Calabi- Yau variety as in [37], °G* is the sheaf
AN @XT/Osf of relative logarithmic polyvector fields over the log point °ST, and °IC* is taken to be
the sheaf °K* := Q}T/@ of total logarithmic differential forms. Our filtration %KC* is motivated by
the Koszul filtration from the variation of Hodge structure (see e.g. [50]) so that ﬁlC* is the sheaf
O .= Q}T/Osf of relative log differential forms over °ST. Finally, "w € T'(X, Q}T/OST) s a relative
logarithmic holomorphic volume form. See §7.3 for more details. In Definition[2.9 above, we extract
the abstract properties of these sheaves which are necessary for our construction and such that they
hold even beyond the case of log smooth Calabi-Yau varieties. For example, see §8.3 for what these
sheaves should be in the case of maximally degenerate Calabi-Yau varieties as studied in [25].

We consider the hypercohomology H*(ﬁ/C*, 99) of the complex of sheaves (ﬁIC*, 09).

Definition 2.11. For each r € %Z, let FZ"H! be the image of the linear map Hl(ﬁICZP,Oﬁ) —
Hl(ﬁK*,oﬁ), where p is the smallest integer such that 2p > 2r + 1 — dﬂ Then

OCcFlcFsc...cFzrc...c F2° = H*(jK*, %)
is called the Hodge filtration.

We have the following exact sequence of sheaves from Definition [2.9
(2.1) 0= Qg @ JKH 1] = I/ 9" — JL /9" — L = gL /7K — 0
Definition 2.12. Take the long exact sequence associated to the hypercohomology of ([2.1)), we obtain
the 0%"-order Gauss-Manin (abbrev. GM) connection:

(2.2) OV B (K, %9) — 00k, @ HF (K, %9).

Note that the 0%"-order GM connection is actually the residue of the usual GM connection.

Proposition 2.13. Griffith’s transversality holds for OV, i.e. °V(F=") C OQE,T ® F2r—1,

The proof of this is standard; see e.g., [50, Corollary 10.31]. With ["w] € F29H" and Griffith’s
transversality, we obtain the 0"-order Kodaira-Spencer map °V([°w]) : OQ}?T — F2A-1HO,

2.3. The higher order data. We fix an open cover V of X which consists of Stein open subsets
Vo € X. We consider the following local thickening datum in terms of local thickening of the sheaf
0G* as ’“g; on V.

Definition 2.14. A local thickening datum of the complex of polyvector fields (with respect to V)
consists of, for each k € Z>y and V, €V,

e a coherent sheaf of BV algebras (*G%,[-, -], A, FAy) over Vi, such that G is also a sheaf of
algebras over *R so that [, ], \ are kR-bilinear and *A,, is *R-linear, and

4We follow Barannikov [1] for the convention on the index r of the Hodge filtration, which differs from the usual
one by a shift. Also, we usually write F=", instead of F="H*, when there is no confusion.
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e q surjective morphism of sheaves of BV algebras FLEy, ’““g;‘; — ’fgg which is "' R-linear
and induces a sheaf isomorphism upon tensoring with *R

satisfying the following conditions
(1) (ngv ['7 ']7 A, OAOC) = (Og*v ['7 '}7 N, OA)|Va7
(2) *G¥ is flat over KR, i.e. the stalk (*G%), is flat over *R for any x € Vy, and
(8) the natural Lie algebra morphism *G2' — Der(*GY) is injective.

We write k’lba = l+1’lba 0.0 k’k_lba : kg;; — lgg for every k£ > [, and k’kba = id. We also
introduce the following notation: Given two elements a € ¥1G%, b € *2G* and I < min{ki, ko}, we
say that a = b (mod m'*1) if and only if ¥, (a) = *2b, (b).

Remark 2.15. In the geometric situations, we take a k'-order thickening ¥V, of the space V,
over *St as a local model, and then *G* will be taken as the suitable sheaf of relative logarithmic

polyvector fields over ¥ ST (see and Em .

Notation 2.16. We also fix, once and for all, a coverUd of X which consists of a countable collection
of Stein open subsets U = {U;}iez., forming a basis of topology (we refer readers to [10, Chapter IX
Theorem 2.13] for the existence of such a cover). Note that an arbitrary finite intersection of Stein
open subsets remains Stein.

We require two different local thickenings on V,, and Vj isomorphic on some small enough U; C
Vo N V3 via a non-unique isomorphism kdjagﬂ- as follows.

Definition 2.17. A patching datum of the complex of polyvector fields (with respect to U, V)
consists of, for each k € Zx>qo and triple (Us; Vi, Vg) with U; C Vg := Vo N V3, a sheaf isomorphism
Mbapi *Gh U, — kg;\m over ¥R preserving the structures [-,-], A and fitting into the diagram

k% kwaﬂ’ik *
Golu,— g5|Ui

K0} lk,obﬂ
Og*‘Ui OQ*‘U“
and an element *ro,5,; € *GO(U;) with *ro,5,; = 0 (mod m) such that
(23) kwﬁa,i o kAﬁ o kwaﬁ,i - kAa = [kmaﬁ,ia ]

satisfying the following conditions:

(1) k¢ﬁo¢,i = kw;éi; Owaﬁ,i = ud;
(2) for k> 1 and U; C Vg, there exists "bos; € 'G5 (Us) with ®bas; =0 (mod m) such that

(2.4) Wgai 0 g o ipap = exp ([k’lbaﬁ,zw ]) o lhy;
(3) fork € Z>o and U;,U; C V3, there exists kpalgyij IS ’“g;l(UZ- NU;) with kpagyij =0 (mod m)
such that
(2.5) (kwﬂa,ﬂUmUj) o (k@/)aﬁ,ﬂUmUj) = exp ([kpaﬁ,ija ']) ;and

(4) for k € Z>o and U; C Vogy := Vo NV NV, there exists koagw- € kG 1 (U;) with koaﬂ%i =
0 (mod m) such that

(2.6) (k%a,i Ui> o <k¢5m

Ui) o (kd}aﬁ,iwi) = exp ([koaﬁv,ia ']) :
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Remark 2.18. In the geometric situations, the above patching datum is induced from the local
uniqueness of local thickening ¥V, ’s of Xt (see 3. and Equation says that the
difference between two BV operators are measured by a local holomorphic function kmam, and
equations , and say that local automorphisms of the local model are captured by local
vector fields k’lba@i ’s, kpa@ij ’s and koaﬁw ’s. The key point is that we do not require the patching
isomorphisms kwam ’s to be compatible directly but the differences can be measured by Lie bracket
with local sections of the sheaves kg; ’s.

Lemma 2.19. The elements k’lbalg’i ’s, kpamj ’s and koagw- ’s are uniquely determined by the patching
isomorphisms k’(ﬁa/&i ’s.

Proof. We just prove the statement for the elements kpag,ij’s as the other cases are similar. Suppose

we have another set of elements kpag’l-j’s satisfying (2.5)), then we have exp([kpafg’ij—kpamj, ]) =id as
actions on kgg(Uij) where U;; = U; N Uj. The result then follows from an order-by-order argument

using the assumptions that k’oba(kpag’ij — *papi;) = 0 and that the map *G;' — Der(¥G?) is
injective. g

Definition 2.20. A local thickening datum of the de Rham complex (with respect to V) consists
of, for each k € Z>¢ and V, €V,

e a coherent sheaf of dgas (kICZ, /\,kaa) with a dg module structure over kQ*ST equipped with
the natural filtration ¥KC% defined by *IC% = kQETS AFKCE]s],

e a de Rham module structure on K%, over KG* such that [p1,an] = 0 for any ¢ € *G¥ and
a ek,

e a surjective 1 R-linear morphism — le; mducing an isomorphism upon
tensoring with kR which is compatible with both ktLky, ’““g; — ’“g; and k“QgT — ngT
under the contraction and dg actions respectivelyﬂ and

e an element Fw, € T(Vy, kK2 /X KLY satisfying 04 (Fwa) = 0 called the local k*-order volume
element

k+11kb . k-‘rllc*
[0 e

such that

(1) ’ﬁlC;; is flat over kR foro<r <s;

(2) k+1,k‘b(k+1wa) — k‘wa;

(3) Ok, 0K, A, 00,) = (OKC*, 0KC*, A, 00) |y, and Qwa = Owlyy, ;

(4) the map 2Fwy = (¥G[—d),FAL) — (B /%K, %D,) is an isomorphism, and

(5) the map kot ngT Qi (BKL)KCL[=7]) — FKE /. 5KE, given by taking wedge product by

er

G5 1S also an isomorphism.

Note that *IC¥ is a filtered de Rham module over *G* using the fitration ¥ICY. We write ﬁICZ =

6/Ca/ Ty and foo = (Foi )"
We also write ", = 1, 0. 0 BF 1 for every k > [ and Kkh, = id, and introduce the
following notation: Given two elements a € kiICZ, b € kEICZ and [ < min{ky, ke}, we say that

a=b (mod m'™) if and only if ', (a) = #2%h,(b).

SHere we abuse notations and use k+Lk} . for both k+lxc* and ¥H1gr.
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From Definition [2.20, we have the following diagram of BV modules

(2.7) 0——K @ " 5 [ 1] ——="T5/C / 50— K ——0
lid®k+l,kba k+1’kba lk+1,kba
0——K @ K5 [-1] H WL o4 F I, —0.

Remark 2.21. In geometric situations (see §7.4 and §8.9), the sheaves *K*’s are taken to be
suitable sheaves of total logarithmic differential forms on "V}, with a natural action by kg; via
contraction. Then we take Fwq to be a local lifting of the relative volume form %w over ¥St. The

k ~
local sheaves k’CZ s of differential forms are locally identified via the isomorphisms op,’s induced
by the corresponding local uniqueness of local thickening ¥V o ’s of Vi ’s as in Remark . Therefore

k o~
it is natural to require the compatibility between .g;’s and the data kwam ’s, kmam ’s, k’lbam ’s,
kpa@ij s and koaﬁw ’s as in the following Definition .

Definition 2.22. A patching datum of the de Rham complex (with respect to U,V ) consists of, for

ko~
each k € Z>o and triple (Us; Vi, V) with U; C Vg, a sheaf isomorphism 1o, of dg modules over
kQ"‘ST such that it fits into the diagram

Silu, o,
k,Oba k,ObB
Ky, =—="u,,

and satisfying the following conditions:

ko~
(1) “tap,i is an isomorphism of de Rham modules meaning that the diagram

k /ﬁ
(2'8) QZ\UZ- OICZ|U1'
kwaﬁﬂ' i k'lzjaﬁ,i
kox /Nk *
gﬁ|UZ olcﬁ|U¢7
18 commutative;
k,‘ ~ k‘ A*l 0~ .
(2) ’(Z)Boz,i = 1/)0[1371'7 17[}04,3,i = Zd;
(3) we have
ko~
(2'9) wﬁa,i(kwﬂUi) = exp(kmaﬂai—‘)(kwa’%)v

where the elements kmam ’s are as in Definition '
(4) for k> 1 and U; C V,g, we have

I~ k ~
(2.10) 1/150471' o k’lbg o ¢a,8,z’ = exp (‘Ck’lba&i) o k’lba,

where the elements k’lba,g,i s are as in (2.4);
(5) for k € Z>o and U;,U; C V3, we have

k - k -
(2.11) ( YV Ba,j Uz-mUj) o ( ¢aﬂ,i|UmUj> = exp (Ekpaﬁ,ij) )

where the elements kpa@’ij s are as in (2.5); and
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(6) for k € Z>o and U; C Vg, we have
k - k - k -
(2.12) ( Vrasi Ui> ° ( VB, Ul-> ° ( waﬁ,z’\m) = exp (ﬁkoaw) :
where the elements *o0,5.;’s are as in (2.6).

k A
Since both *w, and kwg are nowhere-vanishing, ,g; actually determines kmaﬁﬂ-. Also observe
that for every k € Z>g and any U; C V,, we have a commutative diagram

0—K @z ($K3[-1) loi—=(bKa/ 5K5) lov—= K5 o, —0
id®k7/;aﬁ,i k"[’aﬁ,i ik'@z)aﬁ,i

0—K @7 ($3[=1]) [, — (§K5/ 555 ) [, —= Ko, —=0.

k A
Remark 2.23. We can deduce [2-4) from ([2.9) as follows: From ([2.9), we have (" ¥gqi0(2*ws|u,)o
"agi)(7) = (v A exp(Froag)) s(Fwalu,), so

("9 a0 AgoFagi) (V) Nexp(Froas,) = FAn(vAexp(Foas,)) = (FAw(v) +[Mvagi, 7)) Aexp(Froas;)
for any v € ¥GE(Uy), which gives "Aa(7) + [Foap.i,7] = (Fga,i 0 Ag 0 Fhag i) (7).

3. ABSTRACT CONSTRUCTION OF THE CECH-THOM-WHITNEY COMPLEX

3.1. The simplicial set .4*(A,). In this subsection, we recall some notations and facts about the
simplicial sets Aj(A) of polynomial differential forms with coefficient k = Q, R, C; we will simply
write A*(A,) when k = C, which will be the case for all other parts of this paper.

Notation 3.1. We let Mon (resp. sMon) be the category of finite ordinals [n] = {0,1,...,n}
in which morphisms are non-decreasing maps (resp. strictly increasing maps). We denote by d; , :
[n—1] — [n] the unique strictly increasing map which skips the i-th element, and by e; ,, : [n+1] — [n]
the unique non-decreasing map sending both i and ¢ + 1 to the same element i.

Note that every morphism in Mon can be decomposed as a composition of the maps d;,’s and
€;n’s, and any morphism in sMon can be decomposed as a composition of the maps d;,,’s.

Definition 3.2 ([61]). Let C be a category. A (semi-)simplicial object in C is a contravariant functor
A(e) : Mon — C (resp. A(e) : sMon — C), and a (semi-)cosimplicial object in C is a covariant function
A(e) : Mon — C (resp. A(e) : sMon — C).

Definition 3.3 ([21]). Let k be a field which is either Q, R or C. Consider the dga
kl[zo, ..., &n, dxg, ..., dz,]

Ciomi — 1, g dws)
with deg(z;) = 0, deg(dz;) = 1, and equipped with the degree 1 differential d defined by d(z;) = dx;
and the Leibniz ruleﬁ Given a : [n] — [m] in Mon, we let a* := Ag(a) : AL (Am) = A (Ay) be the
unique dga morphism satisfying a*(x;) = Eie[n}:a(i):mi and a*(x;) = 0 if j # a(i) for any i € [n].
From this we obtain a simplicial object in the category of dga’s, which we denote as Aj(As).

A (An) =

6In the case k = R, this can be thought of as the space of polynomial differential forms on R™*! restricted to the
n-simplex A,.
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Notation 3.4. We denote by A, the boundary of Ay, and let

B-1)  Ax(n) = (a0, an) | ai € Ag(An-1), dini(ay) = oy () for 0 <i<j<nj

be the space of polynomial differential forms on Ay. There is a natural restriction map defined by

Blan = (dgn(B); - -+, 45 1 (B)) for b € A (An).

The following extension lemma will be frequently used in subsequent constructions:

Lemma 3.5 (Lemma 9.4 in [21]). For any @ = (ao,...,an) € AL(Ay), there exists § € A (Ay)
such that B|a, = a.
Notation 3.6. We let B, := A1 X Ay, where A1 = {(to,t1) |0<t; <1, to+t1 =1}, and

k[.r(), ooy Ty, dxg, ..., dxy; to, t1, dtg, dtl]
(Z?:O z; — 1, Z:’L:O dl’i,to 4+t —1,dtg + dtl).
Besides the restriction maps d,, : A;(M,) — A;(W,_1) induced from that on Ay, we also have the
maps r; A () — A;(Ay) defined by putting t; =1 (and t1—; =0).

(3.2) Ap(l,) = A (A1) Qk Ay (Ay) =

Notation 3.7. We denote by U,, the boundary of B, and let
aieAﬂi(.nfl)v ﬂiEA*(An),
A (D) =< (a0, .-+, an, Bo, B1) | Enea(@i)=d5_ 1 (i) for 0<i<j<n
ri(a;)=d;,, (B:) fori=0,1and0<j<n
be the space of polynomial differential forms on O,,. There is a natural restriction map defined by
Yo, = (@5, (7)), & (1), 15(7), 11 (7)) for v € A (M),

Lemma 3.8. For any (ao,...,an, Bo, 51) € AL(0y), there exists v € Af(M,) such that v|o, =
(&07 e 7an760751)-

This variation of Lemma can be proven by the same technique as in |21, Lemma 9.4].

3.2. Local Thom-Whitney complexes. Consider a sheaf of BV algebras (G*, A, A) on a topo-
logical space Vﬂ together with an acyclic cover U = {Ui}i€Z+ of V such that H>0(Ui0.uil, gj) = 0 for
all j and all finite intersections Uj,...;, :== U;, N---NU;,. In particular, this allows us to compute the
sheaf cohomology H*(V, G7) and the hypercohomology H*(V, G*) using the Cech complex C*(U, G7)
and the total complex of C*(U, G*) respectively.

Let Z = {(do,...,4) | ij € Zy, ip < i1 < --- < 41} be the index set. Let A; be the standard
l-simplex in R+ and A%(A;) be the space of C-valued polynomial differential g-forms on A;. Also
let dj; : A;_1 — A; be the inclusion of the j*-facet in A; and let d;l be the pullback map. See
Definition [3.3] and Notation [3.1] in for details.

Definition 3.9 (see e.g. [62 11l [14]). The Thom-whitney complex is defined as TW**(G) :=
@D, , TWP4(G) where

It is equipped with the structures (A, 0, A) defined componentwise by
(ar @) A (Br @ wy) = (=) (ap A Br) @ (vp Awp),
Aar @vp) = (dag) @vr, Alar @) := (—Dla; @ (Avy),
for ar, Br € A*(A;) and vr,wr € G*(Ur), where I = (ig,...,3) € Z and l = |I| — 1.

"Readers may assume that G* is a bounded complex for the purpose of this paper.
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Remark 3.10. We use the notation 0 since it plays the role of the Dolbeault operator in the classical
deformation theory of smooth Calabi- Yau manifolds.

(TW**(G), 0, A, A) forms a dgBV algebra in the sense of Definition From Definitions|2.2|and
the Lie bracket on the Thom-Whitney complex is determined componentwise by the formula
(3.3) s @ wr, Br @ wy] = (1)1 () A Br) @ [vr, wi],
for ay, Br € A*(A;) and vy, wy € G*(Ur) where [ = |I| — 1.

We consider the integration map I : TWP4(G) — C9(U, GP) defined by

I(wig..iy) == </Aq ®id> (cig...i,)

for each component «;, i, € A(A;) ® GP(Uj,..i,) of (aio...il)(io...i,)el € TWP4(G). Notice that I is a
chain morphism from (TWP*(G),0) to (C*(U, GP), ), where § is the Cech differential. Taking the
total complexes gives a chain morphism from (TW**(G),d & A) to C*(U, G*), which is equipped
with the total Cech differential § + A.

Lemma 3.11 ([62]). The maps I : TWP*(G) — C*(U,GP) and I : TW**(G) — C*(U,G*) are
quasi-isomorphisms.

Remark 3.12. Comparing to the standard construction of the Thom-Whitney complez in e.g. [14]
where one considers (piy.i,)(io,...inez € [l1>0 (A*(Al) ®c [Lig<..<i, gP(UiO...,»l)>, we are taking a

bigger complex in Definition for the purpose of later constructions. However, the original proof
of Lemma works in ezactly the same way for this bigger complex, and hence TWP*(G) also
serves as a resolution of GP.

Definition 3.13. Given the 0%-order complex of polyvector fields (°G*,A,°A) over X (Defini-
tion , we use the cover U in Notation 2.16 to define the 0'"-order Thom-Whitney complex
(TW**(°G),d,°A, N). To simplify notations, we write "TW** to stand for TW**(°G).

Given a finite intersection of open subsets Vog...ay 1= Voo N -+ N Vg, of the cover V, and local
thickenings of the complex of polyvector fields (’“ggi, A, kAai) over Vy, for each k € Z>q (Definition
, we use the cover Upgy...qp = {U €U | U C Vigya, } to define the local Thom-Whitney complex
(TW*’*(kgai ’Va0-~a4)7 0, kAai, N) over Vog...ap. To simplify notations, we write kTWZ’:aO..vaé to stand
for TW*7*(kg0£z ‘Vaomal)'

The covers U and Uy,...o, satisfy the acyclic assumption at the beginning of this section because
0G* and ’fgg are coherent sheaves and all the open sets in these covers are Stein:

Theorem 3.14 (Cartan’s Theorem B [5]; see e.g. Chapter IX Corollary 4.11 in [I0]). For a coherent
sheaf F over a Stein space U, we have H>°(U, F) = 0.

3.3. The gluing morphisms.

3.3.1. Ezistence of a set of compatible gluing morphisms. The aim of this subsection is to construct,
for each k € Z>o and any pair V,, V3 € V, an isomorphism

k Lk *,% k * %
(3.4) Jap : TW o5 = "TW g 5,
as a collection of maps (kgaﬁ’[)jel' so that for each ¢ = (p1)rez € FITW

*, %

o With o € A* (A1) ®
kG*(U7) we have (kgaﬁ(go))l = *gap.1(¢1), which preserves the algebraic structures [,-], A and
satisfies the following condition:
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Condition 3.15. (1) for U; C Vo N V3, we have

(35) kgaﬁ,i = exp([kaaﬁ,ia ]) © kwaﬂyi

for some element kaam € ’ngl(Ui) with kaa/g,i =0 (mod m);
(2) for Usy,...,U;, C Vo NVp, we have

(3.6) kgaﬁ,iO'"iz = eXp([kﬁaﬁ,io---iu ])o (kgaﬁaio‘Uiowiz) ’

for some element kﬂa/g,io.“il c A(a) ® kgﬁ (Uig--iy) with 19&,3 iy, =0 (mod m); and
(8) the elements kﬁa@io...il ’s satisfy the relatzonl
k

% /k 1906[372‘0.."2;...”
(3.7) 51 ("apio-i) = 4 ,
ﬁaﬁfo---il © ¢a57i0i1 Jor j =0,

for j >0,

where c;Sag iviy € Qﬂ (Uiyi, ) is the unique element such that

eXp([k¢aﬁ7i0i17 ]) kgaﬁﬂ'o = kga/iil'

Lemma 3.16. Suppose that the morphisms * 9ap’s, each of which is a collection of maps (* GaB.1)IET
all satisfy Condition . For any ¢ = (¢1)1e1 € TWa s We have (kga571(¢1))161 kTWZ 25

Proof. Suppose that we have (¢r)rez € kTW:;zxﬁ such that ¢;,..;, € Al(A;) @ *G%(Uj,..;,) and
(‘Oio-"iAj"'iz = ;,l(()piomil)' Letting (kgoz,é’(/))io“il = (eXp([kﬁaﬁ,io---ip ]) o kQaB,ig)(QOiO"'iz)? we have

k k

(9089)iy 5oy = @D Dy i) © o) Py 50

(exp([ ( 7904,3,2'0'“1'1)7 ]) © kgaﬂﬂo)(d;,n(@iomiz))
= d;n((exp([ Daio-ivs]) © " Gas i) (Pig-ir))s

and
k k
(*9089)5,..c; = (@05 5 o)) © *Gap.i) (#5.)
k k
(exp([ aB,ig-ip? ]) © exp([ ¢oc,37i0i1’ ]) © gocﬂ,l'o)(@{(\]...il)
k k *
= (exp([dp n ("Fag,ig--ir) s *]) © “Gap.io) (A0 n (©ig-i)))
= 4§ ((exp([*Dag ig-irs 1) © *gas io) (Pi-i))s
which are the required conditions for (*gas¢)s € kTWE’;; 5 O
Given a multi-index (ag - - - ay), we have, for each j =0, ..., ¢, a natural restriction map
Lk *,% k *, %
(38) tOlj . TWai;ozUn&;wag TWozl,ao 7Rl

defined componentwise by
Ta, ((901)161) = (¢1)1ez

for (pr)rez € TWOQ g T where 7' = {(io,...,i) € T | Uj; C Vag..ap}- The map t,; is a

morphism of dgBV algebras.

8Here dj; is induced by the corresponding map d}; : A"(A;) — A"(A;—1) on the simplicial set .A*(A,) introduced
in Definition and © is the Baker-Campbell-Hausdorff product in Notation
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Now for a triple V,, V3, V, € V, we define the restriction of kgaﬁ to FTW

oy B8 the unique map

kg kTWZ *a Gy = kTWE’;; By that fits into the diagram
k _ Yk
TWa N TWa By
i 9ap kgcvﬁ
k *,% 'Y k k%
TWgag—TWgiagy:

Definition 3.17. The morphisms {kgag} satisfying Condz'tion m are said to form a set of com-
patible gluing morphisms if in addition the following conditions are satisfied:

(1) °gop = id for all o, 3;
(2) (compatibility between different orders) for each k € Zzo and any pair Vo, Vg €V,

(39) kgocﬁ k+1 kb _ k+1, kb O gaﬁ;

(3) (cocycle condition) for each k € Z>q and any triple Vi, Vg, Vy, €V,

(3.10) kg,yaokgﬁwokgaﬁ = id
when kgaﬁ, kgm and kgva are restricted to kTWZ*a,Bw kTWZ Zﬁv and kTW77a57 respectively.

Theorem 3.18. There exists a set of compatible gluing morphisms {kgag}.

We will construct the gluing morphisms * gap’s inductively. To do so, we need a couple of lemmas.

Lemma 3.19. Fizing U,,...,U;; € U and —d < j < 0, we consider the index set I;,..;, = {«a |
Ui, C Vg for all 0 < r <1} and the following Cech complex C*(I;y...i,,°G?) of vector spaces

0— H Og Uig.- ”ﬂV) H Og(lo uﬂVaﬁ) H Og(lo Zanaﬁ“/) )

a€l...q, o,BELg...i; a,B,7€ g,
where each arrow is the Cech differential associated to the index set I;,..;,;. Then we have
HY(C(Iiy.i),°G?)) = 0 and H°(C(Liy..i;, °G?)) = "G/ (Uiyiy);
the same holds for °GI ® V for any vector space V.

Proof We consider the topological space pt consisting of a single point and an indexed cover
(Va)ae Lig-y such that V,, = pt for each a. Then we take a constant sheaf f over pt with F (pt) =

0GI (Uig-riy)- Since °GI(Usy...iy N Vigooay) = °G7 (U (Uig-ir) = F (Vag--a,) for any ao, ..., ap € Lig..;, we
have a natural isomorphism C*(I;,...;;, °G?) = C*(Iiy..i,, F ). The result then follows by considering
the Cech cohomology of pt. O

Lemma 3.20 (Lifting Lemma). Let b : F — H be a surjective morphism of sheaves over V :=
Vao--ay- For a Stein open subset U := Uy,...;, C V, letw € Al(A;)) @H(U) and O(v) € Al(A;) @ F(U)
such that b(O(v)) = w|a,. Then there exists v € Al(A;) ® F(U) such that v|p, = 0(v) and b(v) =
The same holds if AY(A;) and Al(A;) are replaced by AY(M;) and A%(0;) respectively.

Proof. By Lemmal[3.5] there is a lifting v € .A%(A;) © F(U) such that ¥|,, = 0(v). Let u:=w—b(v) €

Al(a)) @ H(U), where A3(A;) is the space of differential 0-forms whose restriction to A is 0. Since
U is Stein, the map b : F(U) — H(U) is surjective. So we have a lifting U of u to A3(A;) ® F(U).
Now the element v := ¥ + U satisfies the desired properties. The same proof applies to the case
involving l; and [J;. O
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Lemma 3.21 (Key Lemma). Suppose we are given a set of gluing morphisms {kgaﬁ} for some

k > 0 satisfying C’ondz’tz’on and the cocycle condition (3.10). Then there exists a set of{k“gag}
satisfying Condition , the compatibility condition (3.9)) as well as the cocycle condition (3.10)).

Proof. We will prove by induction on [ where [ = |I| — 1 for a multi-index I = (ig,...,%;) € Z.

For Il = 0, we fix i = i9. From in Condition we have kgagﬂ- = exp([kaaﬂ’i, 1) o kqbam
for some kaam S kggl(Ui). Also, from in Definition there exist elements k“’kbam €
kG-1(U;) such that
k+1’kbﬁok+1¢aﬁ,i _ kwa@ioexp([kﬂ’kbaﬁ,i, -])okﬂ’kba _ eXp([k¢aﬁ,i(k+1’kbaﬁ,i), '])Okwaﬁ,iokﬂ’kba,
where we use the fact that k@ba@?i is an isomorphism preserving the Lie bracket [-,-]. Therefore we
have *gag,; 0 "1 o = exp([Faag,i, 1) 0 exp(—[("ap,i) (FTHbag), 1) o FT g 0 Mg By taking
a lifting Yo, of the term *a,s5, © (kz/zag,i(— k“’kbaﬁﬂ-)) from kQEI(UZ-) to ’““ggl(Ui) in the above
equation (using the surjectivity of the map RALE), F1gx 5 kG*), we define a lifting of K Gap.i:

Flgagi = exp([Yagi, ) o " agi  ¥Gh 0, = T G5lu.-

k+lo

As endomorphisms of ’f+1g;, we have ¥+1g ;0 F g, ;o Ftlg, s, = exp ([ aB,is ]) for some

e~ o~

kHOag%i S k+1g;1(U,-). From the fact that ¥¥1g o, 0%+1gg, ;0 *+lg, 5, =id (mod m”* 1), we have
exp([F0upy.i, 1) (v) = v (mod mF+1) for all v € ¥G%(U;). Therefore ¥10,45,; = 0 (mod m*+1)
as the map G, 1 — Der(*G?) is injective (see Definition . Since every stalk (¥*1G¥), is a free
k+1 R-module and kH’Oba induces a sheaf isomorphism upon tensoring with the residue field °R = C
(over **1R), we have a sheaf isomorphism

k+1
(3'11) k—l—lgz o Og* & @ ((mj/mj-H) c Og*) )

j=1
Hence we have “t10,4,; € (m**!/m*"+?) ¢ °G~1(1).

Now we consider the Cech complex C*(Ir,,°G™!) ®¢ (m*+!/mF+2) as in Lemma The
collection (k+10a5%i)a75,7€[Ui is a 2-cocycle in C?(Iy,,°G™!) ®c (m*+! /m**+2). By Lemma [3.19 for
the case [ = 0, there exists (*lcop:)as € C'(Iy;,°G71) ®c (mF1/mF+2) whose image under the
Cech differential is precisely (kHOag%i)am. By the identification , we can regard k“cam
as an element in k“ggl(Ui) such that ¥*lc,5; = 0 (mod m**!). Therefore letting **1g,5; =

k+1

exp(["eapis]) © FH1gapi, we have the cocycle condition k“gm’i o ngﬁ%i o k“gam = id.

For the induction step, we assume that maps k“ga/g,io...ij satisfying all the required conditions
have been constructed for each multi-index (ig - - - ;) with j <[ —1. We shall construct kt1 9aB,io-i
for any multi-index (ig, ..., %;). In view of Condition what we need are elements k+119a57i0...il €
A'(a) ® kHQEl(UiO...n) satisfying and the cocycle condition (3.10), the latter of which can
be written explicitly as

exp([k+119’ya,i0"'il’ ]) o k+lg’ya,io © eXp([kJrlﬁﬁ%iomiz’ ]) © k—Hgﬂ%iO o exp([k+1190¢,3,i0~--iz’ ]) © k+lg,3a,i0

= exp([* 1y a,0-wirs 1) © exP(* T grasio T i), 1) © exp([H g gaie (THag o) ]) = id.
Using the k+119a3,io---z‘l,1’5 that were defined previously, we let

k+1 k1 R k+1 R
© ¢a6,zoz17 ﬂaﬁ,ioil-"iz’ R ﬁa57i0.,.il)7

a(kJrl'lgaﬁ,iomil) — (k+119

aBio-4
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where k"'lgbaﬁ,ioil is defined in Condition For 0 < r; < ro <1, we have

(3.12) ar (T, —~ )=

aByioirg i

k+1 P T . .
afio-ipy lrg iy dT?flvlfl( aﬁ,iomirl'"il) if 71 ?é 0,
k+1 k+1 3% k+1 k‘—l—l : _
aﬁ,{(\y--i;;---il © ¢0657i0i1 - drgfl lfl( ’lga@{(\)...zl ¢aﬁ 107,1) if r; = 0,79 ?’é 1,
k+1 k‘+ k+1 k o : _ _
ﬂaﬁ,foa'”lz ¢o¢ﬁ igla — dol 1( ﬁaﬁ i ” ¢oc,3,zozl) if r; = 0,79 =1,

where the last case follows from the identity k+1 DaBivis ok 1¢>a57i0i1 = k+1¢a57i0i2, which in turn fol-
lows from the definition of k+1¢aﬁ7ioi1 in Condition [3.15| Therefore we have 8(1”11%5 ioiy) € AX(A
) ® k“gﬁ (Uig--i,)- By Lemma [3.20, we obtain k+119a5,i0...il c Aa)® ’““gﬁ (Uig-..i,) satisfying

FHagigmi)|se = 0 Wagigi)s " aioni = apigqy (mod m*HY).

k—l—lg

Therefore, we have an obstruction term *10,4, ..., € A°(A;) ® Y(Uiy..;,) given by

k41 F+la k1 F+la N\ k1 k+1q
10uri0-i = " rasinin © " Gyasio TH8y00) © T g8 (T agiin-ir)s

which satisfies "1 0,4, i, = 0 (mod m**1). Direct computation gives exp([ :’l(kHOa,g%iO...il), 1) =

id for all » = 0,...,l. Using injectivity of *G;! — Der(*GY) we deduce (*"'Ongy.ip-i,)|a; = 0.

Via (3.11) again, we may regard the term k+10a5%i0...il as lying in AY(A;) ® G- YUigi)) ®
(m*+1/m**+2). By a similar argument as in the [ = 0 case, we obtain an element (¥*'c,s0.i,)as
whose image under the Cech differential is precisely (k+loa5~,,z'0---il)a5»y and such that (k“cag,io...,;l)\m =

0. Therefore setting k+119a6,i0~-z‘1 = k+1ca5,i0..‘il ® k+119a6,i0~--z‘l solves the required cocycle condition
(3-10). We also have k+10aﬁ,io---il = kﬁaﬁ@M}mkH) since *+1c,540..4, = 0 (mod m*+1) by our

construction, and (k+119a572-0...il)| A= 6(k+119aﬂ72-0..,il) which is the required compatibility condition
(3.7). This completes the proof of the lemma. O

Proof of Theorem[3.18. We prove by induction on the order k. For the initial case k = 0, as
0G* is globally defined on X with °G* = °G*|y. (see Definition [2.14)), we can (and have to) set
Ogaigﬂ- = OT/Jaﬁ,z‘ = id and 019@5’1-0.,.,»1 = 0. The induction step is proven in the Key Lemma (Lemma
3.21). 0

3.3.2. Homotopy between two sets of gluing morphisms. The set of compatible gluing morphisms
{*gap} constructed in Theorem is not unique (except for k = 0). To understand the relation
between two sets of such data, say, {¥g45(0)} and {¥g.s(1)}, we need, for each k € Z>( and any
pair V,, Vs € V, an isomorphism

(3.13) hag : "TW 0 5(A1) = FTW T 5(A1),

as a collection of maps (¥hap.1)rer so that for each ¢ = (¢7)rer € kTWZ*aﬂ(Al) with o7 € A*(A1)®

A*(A)@*G% (Ur) we have (khag(w))l = (*hap.1) (1), which preserves the algebraic structures [+, -], A
obtained via tensoring with the dga A*(Al) and fits into the following commutative diagram

k k k .
(3.14) TW: TW: 5(A1) TW: s
gaﬁ(o) J{khaﬁ VgaB(l)
k k *,% k
TW,B 0 TW,B;a,B(Al) TW,B 0
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here kTWZ’f;ﬂ(Al) is the Thom-Whitney complex constructed from the sheaf A*(A1) ® kggh/aﬁ
where the degree * in kTWZ-Zﬁ(‘l) refers to the total degree on A*(M;) = A*(A1) ® A*(A;), and

r;: A*(M;) — A*(A;) is induced by the evaluation A*(A;) — C at t; =1 for j = 0,1 as in Notation

The isomorphisms *h,5’s are said to constitute a homotopy from {¥ga5(0)} to {¥gap(1)} if they
further satisfy the following condition (cf. Condition [3.15]):

Condition 3.22. (1) for U; C Vo N V3, we have
(3.15) "hagi = exp([Faagi, ) © "Pag,i
for some element *a,g,; € A°(A1) ® kQEI(Ui) with *aap; =0 (mod m);
(2) for Uiy, ..., Uy, C Vo N V3, we have
(3.16) hapigis = exp([*apigis>]) © (khoc,B,io|Ui0.“il) :

for some element ¥s¢,5 ;... € A° (A7) ®A0(Al)®kggl(UiO“.il) with ¥ 3¢5 iy, = 0 (mod m);
(3) the elements Ka,g,;’s satisfy the relation

k .
tas.4(0 or j =0,
(317) r;f(kaa@i) = i 065,1( ) f ]
aapi(l) forj=1,
where kaa/g,i(j) s the element associated to kgam(j) as in (3.5));
(4) the elements k%aﬁ,io~~~iz s satisfy the relation (cf. (3.7)):

k .
K Bigreiy i forj >0,
* 57 """
(3.18) &1 (*apioir) = {k T, :
%aﬁ,fo-nil © "0agB,ipir fO?" Jj=0,

where kgaﬁﬂ‘oil € Aa;) ® ’“le(UiOil) s the unique element such that eXP([kQaﬁ,ioz‘p'D o
khaﬁ,io = khag,il, and the relation

"Dagio-it(0)  for j =0,

kﬂaﬁyio-"iz(l) forj=1,

where " ag.i5--i,(7) € A°(A7) kggl(UiO...il) is the element associated to *gup io...i,(7) as in
(3.6) for j =0,1.

Definition 3.23. A homotopy {*has} from {¥gas(0)} to {¥gas(1)} is said to be compatible if in
addition the following conditions are satisfied:

(1) Ohag =id for all , B;
(2) (compatibility between different orders) for each k € Z>o and any pair Vo, Vg € V,

(3.19) x5 ("agioir) = {

(3.20) Bhag o FHIRY, = FELE, g o ktlpy o
(3) (cocycle condition) for each k € Z>q and any triple Vo, Vg, V, €V,
(3.21) Fhya 0 Fhgy 0 Fhog = id
when Fhag, ¥he,, Fhoo are restricted to kTWZ’;M(Al), kTWE’;M(Al), kTW:’;ZM(Al) resp..

The same induction argument as in Theorem proves the following:

Proposition 3.24. Given any two sets of compatible gluing morphisms {¥g,5(0)} and {¥gas(1)},
there exists a compatible homotopy {*hag} from {¥gas(0)} to {*gas(1)}.
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3.4. The Cech-Thom-Whitney complex. The goal of this subsection is to construct a Cech-

Thom-Whitney complex ké*(TW, g) for each k € Zsq from a given set g = {¥g,5} of compatible
gluing morphisms.

Definition 3.25. For { € Z>q, we let "TW3 . o,(g) C EBf:O kTWZ’;aO...aZ be the set of elements
(p0,- -+ ,pe) such that ¢; = kgaiaj(goi). Then the k-order Cech-Thom-Whitney complex over
X, ké*(TW, g) is defined by setting kég(TWp’q,g) =11 FTWhE o, (g9) and kCVE(TW, g) =
D, ., kéz(TWp’q, g) for each k € Z>.

gy

This is equipped with the Cech differential *8, := Z?ié(—l)jtj,“_l : kCY(TW, g) — kﬂ“(TW, 9),
where tj : kég_l(TW, g) — kaé(TW, g) is the natural restriction map defined componentwise by
the map tjp kTWZ’:mO?WW(g) — FTW 5 0, (9) which in turn comes from (3.8).

J

We define the k™-order complex of polyvector fields over X by ¥PV**(g) := Ker(*6y) and denote
the natural inclusion ¥ PV**(g) — kéO(TW, g) by ¥5_1, so we have the following sequence of maps

(3.22) 0= FPYPa(g) — FEO (TP, g) — Pl TP, g) — ... — FEHTWPY, g) — ..

For ¢ € Z>¢ and k > [, there is a natural map Rl kCVK(TWp’q,g) — ZCE(TWp’q,g) defined
componentwise by the map k’lba]. : kTWﬁ’]q;ao...a[ — lTWIO’;f;aO...aZ obtained from ®'b,, : kgx —» lgx
(see Definition [2.14). Similarly, we have the natural maps "'b : ¥ PVP4(g) — 'PVP4(g).

Definition 3.26. The Cech-Thom-Whitney complex CH(TW, g) = b, ., CHTWPY, g) is defined by
taking the inverse limit C*(TWP4, g) := Jim, kCVE(TWp’q, g) along the maps kL, k—H(fZ(TWp’q, g) —
)

The complex of polyvector fields PV**(g) = @p,q PVP4(q) is defined by taking the inverse limit
PVPi(g) = Hm, kPVPa(g) along the maps "T1Fy k1L PYPa(g) — kFpypa(g)

The maps Flys commute with the Cech differentials *6,’s and '6,’s, so we have the following
sequence of maps

(3.23) 0 — PVP4(g) —= CO(TWPY, g) — CL(TWP, g) — --- — CHTWPI, g) — - -

Lemma 3.27. Given *lw ¢ k+1é£+1(TW, g) with ¥15, (1) = 0 and *v € kéZ(TW, g) satisfy-
ing ¥5,(Fv) = ¥+ (mod mFt1), there exists a lifting **'v € kHCvé(TW, g) such that ¥H15,(F+1y) =
k+ly. As a consequence, both (3.22) and (3.23)) are exact sequences.

Proof. We only need to prove the first statement of the lemma because the second statement follows
by induction on k (note that the initial case for this induction is K = —1 where we take the trivial
sequence whose terms are all zero).

Without loss of generality, we can assume that *+lw € ngrlCV“'I(TI/Vp’q, g) and *v € kéf(TWp’q, g)
for some fixed p and ¢q. We need to construct **lv,, ..o, € kHTWg’g...aé(g) for every mult-index
(g, - - ., ap) which, by Definition can be written as

k+1 k+1 k+1

Vag--ap = ( Vagsap-ags """ s Vote;OéO'“Oée)
satisfying *'vq iagoa, = *F

k+1 _ (k+1 k+1
+ Vajap--ap = ( + Vaj§a0"‘0¢e;i0"'il)iO'“il’ where U;, C VOéO‘“ae and ~T Vajiao--agio-i; € .Aq(Al) &

"gasa; ' asia0--ar), and each component ¥y, qq...q, is of the form
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k+1p-p S * (k+1 ) — k1 . it
Ga,; (Uiy-..i), such that d;, ( Vaj§010"'0¢£;10"'ll) = Vaj;a()-"ag;i()“'ij”'il|Ui0“"il (see Definition .
We will use induction on [ to prove the existence of such an element.

The initial case is | = q. We fix Uj,...;,, and consider all the multi-indices (g, - - -, ay) such that
Ui, C Vageea, for 7 =0,...,q. Using the fact that ’f“gﬁo is free over k‘HR, we can take a lifting

k1 k+1-p k E+1, .
+ Vaosao-aeioi; € Aq(Aq) ® ~t gao(l)io...iq) of Voo apsio g Then we let ** Vajsao--agio-iq 1=
k+1 k+1 :

M aasio-ig (T Vagiag-agio—ig) for j =1,...,€ and set

k+1

k1, k+1
Vag-apsig-iq ( + A

Vag;ao---oysig-igs " Vaz;aomae;iomiq)'

Now the element

k+1y I 1 R o
Qo 41520 "q - QO Q41520 g QO] 4135202

k1. /+1 R+l k+1
+--t (_1)] (k+1va0"'a§~'az+1;io--~iq) +ot (_1) + (k+1vao~~-aﬂ1;io--‘iq) — o Woag--qpq15i0-igs

k+1

satisfies the condition that *wag..qp, i, = 0 (mod m”+1),

Under the identification (3.1T)), we can treat ¥+ wqg ..., 11igi, € Al (Ag) RGP (Ujyriy )@ (mFH! /mk+2).

So the collection (k“'lwao...aulﬂo...iq)ao...w , is an (¢+1)-cocycle in the Cech complex (f“l(lio...iq, 6P

A?(Ay) ® (m*1/mF+2). By Lemma there exists (*lcag.azi-iq)ao—ar € C(Ligeigs "GP) @

A(Ag)®(m* /m*+2) whose image under the Cech differential is precisely (*+f Waq-..ay, 1 sig--ig Jao-arss -
Therefore if we let
k+1 Rk, k+l
Vagapio=iq *— + Vagapioiq — Ca()'--az;io"'iqa

then its image under the Cech differential is (k“wao...aul;io...iq) as desired.

Qo041

Next we suppose that we are given k+1Vag~~o¢g;io~--il for some [ > ¢q. Then we need to construct

k+1Vao~-~o¢e;io~~-iz+1 for any Ujy...;;,, and Vig...a, such that U;. C Vig..q, for r=1,...,1+ 1. We fixed

Uig-i;,, and consider one such Vy...q,. Letting

k+1 _
QOO0 O3B0 41

krl, . (k1 - o
6( Vao;ag---ag;zomzHl) = < Vao;(XO"'az;iO"'il+1’ )
gives an element in A(Ar, 1) ® ¥1Gh (Ui, +1)- Using Lemma we can construct an element
1, k+15p
* Vagsao-agio g1 € A(Ap41) ® * gao(Uio~~iz+1) such that

k+1 k+1)
)

_k
Vag;ao--agsioilpr —  Voo;ao-ag;io- i1 (mod m

k+1 . . _ k+1 ..
Vao;aomae;lomml‘Alﬂ = 0( Vao;ao~~az;lo~"lz+1)'
kE+1, . k+1 ke, -
We then let Vo iag-agsioitpr S Jaoaio-izer (" Vagiag-agsio-ig,) for j =1,..., ¢ and set
kL, . (kly L k+L o
V(IO"'OCZ§ZO"'21+1 = ( Vao;a0~~-a4;zo~~~’bl+17 ’ Vaz;(IO"'Oéz;ZO"'ll+1)7

k+15£(k+1 +

Now the elements Vasa0-agioiy, ) and M ageeapssio-ire: agree modulo m**1 and on the
boundary A;41 of the simplex A;y1, so the rest of the proof of this induction step would be the same

as the initial case [ = q. O

Corollary 3.28. For all k,{ € Z>q, the map kL, k+léé(TWp7q, g) — kCVE(TWWJ,g) and hence
the induced map **b CHTWPA, g) — k(fz(TWp’q,g) are surjective; in particular, both kLR
FLpYPa(g) — FPVPI(g) and % : PVP4(g) — FPVPA(g) are surjective.
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Proof. Tt suffices to show that for any *v € kée(TW,g), there exists *lv ¢ k+1CVZ(TW,g) such

that *T1Rp(k+1y) = by If #5,(Fv) = 0, then applying Lemma with *+lw = 0 gives the desired
k+ly. For a general Fv, we let *w = #§(¥v). Since *8,(*w) = 0, we can find a lifting **'w such that
ﬁ

RHLEY (k+1y) = ky. Applying Lemma again, we obtain ¥y satisfying "1 (F+ly) = kv, O

Definition 3.29. Let g(0) = {¥g,5(0)} and g(1) = {¥gas(1)} be two sets of compatible glu-
ing morphisms, and h = {¥h.g} be a compatible homotopy from g(0) to g(1). For £ > 0, we
let "TWEL o, (h) C @y *TW. g0y (A1) be the set of elements (@o,--- i) such that p; =
khaia i (¢i). Then, for each k € Z>g, the k*™-order homotopy Cech-Thom-Whitney complex is de-
fined by setting "C(TWP9, h) := [0y, "TWHE. ., (h) and "CH(TW , h) = @, , “"CLTWP4, h). We
have the natural restriction map v : kéz_l(TW, h) — kaZ(TW, h) as in Definition .

Let %6y := Z?ié(—l)jtj,gﬂ : kéé(TW, h) — kﬂ“(TW, h) be the Cech differential acting on
ké*(TW, h). Then the k™ order homotopy polyvector field on X is defined as *PV**(h) :=
Ker(*8y). So we have the following sequences
(3.24) 0 — *PVPA(R) — "COTWPI h) — -« — "CHTWPI ) — -,

(3.25) 0 — PVPI(h) — CO(TWP h) — -+ — CH(TWPI h) — -,
where (3.25) is obtained from (3.24) by taking the inverse limit. We also write CHTW, h) =
P,., C(TWP4, h).

We further let kr; : kaZ(TW“q, h) — kCVK(TWp’q,g(j)) and kr;f : kpyPa(h) — kPvPa(g(j)) be

the maps induced by r; : A* (M) — A*(A;) for j = 0,1, and let rj := lim, kr*. Then we have the

J
following diagram

0——=PV**(g(0))—=C(TW, g(0))—- - -——=C*(TW, g(0)) —- - -

* * *
K I o

00— PV**(h) CO(TW, h) e CHTW,h)—---

* * *
B E K

0——=PV**(g(1))——=CoTW, g(1))— - —=C(TW, g(1))—--

Similar proofs as those of Lemma and Corollary yield the following lemma:

Lemma 3.30. Given *+lw € kHCVZH(TW, h) with 16, (Flw) = 0, Ftla; € k+1ée(TW,g(j))
satisfying "T16,(Fa;) = Frps(FHw) and Fv e kée(TW, h) such that *6,(*v) = ¥*lu (mod m*+!)
and *r}(Fv) = "la; (mod m* ), there exists *tlv € k—HCV[(TW, h) such that "Ry (tly) = ky,
k“r;f(kﬂv) = FHla; and "T15,(Mlv) = *ly. As a consequence, both ([3:24) and (3.25) are evact
sequences.

Furthermore, the maps °* : C{(TWP4, h) — kée(TWp’q7 h) and °Fb . PVPA(R) — FPVPA(R),
as well as kr; :kPVE(h) = ¥PV**(g(5)) and i PV**(h) — PV**(g(j)) are all surjective.

3.5. An almost dgBV algebra structure. The complex PV**(g) (as well as PV**(h)) con-
structed in_ is only a graded vector space. In this subsection, we equip it with two differential
operators 0 and A, turning it into an almost dgBV algebra.
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We fix a set of compatible gluing morphisms g = {kga[g} consisting of isomorphisms kgaﬁ :
krwes kTWZ’ZB for each k € Z>o and pair V,,V3 C V. Both FTw**  and kTWEz,B are

a,af3 a,af
dgBYV algebras with differentials and BV operators given by kéa, kég and A, * Ag respectively.
Lemma 3.31. For each k € Z>o and pair V,,Vg C V, there exists kwa;aﬁ € kTngozg such that
k5 k3
kwa;aﬁ =0 (mod m), k+1wa;a5 = F4p.0p (mod mFH1) and kgﬁa o 0go KGap — O = [kwa;ag, . Fur-
thermore, if we let kwag = (kwa;ag, kgag(kwa;ag)), then (kwag)ag is a Cech 1-cocycle in kél(TW_l’l, g)

Proof. By Lemma [2.5] we have

exp(—[“apig-is ) = L

k
[k’19 Bigi ] d 1901;877;0"'7:1)7. ’
afig-i)

exp(—[kﬁag,io...il, Jodo exp([kﬁamo...i“ ) =d- [

where d is the de Rham differential acting on A*(A;) (recall that k@; is induced by the de Rham
differential on A4*(A;)). Then using (3.6) in Condition (i.e. kgoéﬁ,iomil _ exp([kﬁaﬁ,io-..il, o
(*9ap.iolus,..,)), We obtain

eXp(_[kﬂaﬁ,iomil? D —1 (
F0apigis ]

kgﬁ%io-"iz odo kga@iomiz =d- [kgﬁa,io ( dkﬁaﬁ,io---h))v } :

Now we put

k
exp(— [V J) — 1
“Wasagig-ip = k95a7i0< P (d kﬁaﬁ,z‘omn))-
[*Papio-ir» ]
Then **w,06i0i, = "Waapio-i, (mod mF+1). To check that it is well-defined as an element in
1,1 .
kTWa;aB’ we compute using Lemma to get d + [ :,l(kwa;aﬁ,iomil)7 ] =d+ [kwa;aﬂ,iowi?-iz’ ] By
injectivity of *G.1 < Der(*G?), this implies that d:’n(kwa;agjio...il) = kwa.aﬁ iy TO sCE that
it is a Cech cocycle, we deduce from its definition that [kgag(kwa;aﬁ), | = k(% — kgaﬁ o kga o kgﬁa.
Thus, by direct computation, we have ["’wa;ag — kwoﬁOW + kgga(ka;lg,y), -] = 0 and can conclude that
e — "aay + Fgga(tigis) = 0. O

We have a similar result concerning the difference between the BV operators *A, and kAB:

Lemma 3.32. For each k € Z>o and pair V,,Vg C V, there exists kfa;ag € kTWO’OB such

a,a
that *£4.05 = 0 (mod m), ¥, .5 = *£,.05 (mod m*1) and Fgg, o *Ag o kgvaﬁ — kA, =
£ 008, ] Furthermore, if we let *£,5 := (*f0.08, ¥ gas(*faap)), then (F£45)ap is a Cech 1-cocycle
n kél(TWO’O, g).

Proof. To simplify notations, we introduce the power series

- e~ 1 B o (—1)k+1.%'k
(3.26) T(z) = — _kzzo I

Similar to the previous proof, we have
exp(—[*aag,igs 1) © exp(=[*Dap,igirs 1) 0 *Ap 0 exp((*Dap igis 1) 0 exp([Faap.io, )
=" A — [(exp(~[*aag,io: 1) 0 T([*Dagi-iis 1) © *A8) *apigir) ]
—[(T([Paapios 1) 0 *Ap) (“aap,i), ]
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using Lemma By (3.5) in Condition we can write kgaﬂyi = exp([kaam, 1) o k@bam, and
from ([2.3)) in Definition [2.17] we have k¢5a,i o kAB o kq/;agﬂ- —kA, = [kmagyi, ], so

" 9peciois © * 05 0 Fgagioiy = Do = = [(*gpasio © T([*apio-irs 1) © *Ap) "Fapio-ir): ]
— [(*¥Bavio © T([*aap.in: 1) © *88) (*aap.in), ] + [Fagi, -
Now we put
kfa;aﬁ,io---il = (kgﬁa,io ° T([kﬂaﬁ,io---iu ])o kAﬁ)(kﬁaﬁ,iO"'iz)
(3.27) - (kwﬁa,io ° T([kaaﬁ,ioa ])o kAB)(kaaﬁ,io) + kmaﬁ,io
= — (*90io © T(F9apiig-irs 1) © *A8) Vapiviy) + 1ay @ *Eaapio v,

where 1,, denotes the constant function with value 1 on A;. We need to check the following conditions
for the elements kfa;amo...il’s:

0--ip?

k+1 _k k+1y.
1) " o0piioeis = "fasaBio-4, (mod m 1)

(
(2) kfa;a,@ = (kfa;aﬁ,iomiz)(io,---,iz)EI € kTWS;;?xB (See Definition ;
(3) letting *£05 := (*fa:08, “9as(*fa.as)), we have
(328)  “gapigit(*faapiio-it) = (Fgapio © T((*Ppaio-irs 1) © *Ba) “Vpasig-ir) + 1a; © *E508,i0:
where kf&aﬁﬂ'o = (kwaﬁ,io © T([kaﬁ%iov ]) © kAOé)(kaﬁa,io) - kmﬁa,io; and
(4) that (*£,5)as is a Cech 1-cocycle in kél(TWO’O, 9).
The properties (1)-(4) are proven by applying the comparison ([2.9)) of the volume forms in Definition
2.22| (which can be regarded as a more refined piece of information than the comparison of BV

operators in (2.3))) and Lemma in the same manner, together with some rather tedious (at least
notationally) calculations. For simplicity, we shall only present the proof of (1) here.

To prove (1), first notice that the term (*gga.io 0T([Fup.ig-iss 1) 0¥ Ag) (FDap i) already satisfies
the equality, so we only need to consider the case for [ = 0. In the rest of this proof, we shall work
(mod m**1), meaning that all equalities hold (mod m**!). First of all, the equation k+1’kb5 o

k+1,k
k+1ga57i0 — kgaﬁ,io o tL ba ( k+1>
k+1,k k+1,k k+1,k
eXp(_[kaaﬁ,iO’ -])oexp([k+1aaﬁ7io,-])o A bﬂ = kwaﬁuioo i baok+1¢ﬂa,io = exp([kJrl,kbﬂOé,iO?’])o A b,@
using (3.5)) and (2.4), so we have
- k+1aa5,i0 = (- k+17kb5a,io) o (= kaaﬁﬂ'o)

by the injectivity of ’“ggl — Der(kg%).

mod m can be rewritten as

Applying Lemma 2.5 to the dgLa (G5, [ 1, *A), we get (exp(— 80 50,4,) #exp(— Fagg,)) 0 =

exp(—*a,g.,) x 0, which can be expanded as

0=- (exp(_[kJrl’kbﬁayio’ ])o T([kaaﬁ,iov ])o kAﬁ)(kaaﬁ,io)
- (T([k+17kbﬁo¢,ioa ]) © kA,B)(k—i_l’kb,Ba,io) + (T([k+1aa,8,iov ]) o kAﬂ)(k+1aa,8,io)‘
. k41 ‘ . kpx ite kt1 ,
QL b QL I
Applying YBa,i, to both sides (note that v € "G %» so when we write Y Baio (), We mean

M4 8000 (7) Where 5 € ’f“g;; is an arbitrary lifting of ; as we are working (mod m*+1), ¥l . ()
is independent of the choice of the lifting), we obtain

0=-— (kwﬂoéﬂ'o o T([kaaﬁ,iov ]) o kAﬁ)(kaaﬁ,io) - (k+1¢50f7i0 o T([k+17kbﬂa,io7 ]) o kAB)(kJrLkbﬁa,io)
+ (k+177/)ﬁa,io © T([k+1aa,3,i0> ]) © kA,B)(k—HaOéﬁvio)
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k k 1 1 k k+1,k k k1%
="Fasapio = Wagio — " Taapio T Wagio — ("pasie © T(=[FT b0, 1) 0 FAR) (T B40,)-

From , we learn that kwamo(kmag,io) = — kmga,io. Hence it remains to show that
1000+ “Wapio(Hag o) = (T(=1" 00, 1) 0 FA5) FF 1 050,0),
which follows from the relation
exp(F10 5010 + Fasio (M 0ag.40)) 0 Fuwg = (%amo o FHLky k+1%a7i0>(k+1w6)
= exp(Licrny,, )(5wg) = xp((95, (— 5 HFb01,)]) (o).

coming from Definition [2.22] and using Lemma [2.§ O

The same results hold with exactly the same proofs for the homotopy Cech-Thom-Whitney
complex with gluing morphisms *h,g : kTWZ’; 5(A1) = kT WZZ s k(fl), where kTWZ’; 5(A1) 211d
kTWZ’;Zﬁ(Al) are equipped with the differentials *D,, := d,, ®14+1®" 0, and kD/g =da, ®1+1®703
and BV operators *A,, and kAg respectively. Such results are summarized in the following Lemma.

1,1
a)a/g

Lemma 3.33. There exist kwa;ag e krw
0 (mod m) and ¥Fy.n5 = 0 (mod m), and

"hga 0 FDgoFhas — Do = FWaaps ], "hga 0 ¥Ag 0 has — Ay = [FFaap, ).
Furthermore, if we let
Wag = (Waiap, "hap(Waap)),  "Fas = ("Fasas, “has("Fazap)),
then ("Wag)ap and (*Fap)ap are Cech 1-cocycles in the complex ké*(TW, h).

(Al) and kFa;a,B S kTWg:(;B(Al) such that kwa;aﬁ =

We conclude this subsection by the following theorem:
The(;rem 3.34. There exist elements 0 = (0p)a = @k(kba)a e COTW=1L g) and § = (fa)a =
: 50 0,0
hm, ("fa)a € CY(TWSY, g) such that
98a © (08 +[08,7]) © gap = Oa + [0a, ], gpa 0 (Bp+[fs,"]) © gap = Aa + [fa, |-
Also, (Oq + [0a, ))a and (Mg + [fa, ])a glue to give operators O and A on PV**(g) such that
(1) 0 is a derivation of [-,-] and A in the sense that
Au,v] = [Ou, v] + (—1)H [u, 5],  B(uAv) = (Fu) Av+ (—1)%u A (Dv),

where |u| and |v| denote respectively the total degrees (i.e. |u| =p+ q if u € PVP9(g)) of
the homogeneous elements u,v € PV*(g);
(2) the BV operator A satisfies the BV equation and is a derivation for the bracket [-, ], i.e.

Afu,v] = [Au, 0] + (=), Av],  AwAv) = (Au) Av+ (=1)u A (Av) + (=) [u, 0],

for homogeneous elements u,v € PV*(g); and
(3) we have A? =0 and

> =0=0A+ Ad (mod m),
so (PV** A,0,A) (mod m) is an almost dgBV algebra.
Moreover, if (3',f') is another pair of such elements defining operators &' and A’, then we have
J—0=1v1,"], A —A=]vy,],
for some v1 € PV~Y1(g) and vy € PVO0(g).
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Proof. In view of Lemmas and we have a Cech 1-cocycle w = (Wag)ap = @k(kwaﬁ)aﬁ and
f=(fap)as = @k(kfaﬁ)ag. Using the exactness of the Cech-Thom-Whitney complex in Lemma

we obtain 0 € CO(TW 11, g) and § € CO(TW®0, g) such that the images of — 0 and — § under
the Cech differential dg are w and £ respectively, and also @ = 0 (mod m) and f = 0 (mod m).
Therefore we obtain the identities

9Ba © (56 + [057 ]) ©Gap = éa + [aa, ']7 9Ba © (Aﬁ =+ [fﬁa ]) ©Jap = Ay + [fav ]
Also notice that if we have another choice of ?’ and §' such that the images of — " and — ' under the

Cech differential 8y are w and f respectively, then we must have o =9 = §_;(by) and f — § = 6_1(v2)
for some elements by € PV ~11(g) and vy € PVO0(g).

It remains to show that the operators 9 and A defined 1[)y 0 and f§ satisfying the desired properties.
First note that we have an injection 6_1 : PVP4(g) — CO(TWP4, g) = [[, TW?, where we write
TWhHY = @k FTWEA. Also the product A and the Lie bracket [-, -] on PV**(g) are induced by those

on each TWy". Since 0 and A are defined by gluing the operators (94 + [0, ) and (A + [fa, ])a;
we only have to check the required identities on each TW", which hold because both [0, ]’s and
[fa, -] are derivations of degree 1 and @ = 0 = § (mod m). Also, (Ay+[fa,])? = A2 +[Au(fa),"] =0
(Aq(fo) = 0 for degree reason), so we have A2 = 0. O

For the homotopy Cech-Thom-Whitney complex we have the following proposition which is par-
allel to Theorem [3.34
Proposition 3.35. There exist elements © = (D)o = @k(k@a)a € COTW—YL h) and § =
Sa)a = T&lk(kga)a € CO(TWO O 1) such that
hga o (Dg+ [Dg,]) 0 hap =Da + [Da,],  hgao (Ag+[Fs:]) 0 hag = Ao + [Fa, |-

Furthermore, (Do + [Da,])a and (Aq + [Sa,])a glue to give operators D and A on PV**(h) so
that (PV**(h),\,D, A) satisfies (1) — (3) of Theorem (with D playing the role of 0).

4. ABSTRACT CONSTRUCTION OF THE DE RHAM DIFFERENTIAL COMPLEX

4.1. The de Rham complex. Given a set of compatible gluing morphisms g = {kga[g}, the goal
of this subsection is to glue the local filtered de Rham modules *K, over V, to form a global
differential graded algebra over X. Similar to we consider a sheaf of filtered de Rham modules
(KC*, JC*, A, 0) over a sheaf of BV algebras (G*,A,A) on V and a countable acyclic cover U =
{U;}icz, of V which satisfies the condition that H>%(Uj,...;,, ,K7) = 0 for all j, 7 and and all finite
intersections Uj,...;, == U;, N ---NUj,.

Definition 4.1. We let
TWp7q(IC) = {(nio---iz)(io,...,il)eI | Nig--i; € Aq(Al) Ac Icp(Uio---il)> d;,l(mo-“iz) = nio...gj...il|Ui0mil}7

and TW**(K) ==, , TWP4(K). It is equipped with a natural filtration TW**(,K) inherited from
JC and the structures (A, 0, 0) defined componentwise by

(a7 @ ur) A (Br @ wy) := (=D)B(ap A B @ (ur Awp),
Aar @ug) := (day) @ur, oy @up) = (=1)*a; @ (duy),

for ar,Br € A*(A;) and ur,w; € K*(Ur) where | = |I| — 1. Furthermore, there is an action
Lo =@1: TW*(,K) — TW*HPl(K) defined componentwise by

(s @ vp)o(Br @ up) = (—1)Play A Br) @ (vroug),
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for ay, Br € A*(Ay), v;i € G*(Ur) and uy € K*(Uy), where |p| = p+ q for ¢ € TWPI(,K) and
l=|I|—1.

Direct computation shows that (TW*(,K), A, 0) is a filtered de Rham module over the BV algebra
(TW*(G), A, A) with the identity Lo, ev, (Br @ ur) = (=1)Ir+DIB(af A Br) ® (Lyyur) for ag, Br €

A*(Ay), v; € G*(Ur) and uy € K*(Uy) where | = |[I| — 1. Also, (TW*(,K),A,0) is a dga with the
relation 9(¢n) = d(p)an + (—=1)%lwu(dn) for p € TW*(G) and n € TW*(,K)).

Proposition 4.2. There is an exact sequence
0—= TWPI(, 1K) = TWPI(K) = TWPI( K/, 1K) =0

induced naturally by the exact sequence 0 — . K = K — K/, 1K —0.

Proof. The only nontrivial part is the surjectivity of the map p : TW?4( .K) — TWPI( K/ ., 1K),
which is induced from surjective maps p : KP(Uiy...;) — (KP/, 1KP)(Uiy...i). We fix n =
(niO"'il)(io,---,iz) S TWp’q(TIC/ r+1’C) with Nig-i; € Aq(Al) & (T’Cp/ r+1Kp)(Ui0---il)7 and show by in-
duction on I that there exists a lifting 7,5, € AY(Ay) @ KP(Uy..q,,) for any I' < I satisfying
P(Mig-—iy) = Mig-iyy and a5 (i) = mw%"'iy for all 0 < j <1’. The initial case | = ¢ follows
from the surjectivity of the map p : ,KP(Uiy...;,) = (,KP/ .1 1KP)(Usy...i,) over the Stein open subset

Uiy-..i,- For the induction step, we set 0(7ig-,) == (0, -+ 7, 5) € AN(L1) ® KP(Uig...i,). Then
the Lifting Lemma gives an extension 7;,.;, € AY(A;) ® KP(Uy...;,) such that (1ig..q,)|a, =
O(Mig-iy) and Pig.i, (Mig—iy) = Nig--i;» as desired. O

Notation 4.3. We will write . . *IC! = T’fICZ/TEICj; for any r1 < 1y, and extend the notation K%,

T1:T2
by allowing @ =1 or ry : ro. We also write le;; = le;; as before.

Given a set of compatible gluing morphisms g = {kgaﬁ} as in we can extend them to gluing
morphisms acting on lfAZ’;aO...a[ = TW*7*(]fICaj|Va0ma£).

Definition 4.4. For each pair V,,, Vs C V, the morphism *§n5 = (kgaﬁ,io---iz)(io,...,il)el : fAZ’_Zﬁ —
]fAE’:;B 1s defined componentwise by

k k
JaBiio-is (Mig-iy) = (eXp('Ckﬂamomil) ° eXp(‘C’“uagyiO) o Yagio) (Mig--ir)
for any multi-index (ig, . ..,4) € T such that Ui; CVap for every 0 < j <.

ko~
From Definition [2.22}, we see that the differences between the morphisms v,5;’s are captured
k,l
b

by taking Lie derivatives of the same elements aBi’S, kparg,ij’s and koag.w-’s as for the morphisms

k¢a57i’s. So the morphisms kgag kAR lfAZ’,zﬂ’s are well-defined and satisfying ’“+1gaﬂ =

a;af
’“gag (mO(vi m 1), ’“gw o k§57 o kgaﬁ = id. As a result, we can define the Cech-Thom-Whitney
complex C*(,A, §) as in

Definition 4.5. For { > 0, we let ALY, (§) C @f:o KA ooy e the set of elements (0o, -+ ,1¢)
such that n; = kg}aiaj(m).Then we set kée(.AP’q,g) =11 KARL ., (§) for each k € Z>g

Qg ®
and k(fg(,A,f]) = @nq "’(ff(,ApvQ,g), which is equipped with the natural restriction maps tjg :
e ALG) - AL g).
We let "6 == S0 (—1)t 0 = "CULA, §) — "CHT(,A, §) be the Cech differential. The k™
order total de Rham complex over X is then defined to be *A%*(§) := Ker(*6y). Denoting the
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natural inclusion ’f.A*’*(g) — kéo(.A, g) by k5_1, we obtain the following sequence of maps

(41) 0= EAI(g) = "COLAP, §) = "CU AP §) = o = AP g)

(4.2) 0= JA(g) = CO(APT, §) = C1 (AP, §) = - = CH((APT, §) — -,

where the second sequence is obtained by taking inverse limits I&Hk of the first sequence.
Furthermore, we let "8 and ¥ be the operators on ’jA*»*(g) obtained by gluing of the operators

(kéa + Ly, )a’s (where (F04)q € kal(TW*Ll, g) is the element obtained from Theorem |3.34) and

k94 ’s on Ian;a, and 0 = l£1k "o and & = @k kD be the corresponding inverse limits.

Proposition 4.6. Let ,A**(g) be the filtration inherited from that of JC for ¢ = 0,...,s. Then
(eA™*(9), A\, 0) is a filtered de Rham module over the BV algebra (PV**(g),A, A), and we have
0> =0=00+ 00 (mod m) as well as the relations

O A ) =3m) Ap+ (=) A (Dp),  d(em) = (Dp)m + (—=1)Fo.(m),
for o € PV**(g) and n,u € A%*(g). Furthermore, the filtration A**(§) satisfies the relation

PAT(9)) it AT(G) = it AT(G)-

Proof. Since 0 and 0 are constructed from the operators (kéa + Ly, )a’s and k9.’s on lan;a, we
only have to check the relations for each (lan;a, A, k@), which is a filtered de Rham module over
the BV algebra (kT Wasas A, kA). To see the last relation, note that there is an exact sequence of
Cech-Thom-Whitney complexes 0 — ko (41 AP g) — k@*(rAp’q, g) — ko (g1 AP9, G) — 0 using
Proposition Taking the kernel and inverse limits then gives the exact sequence
0— T+1Ap7q(g) — TAp,q(g) — T:T—‘y—lAp’q(g) — 0.

The result follows. O
Notation 4.7. We will simplify notations by writing (A** = JA(§) and PV** = PV**(g) if the
gluing morphisms § = {*gap} and g = {*gap} are clear from the context. We will further denote
the relative de Rham complex (over spf(R)) as JATT = g AT AT = g AT

Proposition 4.8. Using the element (*§,)q € kéo(TWO’O, g) obtained from Theorem we obtain
the element (exp(*fal)*wa)a € k(fo(():lAd’o,g) whose components glue to form a global element

ko e ﬁAd’O, i.e. we have (*gop 0 exp("fau))(Fwa) = exp(*fg0)(Fwg). Furthermore, we have *lw =

kw (mod mFTY). In view of this, we define the relative volume form to be w := lim, k.

Proof. Similar to the proof of Lemma we use the power series T(z) in (3.26) to simplify
notations. We fix V3 and Uj,...;; such that Ui; CVagp for all 0 < j <I. We need to show that

(exp(ﬁkﬁ ) © kgoc,B,io o eXp(kfa,io---iz—‘))(kwa) = exp(kfﬁ,iomiz—’)(kwﬁ)'

aB,ig---ig

We begin with the case [ = 0. Making use of the identities
exp([¢,-])(u Av) = (exp([9, -]) () A (exp([9, ])(v)),
exp(Ly)(vaw) = (exp([9, ])(v))1(exp(Lg)(w))
for 9 € "G5 (Uig-.iy), u, v € "G (Uig..iy) and w € ¢fKE(Uiy.,), we have
(*dag.io © exp(*fa,in)) ("wa)

k ~
:(eXp(ﬁkuaﬁ’io) ° Yagip © eXP(kfa,ioJ))(kwa)
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k
= exp(kgaﬁ,io (kfa,io) + exp([kaaﬁ,iw '])(kmﬁa,io))—‘ eXp(ﬁkaa@iO)( wﬁ)
=exp("F5,i0 + *E810p.00 T “Gabio(— "Wagio + Fsaso © T([Faagio: 1) 0 "Ag) (Faas.i))) = wps
= exp("§5,i) 2 "ws,

where *£ 5,055, = ¥gagio("faasio) = Fgapio(—("Ysain 0 T([Faagio, 1) © *Ag) (Faag.iy) + Foas ) is
the component of the term *f 8:ap Obtained in Lemma

The general case [ > 0 is similar, as we have
(kgoc,é’,io-'-il °© eXp(kaaiomil—'))(kwa)

:(eXp(ﬁkﬂ )o kgaﬁ,io o eXp(kfa,io-"iz—‘))(kwa)

aBiin-iy
=exp(“Tgig-iy + a0t — EXP(["Vapiviv 1) “Epiasiio) + (T(=[*Dapigirs 1) 0 *Ap) (“Dag,ig-i)) 1 ws
= exp(*fg.i0ir + ¥ giapiois + FGapiois(F8asie © T([Fapioirs 1) © FA8) FVapiv-ir) — *faapic))2Fws
:exp(kf@io...il)_nkwg.

O
Lemma 4.9. The elements *1, := kéa(kba)+%[kaa, F4] and *y, = kAa(kba)+k5a(kfa)+[kba, *5 o]
glue to give global elements ¥l = (*1,)o € FPV 12 and ¥y = (Fyo)o € FPVOL respectively.

Proof. For the element *I,, we have
(O + [0, 1) = o, ]

on *TW5* and since kgﬁao(kgg—i-[kbg, okgas = k5a+[k0a, ], we deduce that [Fgas(*l.), -] = [, ]
and hence *g,5("l,) = *I5 by the injectivity of *G~1 < Der(*GY).

For the element *y,, we have kgag(kba) = kbﬁ + kWﬁ;a/g and *g,s ks, = kfg + kfﬁ;a/g from the

constructions in Theorem Making use of the relations kégokgaﬂ — kG507 00+ FWs.08, 10%gas
and kA/g o kgaﬁ = kgaﬁ oFA, + [kfﬂ;aﬂ, o kgag from Lemmas and we have

*905(*Aa(*00) + "0a(*fa) + [00, *fal)
="905(*2a(*00)) + [ 05, "05] + Fgap("0a (")) + Fusias, s + [Mwpap: Es.as] + [0, Fs]
=(*25("0g) + “05(*15) + "5, "Fa]) + " Ap(Frupiap) + “05(*£0p) — Msias, " a8
Hence it remains to show that *Ag(Fws.qs) + kéﬁ(kfﬁ;ag) — g8, ¥ £508] =0 in kTWZ’*.
We fix a mult-index (ig,...,%) € Z, and recall from the proofs of Lemmas and the

formulas:
0 (“Eprain-i) = = "Dp(T(~[FDasigrii: 1) © * D) Dap ig-i)) + (05 0 *gap i) Tasap i)
EDs(Fagiapioi) = —(F85 0 T(=["Dag.ig--i 1) © "35) (*agio--i,),
where T is the formal series introduced in (3.26]). Now we consider the dgLa (A* (Al)®kgg(UiO‘..il), FAg+
kég, [-,:]). We apply Lemma [2.5/ and notice that
A= exp(Pag i) * 0 = (T(—~[“Dag igirs 1) © CAg5 + 85) Mg igir)-

Since A is gauge equivalent to 0 in the above dgLa, we have the equation (kAB + kég)A + %[A, Al=0
whose component in A'(A;) ® kg%(UiO...il) can be extracted as
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k5 k3
D((T(~["Fapigii> 1) © "Bp) "Vapigir) + *Ds((T(=[*Dap ig-irs 1) © " 05) (*Dagiig-i))
k —
+ [(T(="Vapigirs 1) © "Ag) Dapioir)s (T(="Papig-irs 1) 0 0p) *Vapig-i)] = 0-
Therefore, the (ig, .. ., 4;)-component of the term kAﬁ(kw/g;a/B)+k55(kfﬁ;aﬁ) — [kw5;aﬁ, kfﬁ;aﬁ} is given
by
k —
“8p("upiaioit) T 08(*Egias,io-ir) — [MWgiasio-irs " giapigil
k5 k5
= aﬁ(kga,é’,iomil(kfa;ozﬁ,io)) - [kwﬁ;aﬁ,iomilakgaﬁ,io~~-il (kfa;aﬁ,io)] = kga,é’,io~~~il( aa(kfoc;aﬂ,io)) =0.
O
Definition 4.10. We let [ := l'&lkk[ € PV=12 and vy = l&lk ky € PVl The operator d =

04 0+ Lo, which acts on ,A** preserves the filtration, is called the total de Rham differential. We
also denote the pull back of d to PV** under the isomorphism Jw : PV** — ||Ad+*’* by d.

Proposition 4.11. The pair (,A*,d) forms a filtered complex, i.e. d?> = 0 and d preserves the
filtration. We also have d = 0 + A + ([ + y)A on PV*.

Proof. From the discussion right before Propositiog we compute d? = (0+0+11)2 = (0+09)>—L,.
If we compute (0+0)? locally on A3, we obtain (Oa+Lo, +04)? = Cga(aa)—kﬁga =Lj, Yot L [0a,00]

Li,. So we get (8 + 9)2 = £ and hence d2 = 0. As for d, we compute locally on TW . Taking
yeT WZ’;*a, we have

d(ysexp(fas)(wa)) = (‘?a + Lag + Oa + L) (v A exp(fa)) s wa)

= (aa(V) + [00; V] + Aa(Y) + [far, Y] + la Ay + Da A ’Y)—'(eXp(fa)—‘ Wa),
which gives the identity d = 8 + A + ([+ p)A. O

4.2. The Gauss-Manin connection. Using the natural isomorphisms %o, : (;15K%,%0,) =2 K @7

(05K [~1],%04) from Definition we obtain isomorphisms
Ifaa : 1:]§AZ* -+ K®z O:IfAZZ;Z[_l]v

e’

which can be patched together to give an isomorphism of complexes ¥o : | 5 A** =& g5*/k g+
K ®z ﬁA*’*[—l] which is equipped with the differential *d. This produces an exact sequence of
complexes:

(4.3) 0 — K ®z A [—1] = A"/ 5A™ — FA™ =0,

which we use to define the Gauss-Manin connection (cf. Definition [2.12)).
Definition 4.12. Taking the long exact sequence associated to , we get the map
(4.4) "V HY (A ) — K@z H* ([ A "d),

which is called the k™-order Gauss-Manin (abbrev. GM) connection over *R. Taking inverse limit
over k gives the formal Gauss-Manin connection over R:

V(A - K e I Ad),

The modules H* (ﬁA, *d) and f{m over *R and R are respectively calld the k™-order Hodge
bundle and the formal Hodge bundle.
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Remark 4.13. By its construction, the complex (ﬁA*’*,Od) serves as a resolution of the complex
(ﬁIC*,O(?), and the cohomology H*(ﬂA, Od) computes the hypercohomology H*(ﬁIC,Oa). So the -
order Gauss-Manin connection °V agrees with the one introduced in Definition .

Proposition 4.14. The Gauss-Manin connection V defined in Definition[{.13 is a flat connection,
i.e. the map V? : H*(H.A, d) = A%(Kc) ®c H*(”.A, d) is a zero map.

Proof. Tt suffices to show the k*-order Gauss-Manin connection *V is flat for every k. Consider
the short exact sequence (4.3), and take a cohomology class [n] € H *(ﬁA,kd) represented by an

element n € ﬁA*. Then we take a lifting 77 € KA* so that *V([n)]) is represented by the element
Fd(7) € EA* /K A*. We write *V([n]) = 3, i ® [&] for a; € kQ}qT and [§] € H*(ﬁ.A, *d). Once again
we take a representative &; € ﬁA* for [¢;] and by our construction we have an element e € 5.4* such

that >, 0, ® & = *d(7) + e. Therefore if we consider the exact sequence of complexes

0— A kA kA /R Ar 5 kA /b A" — 0,
we have *d (3, a; ® &) = Fd(e) € 5A4*/5A*. Note that (*V)2([5]) is represented by the coho-
mology class of the element *d (3", ; ® &) € 5A*/ kA" = kﬁéf ®kp) ﬁA*[—2] using the isomor-
phism induced by %0,’s from Definition m Hence we have [*d (3, s ® &)] = [Fd(e)] = 0 in
FOL @iy H (FA, *d)[-2]. 0

4.3. Freeness of the Hodge bundle from a local criterion. To prove the desired unobstructed-
ness result, we need freeness of the Hodge bundle; in geometric situations, this has been established
in various cases [34, 56, 37, 25]. In this subsection, we generalize the techniques in [25 37, [56]
to prove the freeness of the k'"-order Hodge bundle H* (ﬁA*, *d) over *R in our abstract setting

(Lemma [4.17)) under a local criterion (Assumption [4.15]).

4.3.1. A local condition. Recall from Notation that we have a strictly convex polyhedral cone
Qr C Kg, the coefficient ring R = C[Q], and the log space ST (or the formal log space ST)
parametrizing the moduli space near the degenerate Calabi-Yau variety (X, Ox). For every primitive
element n € int(Qy) N K", we have a natural ring homomorphism i, : C[Q] — C[g], ¢™ + ¢™®),
where (-,-) denotes the natural pairing between K and KV, and then taking spectra gives a map
in : AT — ST (or Fi, ALY 5 kST for each k € Z>0), where AT is the log space associated to the
log ring Clg]" which is equipped with the monoid homomorphism N — C[q], k — ¢*.

Geometrically, taking base change with the map AT — ST should be viewed as restricting the
family to the 1-dimensional family determined by n. In our abstract setting, we consider the tensor
product ¥G¥,, := ¥G* @k (Clg]/(g""")). Then tensoring the maps Fihapi’s with Clg]/(¢"1) give
patching morphisms for the kgfm’s which will be denoted as kwn:ab’,i- Similarly we use k’lbn;ag,i’s,
kpn;ag,,;j’s, kon:ag%i’s and kmn;alg,i’s to denote the tensor products of the corresponding terms ap-
pearing in Definition with C[q]/(¢"*'). Note that all the relations in Definition still hold
after taking the tensor products.

In view of the isomorphism _*w : *PV** — ﬁAd+*7* in Definition and the fact that the com-
ko
plex (*PV** "d) is free over ¥ R (meaning that the differential is ¥ R-linear), we see that (ﬁAd+*’*, kd)

is also free over *R. Then taking tensor product with C[g]/(¢**!) (for a fixed n), we obtain the
relative de Rham complex (A" ®xp (Clq)/(¢¥*1)), d) over Clq]/(¢" ).
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Now the filtered de Rham module ]fICj; plays the role of the sheaf of holomorphic de Rham complex
on the thickening of V,. We need to consider restrictions of these holomorphic differential forms
to the 1-dimensional family Spec(C[g]/(¢**1)), but naively taking tensor product with C[q]/(¢*!)
does not give the desired answer. In our abstract setting, the existence of such restrictions can be
formulated as the following assumption (which is motivated by the proof of [25, Theorem 4.1]):

Assumption 4.15. For each n € int(Qy) NKY, k € Z>o and Vo € V, we assume there exists a
coherent sheaf of dga’s

(lflc;kl:ou /\a kan:a)

equipped with a dg module structure over kQRLT, the natural filtration

where ¥ICE.,, = dlog(q) A EKE[1], and a de Rham module structure over (*G., A, *An.a) sat-

isfying all the conditions in Definitions and (in particular, we have surjective mor-
phisms ®lby.o KKCr, — Kr,, for k > 1, a volume element Fwy., € KK /5KS.,

phism Fon.g : (FKE o/ 5KE 0 FO0na) = (BKE ./ YKE L [=1], ¥0n.a), and patching isomorphisms kqﬁn;am :
ke o, — ]flC;:5|Ui for triples (Us; Vi, Vg) with U; C Vg fulfilling all the required conditions). We

an 1somor-

further assume that the complex (*IC%,, [u], *On.a), where

— !

’“am(z vsu®) = Z(kan;ays)us + sdlog(q) A vsu®™,

s=0 s

satisfies the holomorphic Poincaré Lemma in the sense that for each Stein open subset U and any

S vsu® € FICE L (U)[u] with *0n.a (v) = 0, we have Y, nsu® € FICE, (U)[u] satisfying ¥ 0n.a (3, nsu®) =
Y s vsu® on U, and if in addition k’obn;a(uo) =01 (glCn;a Ca:a)(U), then > s Msu® can be chosen
so that k’obn;a(no) =0 in (8’Cn:a/?ana)(U)'

Assumption allows us to construct the total de Rham complex (s A5™, dy = Oy + On + ln)
as a dg-module over 2y, ; such that | A" @p (Clq]/(¢"1)) = EAZ* /K A" = ﬁA;*

4.3.2. Freeness of the Hodge bundle. We consider a general monomial ideal I of R such that m* C I
for some integer k € Z,, and we let ﬁ A* = ﬁA* ®rp (R/I) equipped with the differential by taking

tensor product which is also denoted by 'd. We consider two such ideals I C J such that m-J C I
and the following exact sequence of complexes

I’Jb
*ﬁA* 0.

(4.5) 0——{A* @c (J/1) A"
Then we consider the long exact sequence associated to and let
(4.6) Be v (A", d) — H* (A%, "d)[1] @c (J/T)
as in the proof of [37, Lemma 4.1].

Lemma 4.16. Suppose we have a filtration I = I} C I;_1 C --- C Iy = J of monomial ideals.
Then the connecting homomorphism 178 in (4.6) is zero if and only if the corresponding connecting
homomorphism 1i+v11§ (abbrev. by ITH98) is zero for each j =0,...,1— 1.
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Proof. First assume that the homomorphism 7§ is non-zero. Let m be the minimum of those
j=1,...,1 such that the composition

é
H* (A", 7d) H (A", 0d) @ (J/1) —=H 1 (A%, °d) @c (/1))

is non-zero. Then we consider the commutative diagram

1,J

e (JA°, 1) H* (A", 7d) S H (A ) @ (/1)
l \L Im,J5

H* (A7, ) H* (jA%, 7 d) H (A%, 0d) @c (J/Im)

| |

H*(["'L'A*,Imd) H*(Im_hfl*,[m_ld)

6H*+1(ﬁ-’4*a Od) &c (Im—l/Im)

Notice that the connecting homomorphism 7§ is non-zero with its image lying in the subspace

H*H(ﬁfl*,od) ®c (Im-1/In). So mm=1lg is non-zero.

Conversely, using the above commutative diagram, we observe that if ™™ 1§ is non-zero for some
0 <m <1 —1 then the connecting homomorphism I,J§ cannot be zero. O

To prove triviality of the Hodge bundle, we need a decreasing tower of ideals m=J; D Jo D ---
such that m - J; C J;41 for each ¢, J;/J;41 is at most one-dimensional and R = lgll(R/ Ji). We
should show that the connecting homomorphism

s s HY (AT ) — HH (A 0d) @c (Jif Ji)
is zero for i = 1,2,....

To construct such a tower, we take an element ng € mt(QR) N K" and define the monomial
ideal J; := (¢"™ | m € Q, (m,ng) > i), giving a sequence J; D Jy O ---, which should be further
refined. For each i, notice that the finite dimensional vector space J; / j¢+1 has a basis ¢ given by
the lattice points m € @ with (m,ng) = i. We take a generic element e € int(Q) N K" such that
(mq,e) # (ma,e) for all such m € @ with (m,ng) =4 (this can be done since there are finitely many
such m’s). We further take L large enough so that if we let n = Lngy + e, there is an integer [ such
that (m,n) > [ for m € Q with (m,ng) > i+ 1, and (m’,n) <1 —1 for m" € Q with (m’,ng) = i.
We can therefore define the refined filtration ji_;,_l =1 Cljy1C-Cljpg= J; such that I
is the monomial ideal generated by those ¢ with m € @, (m,ng) > i and (m,n) > s. Such a
choice ensures that there is at most one m € @ such that (m,ng) =i and (m,n) = s for a fixed s,
and hence I s_1/1; ¢ is at most one-dimensional. Making such a refinement for each J D Jz+1 and
possibly renumbering the sequence, we obtain the desired sequence J; D J;4+1 D ---. For each pair
Jj/JJH = C, we notice that there is an n together with i, : R — C[¢] and some k € Z such that
iz ' (¢") = Jj and iz *(¢") = Jj4 with iy 2 Jj/Jj40 = C- gk

n

We have the following commutative diagram of complexes:

Js s T4
J+1:7] .
b J;

OHﬁA* ®c (Jj/Jj1)—= H—IA* I * 0

e S %
lln \Lln lln

A" ©cC- g AL A ——0

0
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such that the induced map i’ : H*(ﬁA*) @c (Jj/Jj+1) — H*(ﬁA*) ®c C - ¢* is an isomorphism.
Therefore it remains to show that H* (ﬁA;ﬁ) is a free Clq]/(¢**') module for each k.

Lemma 4.17. Under Assumption H*(KA Kd) is a free R/K module for any ideal K C m
satisfying m™ C K for some L.

Proof. We first consider the case K = J; for some j. Similar to [37, p. 404] and the proof of
[25, Theorem 4.1], it suffices to show that the map "%, : H*(ﬁAﬁ,kdn) — H*(ﬁA;,Odn), which
is induced by the maps k’obn:a’s in Assumption is surjective for all k € Z>p. Following the
proof of [2/5</Theorem 4.1], we consider the complex (%,kfdvn) constructed from the complexes

(K. [u], FOa:a)’s as in Definition |4.10, There is a natural restriction map *%by : ¥ A* — .An defined

by k’obn;a(zlszo Nsu®) = k’obn;a(ng) on kIC;:a[u] for each «. Since k’obn (and hence the induced map

on cohomology) factors through "%,, we only need to show that the map *%b, : H*(* Az, Fd,) —
H* (OAn, d,) is an isomorphism.

By gluing the sheaves *K%.,’s (resp. ®K:.,[u]’s) as in Definition we can construct the Cech-
Thom-Whitney complexes k(f*(A*, Jn) (resp. k(f*(B;, Jn)) and obtain the exact sequences

0— /:A:;,*(gn) - kéo(oA;’*v gn) — kél(oA;’*a gn) T kéf(’Az,*’ gn) — e,
0 = 543" (92) = “COLBL", ) = “C'(BL*, gn) = --- = "C/(BE*. gu) —

Now we have a commutative diagram

k§_y k5 .
AL C*(Bg, gn)
kﬁgn kﬁgn
064 05
0 N
||A;k1 C*(OzlA;kn gn)

where the horizontal arrows are quasi-isomorphisms. So what we need is to show that R0y
k(f*(B;"l, Gn) — OCV*(O:lA;, gn) 18 a quasi-isomorphism.

The decreasing filtrations
. ks . 05 "
le ( C (B;kn n)) = C*(B;’;El’gn)’ le ( C (0 1Anagn)) = C*(O:IA;,Zlvgn)
induce spectral sequences with
- . 05 .
g (‘O Brgm)) = @D "B B ("CaAL ) = @D "C 01 AL Gn)

ptl=r pHl=r

respectively converging to their cohomologies. Therefore it remains to prove that the map
kO ks . 05 R
s P TCU(BEYGa) = D CU01 ALY Gn)
p+l=r p+Hl=r

induces an isomorphism on the cohomology of the Ey-page for each fixed q.
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If we further consider the filtrations @ kCVZ(Bﬁ’q, Jn) and @ Oé£(0:1A§’q, Jn), then we only

p+l=r p+eé=r
>l o>l
need to show that the induced map
k,0p
ks . "bn 05 .
CZ(B;’qa gn) CE (O:IA;’qa gn)

k.0,
n

k ) A
D,0 [ag-a, " Briao-ar(9n)

on the corresponding Fy-page is a quasi-isomorphism for any fixed ¢ and q, where kBﬁZ?XO...al( Jn) 1s
constructed by gluing together the sheaves ¥, [u]’s as in Definition

@pZO Hao“'(xg OZ(BAQ%O...W (gn)

Note that the differential on @p>0 Hao~--az ’fBﬁzgo...w(gn) is given componentwise by the differ-

a1 k . kppa kpprtlq kppa ~ ¢ kppa ;
ential “On.a; © "Bunlajia0-a — " Bniajiag-a, (Where the term "Bplag..a,(gn) C @jzo Brlajiao-ay 18
defined as in Definition using kAIC/I*la[u] ’s). Using similar argument as in Lemma we can see

that the bottom horizontal map 0, in the above diagram is surjective. Finally, the kernel com-

plex of this map is acyclic by the holomorphic Poincaré Lemma in Assumption and arguments
similar to Lemma

For a general ideal K C m, one can argue that H *(IﬁA*, Kd) is a free R/K module as follows.
We consider the sequence of ideals m = J; + K D Jo+ K D ---J;+ K = K for some [. Then
one can prove that H*(Jj“HﬁA*, TiritKqy H*(‘]ﬁ[ﬁfl*, JitKq) is surjective by induction on j.
Details are left to the readers. 0

5. AN ABSTRACT UNOBSTRUCTEDNESS THEOREM

Theorem produces an almost differential graded Batalin-Vilkovisky (abbrev. dgBV) algebra
(PV**,0, A, \) (where “almost” means (0 + A)? is zero only at 0*'-order), together with an almost
de Rham module (HA*’*,é, 0,N) (where “almost” means (0 + 9)? is zero only at 0''-order) and
the volume element w € ”.Ad’O. From these we can prove an unobstructedness theorem, using the
techniques from [11 [38], 35} 58].

5.1. Solving the Maurer-Cartan equation from the almost dgBV algebra structure. We
first introduce some notations, following Barannikov [I]:

Notation 5.1. Let t be a formal variable. We consider the spaces of formal power series or Laurent
1
series in t or t2 with values in polyvector fields

Epvra(ie)), Epvraies)), Fpveaies))es),

together with a scaling morphism |, : kPVp’q[[t%H[t_%} — kPVp’q[[t%]][t_%] induced by l(p) =
T ko ko _

ts 2(,0 for ¢ € kPVp’q[[t%]][t_%]. We have the identification ~d; := télt_1 o"dol, ="d+ t(*A) +

t=1(*1 4 t(*y))A. We also consider spaces of formal power series or Laurent series in t or t2 with

values in the relative de Rham module

bapafez]),  kAPa([ea))[t2),



36 CHAN, LEUNG, AND MA

1

together with the rescaling ly : k.Ap’q[[t%]][t_é] FAPa[[t2]][t~ ] given by ly(« ) =t
preserves the filtration on XA, and gives 1;(¢)2(Fw) = l(po*w) and *d; = t2l Lokdol, =9+
t(k9) +t=1(*1).

For the purpose of constructing log Frobenius structures in the next section, we consider a finite-
dimensional graded vector space V* and the associated graded symmetric algebra T := Sym*(VV),

equipped with the mazimal ideal I generated by VY. We will abuse notations by using m and I again
to denote the respective ideals of R := RRc T, where R is the coefficient ring introduced in Notation

.. We also let T := m+1 be the ideal genemted by m@ T+ R®I and write "Ry := (R /TF). We
write * PV :=*PV @c T ®@p, (Rp/TF) and §Ar = { Ac T ®p, (Rp/THY), and let * PVE[[H],

kPV}[[t%H[f%] and ﬁA’}[[t%H[f%] be the complea:es of formal series or Laurent series in t2 ort
with values in those coefficient rings.

d*erqf?

o which

Remark 5.2. We can also define the Hodge bundle m@j“ over the formal power series ring
Ry = @k kR, which is equipped with the Gauss-Manin connection V defined as in Deﬁnition.
Then Lemma |4.17 itmplies that the Hodge bundle EWM@T s free over RT, or equivalently,

H*(*PV%., ’“&) is free over ¥Ry for each k € Z>.

Definition 5.3. An element ko € *PV.[[t] with *o = 0 (mod m +1) is called a Maurer-Cartan
element over Ry /TFT! if it satisfies the Maurer-Cartan equation

Lo k] + (Bt 1)) =0,

(5.1) &5+t&ADk¢+2

or equivalently, (kg + t(kA) + [k% ])2 =0.

Notice that the MC equation is also equivalent to *d(e"("¥) w) =0 < k(vi(e't(k“”)) = (ké +
EA 4+ (KL + Fyp)A)(e9) = 0. In order to solve using algebraic techniques as in [35], we
need Assumption which guarantees freeness of the Hodge bundle, as well as a suitable version
of the Hodge-to-de Rham degeneracy; recall that these are also the essential conditions to ensure
unobstructedness for smoothing of log smooth Calabi-Yau varieties in [37].

Recall from Remarkmthat the cohomology H* (HA d) computes the hypercohomology H*(HIC* 9),
so the Hodge filtration F=PH* = H*(ﬁAzp’*,Od) (where °d = 9 + 9) is induced by the filtration
fzp(ﬁA) = ﬁAZP’* on the complex (ﬁA*,Od).

Assumption 5.4 (Hodge-to-de Rham degeneracy). We assume that the spectral sequence associated
to the decreasing filtration fz'(ﬁ.A) degenerates at the Eq term.

Assumption [5.4|is equivalent to the condition that H*(°PV[t]], ‘d=d+ t(°A)) (or equivalently,
that H*(OA[[t]], 0 +t(°0))) is a finite rank free C[[t]]-module (cf. [35]).

Theorem 5.5. Suppose Assumptzons [4.17] and [5] hold. Then for any degree 0 element ¢ €
'PVI[t]] ®c (I/1%) with ( 9+ t(°A))y = 0, there exists a Maurer-Cartan element ¢ € *PVY[[t]]

over Ry /TF1 for each k € Z>o such that 1o =*p (mod TF1) and o = ¢ (mod m + 1?).

Proof. We will consider the surjective map "™ : #+1 pyra[[t] — ¥ PVP4[[t]] obtained from Corol-
lary [3.28, and inductively solve for *¢ € ¥PVY[[t]] for each k € Z>q so that RLRy (Flp) = ko,

ko =1 (mod m + I?) and ¥y satisfies the Maurer-Cartan equation (5.1]) in *PVY[[1]].
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We begin with °%¢ = 0 and try to solve for . As the operator d=0+A+ (I 4+ n)A satisfies
d? =0, we have d([+ 1) = (+ A)(I+1) =0 (mod Z2) (where = 0 (mod Z2) means being mapped
to zero under °'h). Together with the fact that ([+ 1) = 0 (mod Z), we see that [(I+ )] represents
a cohomology class in (OPV*,OEI) ®c (Z/7?). Since d(1) = (I + 1), we deduce that [[+ y] = 0 in
PV, 1&) Now applying Lemma [4.17| or Remark (freeness of the Hodge bundle) to (%A*, 1d)
gives the short exact sequence

0= H*("PV*) ®c (Z/1%) — H*('PV) — H*("PV*) = 0
under the identification by the volume element w. We conclude that the class [l + p] is zero in
H*(°PV*)®(Z/I?) which means that (4 1) = (0+ A)(—() (mod Z?) for some ¢ € "PV°® (Z/1?),
and we have (I+t1) = (9 +t A)(—() for some ¢ € "PVO[[t]][t™] & (Z/Z?).

Applying Assumption and using the technique from [58], we can modify ¢ to satisfy ¢ €
OPVO[[]] ® (Z/Z?) (i.e. removing all the negative powers in t), and then we can take !¢ to be the
image of ¢ in 'PVY[[t]]. We further observe the Maurer-Cartan element '¢ can be modified by
adding any ¢ € 'PV9[[t]] with ¢ = 0 (mod Z) and lcvlté = 0 (mod Z?). Therefore we can always
achieve '¢ + ¢ =1 (mod m + I?) by choosing a suitable £ and letting ' 4 ¢ be the new 'o.

—+

Next suppose ¥~y satisfying the Maurer-Cartan equation d (e't(k_l"o)) = 0 (mod Z*) up to
order k — 1 has been constructed. Take an arbitrary lifting *~1p in *PV[[t]] and let *O :=

*d (e't(m)> = 3l (k(vit(em/t)> (mod ZF*+1). Then [FO] represents a cohomology class in

(OPV1[[t§]][t*%] ® (ZF/TFY), O(?1). We again apply Lemma to obtain a short exact sequence
0~ H*CPV*([t2])lt 2] @ (Z%/T%4) — H(FPV*([e2])[t2]) — H* (T PV {[e]][e2]) 0,

which forces [FO] = 0 as in the initial case. Hence, applying Assumption [5.4{and using the technique

from [58] again, we can find ¢ € "PVO[[t]] ® (Z*/Z"+1) such that ("0 + t(°A))(—¢) = ;' (*O) and
then set ¥ := =1y + ( to solve the equation. O

5.2. Homotopy between Maurer-Cartan elements for different sets of gluing morphisms.
Theorem is proven for a fixed set of compatible gluing morphisms g = {¥ gap}- In this subsection,
we study how Maurer-Cartan elements for two different sets of compatible gluing morphisms ¢(0) =
{#9a5(0)} and g(1) = {¥gas(1)} are related through a fixed homotopy h = {¥h,s}.

We begin by assuming that the data ® = (D)o € CO(TW 11 h) and § = (Fa)a € CO(TWO h)
for the construction of the operators D and A in Proposition are related to the data 9; and f;
for the construction of the operators 9; and A; in Theorem by the relations

(D) =0, 1) =7,
for j = 0,1, where r; : PV**(h) — PV**(g(j)) is the map introduced in Definition

Notation 5.6. Similar to Lemma we let £4 = Do(Dq) + %[@a,Qa] and €, == Ay(Dy) +
Do (Fa) + [Pa,Tal; (La)a and (€4)a glue to give global terms £ € PV3~1(h) and & € PVYO(h)
respectively.

o ko
We set D := D+ A+ (L4 E)A, which defines an operator acting on PV*(h) (and we will use D
to denote the corresponding operator acting on *PV*(h)). We have D*> = 0 as in Proposition .
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We also introduce a scaling ly : "PVPI(h)[[t2]][t"2] — *PVPa(h)[[t2]][t"2] defined by li(¢) =
tq_g_zgp for ¢ € FPVPA(h). Then we have the identity kYUDt = t%lt_1 o kﬁ oly = *D +t(*A) +
t=1(*& + t(*&))A as in Notation .

Similar to Notatz'on we consider the complex * PV (h)[[t]] (or formal power series or Laurent

series in t or t%) for any graded ring T = C[V*].

Lemma 5.7. The natural restriction map r; : (kPV*(h),ka?) — (kPV*(g(j)),ka) is a quasi-
isomorphism for j = 0,1 and all k € Z>.

Proof. We will only give a proof of the case j = 0 because the other case is similar. We first consider
the following diagram

0——""1PV*(h) ®c (m/m?) kPv*(h) YPV*(h)—0

* * *

0—=""1PV*(4(0)) ®c (m/m?)—=FPV*(g(0))—="PV*(g(0))—=0

with exact horizontal rows. By passing to the corresponding long exact sequence, we see that it
suffices to prove that rfy : (PV*(h),°D + YA) — (OPV*(g(O)),Oé +YA) is a quasi-isomorphism.
In this case we have °2 = id (mod m) and “g(0) = id (mod m), from which we deduce that
OPV*(h) = A* (A1) @c "PV*(g(0)) in which the operators are related by D + %A = %9 +9A + dg,
where s is the coordinate function on the 1-simplex A; and dg is the usual de Rham differential acting
on A*(A1). The quasi-isomorphism is then obtained using the homotopy operator constructed by
integration fos along the 1-simplex. Details are left to the readers. O

The following proposition relates Maurer-Cartan elements o of PV%.(g(0))[[t]] and those of
PVE(R)[[H]-

Proposition 5.8. Given any Maurer-Cartan element oy € ¥PV9.(g(0))([t]] as in Theorem
there exists a lifting o € ¥PVY.(h)[[t]] which is a Maurer-Cartan element for each k such that
kly = Ky (mod TFtY) and ti(F@) = Feo. If there are two liftings (*¢)r and (%) of (Feo)r,
then there exists a gauge element *9 € PV (R)[[t] for each k such that rj(*9) = 0, 1y =
k9 (mod TF1) and v * b =K,

Proof. We construct ¢ by induction on k. Given a Maurer-Cartan element *~1p € ¥=1 PV [[1]]
such that r(*~1¢p) = *¥~1yg, our goal is to construct a lifting ¢ of ¥~ with rjj(¥p) = F .

By surjectivity of ** b : *PV(R)[[t]] — *TPV(R)[[t]], we get a lifting ’“/_\H/p of ¥=1p. By
surjectivity of rf : *PVO.(h)[[t] — PV$(¥¢(0))[[t]] for any k from Lemma we further obtain a

—_—

lifting 7 of oo — rj(k~1p) such that n = 0 (mod Z¥) in *PV9.(h)[[t]]. Then we set E(; = ’:T; +n
so that (k) = *¢p. Similar to the proof of Theorem we define the obstruction class

0 = "Byt ) = (D + 1(FA)F + L T + (e + 1))

in ¥ PVL[[#]] which satisfies #¥"'b(*0) = 0 and "D, (*0) = 0.
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Considering the short exact sequences

0 ' <’va;<hﬁ[tn,’%t>

-1
It

i <’“Pv;‘p<g<?>utn,’“&t>—>o,

-1
|t

~ 1.0 1. k.y g " Lo, 1
0——=K*——=(*PVE()[[t2]][t 2], D)—=("PVi(g(O)[t2]][t"2], d)—=0
and observing that (K*, kﬁt) is acyclic, we conclude that *O € K. Hence we can find ¢ € K° such
that kﬁt(g‘) =%*0 and ¢ = 0 (mod ZF). Then *¢ := ki + ( is the desired lifting of *~1¢.
The gauge (*9) can be constructed by a similar inductive process. Given *~'¢, we need to

construct a lifting v € * PV -1 (R)[[t]] which serves as a homotopy from ¥ to ¥1). Again we take a
lifting *0 satisfying **~'h(*9) = #~19 and rj(*9) = 0, and consider the obstruction

- kg
9,]) —1 T
o =y — exp(9. ) () + “PELD = o k),
[kﬁ7 ]
which satisfies ©*~1h(*0) = 0 and rj(*0) = 0. We can find ¢ € "PV L[] ®(ZF/ZF 1) with £§(¢) =0
such that —(°D 4 #(°A))¢ = *0 and letting k9 .= F9 4 ¢ gives the desired gauge element. O

Given a homotopy h, we define a map Fj, from the set of Maurer-Cartan elements modulo gauge
equivalence with respect to g(0) to that with respect to g(1) by Fj ((*¢o)r) := (r(¥¢))s with
kp e kPVOT[[t]]. Proposition says that this map is well-defined, and its inverse Fﬁl is given by
reversing the roles of g(0) and ¢(1), so Fy, is a bijection.

Next we consider the situation where we have a fixed set of compatible gluing morphisms g =
{*gas} but the complex ¥ PV* is equipped with two different choices of operators "8 and ¥ A, "8 and
* A/ whose differences are captured by elements v; € PV~11(g) and vy € PV%0(g), as in Theorem
We write b = v; + by and consider the complex A* (A1) ®c*PV* equipped with the differential

ke ke - £2
D:="d+da, +tio, ] + (t1(*d+F A)0 + 5 [0, 0]) A+ (der A)A,
where t; is the coordinate function on the 1-simplex A; and d,, is the de Rham differential for
— 2
A*(A1). We let *Oy,, := (tl(ka +*A)0 + v, 0]) + (I + *y) and compute
ko = 0 =
(D)7 = (0+"A+ 1[0, )° = [*Ouyo, ]+ dta A 5= (FOun) A —dtr A (0 +FA)(0) + t1[o, )

FO¢ 0, -] — [FOri0s -] + dt1 A (9 +FA) (1) + t1]0,0]) A —dt1 A (P9 + FA)(b) + t1]v, b])A
0.

k< k<
Repeating the argument in this subsection but replacing (*PV*(h), D) by (A* @c *PV*, D) and
arguing as in the proof of Proposition [5.8| yields the following:

Proposition 5.9. Given any Maurer-Cartan element oo € * PVY.[[t]] with respect to the operators
"8 and *A as in Theorem there exists a lifting o € A*(A1) @ *PVA([t]] which is a Maurer-
Cartan element with respect to the operators (kg + da, + t1]01,7]) and A + [v2,] (meaning that
<(k5 + da, + t1[o1,]) +t(EA + [0, ]) + [Fe, ])2 =0) for each k satisfying "o = Fo (mod TF+1)
and ri(Fp) = Fpo. If there are two liftings (*¢)r and (*1)r of (Feo)r, then there exists a gauge
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element *9 € A*(A1) @ EPV[[t]] for each k such that ri(*0) = 0, ¥ = %9 (mod TF') and
Y % ko = ko

Propositions [5.8 and together show that the set of gauge equivalence classes of Maurer-Cartan
elements is independent of the choice of the gluing morphisms g = {kgag} and the choices of the
operators 0 and A in the construction of * PV%.[[t]].

5.3. From Maurer-Cartan elements to geometric Cech gluings. In this subsection, we show
that a Maurer-Cartan (MC) element ¢ = (¥¢)rez>0 as defined in Definition |5.3| contains the data
for gluing the sheaves *G*’s consistently.

We fix a set of gluing morphisms g = {¥g,5} and consider a MC element ¢ = (¥¢)rez>0 (where

we take 7" = C) obtained in Theorem Setting t = 0, we have the element *¢ := ¥i|;—g which
satisfies the following extended MC equation ([5.2)).

Definition 5.10. An element *¢ € PV is said to be a Maurer-Cartan element in *PV* if it
satisfies the extended Maurer-Cartan equation:

(5.2) "a(k¢) + %[kqb, kol +Fr=o.

Note that (kPV_l’*[—l]jkg, [-,-]) forms a dgLa, and an element ¥4 € *PV—11 is called a classical
Maurer-Cartan element if it satisfies (5.2)).

Lemma 5.11. In the proof of Theorem the Maurer-Cartan element ¥ = Fpg +Foitt + -+ +
kqutj + - € FPVOLH]], where Ko = Fipg + Fapy + - - - 4+ Fopg with ¥op; € FPV =0, can be constructed
so that *1pg = 0. In particular, ¥y € *PV =11 is a classical Maurer-Cartan element.

Proof. We prove by induction on k. Recall from the initial step of the inductive proof of Theorem
that ' € LPVO[[t]] was constructed so that (13 +t(AN (o) =+ tly. As lre 'PV12 and
Iy € LPVO!, we have 15(11110) = 0. Also, we know 'A(1epg) = 0 by degree reasons, so we obtain the
equation (15+t(1A))(1cp —Y4pg) = M+t 1y. Hence we can replace o by 1o — 4 in the construction
so that the desired condition is satisfied.

For the induction step, suppose that *~ly = =1go + k*1¢1t + o e FIPYO with ¥y = 0
has been constructed. Again recall from the construction in Theorem that we have solved the
equation

(“0 -+ 1(-))(7) = "d (te" /")
for 7 € *PVO[[t]]. We are only interested in the coefficient of ¢ of the component lying in ¥ PV %!
on the RHS of the above equation, which we denote as [k&t (tekils"/t)}o. By writing *'¢y =
=Ly + -« + k=L, using the induction hypothesis, we have
ko - ~ 1
Fac (i) = | (000 + A 4 JE e i) ) (exp o)
=0.

Therefore by writing /) = (o + Cot' +---, and (o = & + - - - + & with & € FPV =% we conclude that
ké(fg) = 0 and hence (k5+t(kA))(§o) = 0. As a result, if we replace 7 by 77— in the construction,
we get the desired element * for the induction step.

0

The second statement follows from the first because ¥¢g = F1p1 + - - - + Fip4 satisfies the extended
MC equation ([5.2]). Then by degree reasons, we conclude that ké(kih) + %[klbl, kdﬁ] +*fr=0. O
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In view of Lemma we restrict our attention to the dgLa (*PV~1*[-1]) and a classical
Maurer-Cartan element ¥1) € *PV =11 We write 1) = (¥1p,)q where ¥4, € FTW ot .o with regard
to the Cech-Thom-Whitney complexes in Definition

Since V,, is Stein and *G% is a coherent sheaf over V,, we have H>O(*TW%Y, [p],kéa) = 0 for
any p (here [p] is the degree shift so that kTWaa is at degree 0). In particular, the operator
kéa + [kba, ]+ [ Y, -] is gauge equivalent to 6a via a gauge element kﬁa € ’“ng}a’“. As k“@ba =
1) (mod m**1), we can further construct 9, via induction on k so that **'d, = *9, (mod m**1).

Given any open subset W C V3, we use the restrictions *Jo|w € FTW10(*G,|w), F95 €
FTW=19*Gslw) to define an isomorphism *g.5 : *TW**(*G,|lw) — *TW**(*Gs|w) which fits
into the following commutative diagram

kgaﬁ

FTW**(*Galw) FTW(*Gslw)
exp([*9a,]) exp([F9,])
(kTW*’*(kga|W)7k5a) (kTW*7*(kgﬁ|W)7k55)

here we emphasis that kgag identifies the differentials kéa and kég.

Note that there is an identification *G5 (W) = HO(*TWP*(*G,|w)[p], kéa), enabling us to treat
5 kG (W) — kgE(W) as an isomorphism of Gerstenhaber algebras|’| These isomorphisms can
then be put together to give an isomorphism of sheaves of Gerstenhaber algebras *g,s : *G%|v. , —
kggyvaﬁ_ Furthermore, the cocycle condition for the gluing morphisms kgaﬁ (see Definition D
implies the cocycle condition kg,ya o kgﬁv 0 kgaﬁ =id.
Definition 5.12. A set of k-th order geometric gluing morphisms *g consists of, for any pair
Vo, Vg €V, an isomorphism of sheaves of Gerstenhaber algebras kgag : ’“g;;\vaﬁ — ’fggmﬁ satisfying
kg5 = id (mod m), and the cocycle condition Fg., o kgg,y okg,s =id. Two such sets of k-th order
geometric gluing morphisms ¥g and *h are said to be equivalent if there exists a set of isomorphisms
of sheaves of Gerstenhaber algebras *a, : *G¥ — kg; with *a,, = id (mod m) fitting into the following
commutative diagram

gap
"GtV "G5 v,

lkaa lkag
kh

k ab
Galvs—"G5lv.s-

If we have two classical Maurer-Cartan elements *1) and kz/; which are gauge equivalent via
¥0 = (*04)a, then we can construct as isomorphism exp(— [k’@a,]) o exp([f0a,]) o exp([Fda,]) :
FTW L, i) o) — (FTWE, kﬁa) inducing an isomorphism *a, : *G*(V,) — *G*(V,) by taking

HO (kTW* o k@ ), so that the two sets of k-th order geometric gluing morphisms Fg and kg associated

k

to ¥ and 1/) respectively are equivalent via *a = (*a,)q. This gives the following:

Proposition 5.13. Given classical Maurer-Cartan elements kz/; e Fpv-Ll such that ¥l =
F1p (mod mF*1) and ¥ = 0 (mod m), there exists an associated set of geometric gluing morphisms
kg for each k satisfying *g = Fg (mod m**1). For two classical Maurer-Cartan elements Kb and

9We thank Simon Felten for pointing out that this should be an isomorphism of Gerstenhaber algebras, instead of
just an isomorphism of graded Lie algebras.
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k ~ . .
¥ which are gauge equivalent via *0 such that *7'0 = %9 (mod m* 1), there exists an equivalence
ka, satisfying **1a = *a (mod m**t1) between the associated geometric gluing data *g and kg

Lemma m together with Proposition produces a geometric Cech gluing of the sheaves
kgj;’s, unique up to equivalence, from a gauge equivalence class of the MC elements obtained in
Theorem [5.5]

6. ABSTRACT SEMI-INFINITE VARIATION OF HODGE STRUCTURES

In this section, we apply techniques developed in [2] 1, 35 44] to our abstract framework. Under
the Assumptions (existence of opposite filtration) and (nondegeneracy of pairing), this
constructs the structure of a logarithmic Frobenius manifold (introduced in [52]) on the formal
neighborhood of X in the extended moduli space.

6.1. Brief review of the relevant structures.

Notation 6.1. Following Notation let Ry = I&Hk Ry be the completion of RQ T. We will

abuse notations and use m, I and T to denote the corresponding ideals in Ry. As in Notation
we have a monoid homomorphism Q — *Rp sending m > qm which equips *Rr with the
structure of a (graded) log ring. We also denote the corresponding formal germ of log space by kSTT.

We define the module of log differentials
mls; = Ry @c Sym! (Ke ® VY)[-1]),

where Sym! refers to the graded symmetric product. For kQéT =k Ry @c (Ke @ VY)[~1], we write

T
dlog q™ for the element corresponding to m € K¢ and dz for that corresponding to z € VV. Then
we have a de Rham differential d : *Rp — kQ}qT satisfying the graded Leibniz rule, the relation

T
d(q™) = ¢"™(dlog ™) for m € Q, and d(z) = dz for z € VV.
We also let k@ST =*Rr ®¢ (K¢ @ V)[1] be the space of log derivations, which is equipped with
T

a Lie bracket [-,-] and a natural pairing between X € k@ST and o« € kQ;T . Similarly we can talk
T T

about Q;* and © gt by taking inverse limits.
T T

Definition 6.2. A log semi-infinite variation of Hodge structure (abbrev. <-LVHS) over Ry

consists of triples (kH,kV,k(-, ) for each k € Z>o and ¥ Rp-linear maps ®'b : FH — 1M for k >1,
where

(1) *H = *H* is a graded free *Rr[[t]] module, called the (sections of the) Hodge bundle;
(2) ¥V is the Gauss-Manin (partial) connection of the form

1
(6.1) AAVARILE VN ;(mls;> Rig, “H

and compatible with the maps Rl ’s;
(3) F(,-) : FH x *H — FRp[[t][-2d] is a degree preserving pairing which is compatible with the
k) s
maps "'h s,

satisfying the following conditions (when there is no danger of confusion, we will omit the dependence
on k and simply write V and (-,-) instead of *V and *(-,-)):

10Here we abuse notations by writing ¢™ in place of ¢™ ® 1.



GEOMETRY OF THE MC EQUATION NEAR DEGENERATE CY 43

(1) (s1,82)(t) = (=1)lo1lls2l (55, 51)(— ) where |s;| is the degree of the homogeneous element s;;
(2) (F(V)s1,82) = (~1)lt {51, f(—t)s2) = f(t)(s1,52) for s € *H and f(t) € *Re[[t]);
(8) Vx(s1,s2) = (Vxs1,82) + (— )|51|(|X|+1)<31 Vxsa) for X € k@S;,

(4) the induced pairing g(-,-) : ("H/t*H) x (*H/t*H) — ¥ Rp[—2d] is non-degenerate.

Definition 6.3. Given a 3-LVHS (*H*,V, (-,-)), a grading structure is an extension of the Gauss-

Manin connection V along the t-coordinate
V,o FH = 71 ("),

ot

which is compatible with the maps Ry s and such that [Vx,V,0] =0, i.e. it is a flat connection on
ot
kSr} x (C,0). We further require the pairing (-,-) to be flat with respect to Vtag in the sense that
t

t(s1,s2) = (Vt%81,82> + (s1, Vt%82>-
Notation 6.4. Let ¥, = FH ¢y CIHI[E™] be a module over FRr[[t][t™Y] equipped with the

natural submodule *H . = *H C *H. which is closed under multiplication by *Rr[[t]]. There is a
natural symplectic structure *w(-,-) : *Hi x *Hi — ¥Ry defined by *w(a, ) = Res;—o(c, B)dt.

Also let Hy := Lk kU1, which is a module over Rr[[t Lk kRT —1], equipped with
a natural R/Tm submodule Hy = Lk + and the symplectzc structure w := gnk kw. We also

write Rp[t™1] := Hm, FRp[t1].
Definition 6.5. An opposite filtration is a choice of Rp[t™'] submodule *H_ C *Hy for each
k € Z>o, compatible with the maps Flbs and satisfying the following conditions for each k:
(1) "H, o FH_ =*Hy;
(2) *H _ is preserved by Vx for any X € k@ST,
T

(3) kU _ is isotropic with respect to the symplectic structure
(4) *H_ is preserved by the Vt%.

k

W(‘v');

We also write H_ = l&lk by

Given an opposite filtration H_, we have a natural isomorphism (cf. [22], [43])

(6.2) "HtOH ) = E e (M) = ()
for each k, giving identifications

(6.3) o PHL Nt (PHO) ®@c C[[t]) — FHy,

(6.4) My nt(MHO) @c CltTY = t(MH-).

Using arguments from [43], we see that
e ntPH) P H N t("H)) € Ry and FH_FH ) e R[]

Morally speaking, a choice of an opposite filtration H_ gives rise to a (trivial) bundle H over
S} x P!, where t is a coordinate on P!, as follows. We let the sections of germ of *H near * S ! x (C,0)
be given by *H, and that of *H over kS; x (P'\ {0}) be given by t(*H_). Then and (6.4)
give a trivialization of the bundle *H over kSi} x P! whose global sections are ¥, N t(k?{,).

UHere f(—t) € *Ry[[t]] is the element obtained from f(t) by substituting ¢ with —t.
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The pairing (-, -) can be extended to S‘; x P! using the trivialization in (6.4]), and V extends to
give a flat connection on 5’} x P! which preserves the pairing (-, -}, has an order 2 irregular singularity

at t = 0 and an order 1 regular pole at ¢ = oo (besides those coming from the log structure on S’T)
The extended pairing and the extended connection give a so-called (logD-trTLEP (w))-structure [52].
Finally, let us recall the notion of a miniversal element from [52].

Definition 6.6. A miniversal section £ = (kf)kezzo is an element *¢€ € *H . Nt(*H_) such that

(1) *41e =*¢ (mod TFT);
(2) Vx ke =0 for each k on t("H_)/*H_;
(3) Vtag ke = r(*€) for each k on t(*H_)/ ¥ H_, with the same r € C;

(4) the Kodaira-Spencer map K S : k@s; — k. Jt(PHL) given by KS(X) := tVx& (mod t(*Hy))

is a bundle isomorphism for each k.

By [52] Proposition 1.11], an opposite filtration H_ together with a miniversal element £ give the
structure of a (germ of a) logarithmic Frobenius manifold.

6.2. Construction of a F-LVHS. Following [2, 1} 35, 44], we will construct a %*-LVHS from the
dgBV algebra * PV%.[[t]] in Notation [5.1{ and its unobstructed deformations.

Condition 6.7. For the 0"-order Kodaira-Spencer map °V([°w]) : K& — F24"1HO defined after
Pmposition we assume that the induced map °V ([°w]) : Kt — ]-"Zd_I]HIO/]-"Zd_%HO is injective.
Furthermore, we fiz the choice of the graded vector space V* := Grz(H*)/Im(°V ([°w])).

Notation 6.8. From Lemmal[{.17 and Remark[5.9, we define the relative de Rham complex with
1 1
coefficient in T' as ﬁA* = (ﬁA ®c T) @ry (Rr/IFY) and, for each k, consider H*(ﬁAT)[[ti]][tfi]
which is free over kRT[[t%H[t_%],
Since the ring T is itself graded, for an element ¢ € (FPVP1 T)/IF ¢ kPV i (resp. a €
(ﬁAp’q ® T)/IF' C ﬁAT), we define the index of ¢ (o resp.) as p+ q and denoted by @ (resp. &).
6.2.1. Construction of H .

Definition 6.9. We consider the scaling morphism
* —17 k¥ * 1 -1
lo: H*("PV[[t]][t™1], di) — H* (A, *)[[e2]][t 2],

and define (the sections of) the Hodge bundle over °St to be “H, := It(H*(OPV[[t]],Oat)), as a
submodule of °Rr[[t] = C[[t]]. We further take

(VI

"o = Im()['] = D (Hd”“(ﬁ«‘l?kd)[[t]][fl] ® HETA (A ) [[H]][¢ 1t

(resp. Hy = lim, ), as a module over FRy[[t)][t1] (resp. W}

Given a Maurer-Cartan element ¢ = (¥p), as in Theorem note that the cohomology H*(* PV p[[t]], "o+
t(*A) + [Fp,-]) is again a free module over *Ry([t]]. We define

Py = {(k(@) A O S Ew | ae B PV L[[H)], "0+ t(FA) + [P, 1)}

as the *Rr[[t] submodule of ¥H+. Similarly, we let Hy = lim, FH . be the Rr[[t]] module.
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Remark 6.10. Notice that "He " = @7_, (]—"ZT NH™ (A, 0d)) Cle)e+a=1 < HI v (A, d)[[t]][t ]
and 07—[1+0dd = @f;(l) F2rtan Hd+0dd(ﬂA, 0d)) (C[[t]]tf(wr%)*d*l in relation to the Hodge filtration
and hence “H /t("H) = Grr(H* (ﬁA)) as vector spaces.

given in Definition

Lemma 6.11. The *Rp[[t]] submodule ¥H is preserved under the operation t(*V x) for any X €
k@STT‘ Therefore, we obtain V : *H . — %(kﬂg;) Ok g kg

Proof. Tt suffices to prove the first statement of lemma. We begin by considering the case a = 1 and
restricting the Maurer-Cartan element ¥ to the coefficient ring *R (because the extra coefficient T is
not involved in the differential *d for defining the Gauss-Manin connection in Definition 4.12)). Note
that 1,(1) A "9 (kw) = I,(e"?/tL*w). Take a lifting w € £A%0 /5 A%0 of the element *w for com-

puting the connection k¥ via the sequence (4.3)). Direct computation shows that *d (It(ek*’/ t_nw)) =
=31, (Z, dlog ¢ ® ek‘p/t_n(i,D,-ka)) = > dlog g™ @t~ (I () A ")),k for some m; € K and
¥; € FPV*[[t]]. Since (I¢(v;) Ae*"?)) kw € ¥, we have ¥V (e't(k@)J(ka € 1 (*Qg) @) FH4).
For the case of (It(a) A e'f(k‘/’))_n kw, we may simply introduce a formal parameter € of degree —|a]

such that €2 = 0, and repeat the above argument for the Maurer-Cartan element *¢ + e over the
ring ¥ R[e]/(¢?). O

6.2.2. Construction of H_. The 0*"-order Gauss-Manin connection defined in Definition induces
an endomorphism N, :=°V,, : H*(ﬁA, 0d) — H*(ﬁA, d) for every element v € KV. The flatness of

the Gauss-Manin connection (Proposition then implies that these are commuting operators:
Ny, Ny, = Ny, Ny,
Assumption 6.12. We assume there is an increasing filtration WS.H*(?‘A, 0d)
{0} CWeoC--- CWep C--- CWa= H(JA,°d)
indexed by r € %ZZOE which is

o preserved by the 0%-order Gauss-Manin connection in the sense that N,2W, C W,_1 for any
veKY, and
e an opposite filtration to the Hodge filtration F=* in the sense that fZTEBWQ_; = H* (ﬁ.A, Od).
— 2

Under this assumption, the commuting operators N,’s are nilpotent.

Lemma 6.13. Under Assumption there exists an index (introduced in Notation and degree
preserving trivialization

% : H*(JA,°d) @c Ry — H*(jAr, d)
which identifies the connection form of the Gauss-Manin connection V with the nilpotent operator
N, i.e. for any v € K¢, we have V,(s® 1) = N,(s) ® 1 for s € H*(ﬁ.A,Od).

Proof. Since the extra coefficient ring 1" does not couple with the differential d, we only need to
construct inductively a trivialization ¥ : H* (ﬁ.A,Od) ®c *R — H*(ﬁA, *d) for every k such that

k+1 k—l—l)

s ="Fy (mod m and which identifies *V with the nilpotent operator N.

12\We follow Barannikov [1] in using half integers r € 7 as the weights for the filtration W<,; multiplying by 2
gives the usual indices W<o C --- C W<, - -+ C W<aq with r € Z.
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To prove the induction step, we assume that #~ ¢ has been constructed and the aim is to construct

its lifting ¥s. We first choose an arbitary lifting *sr and a filtered basis ey, ..., e, of the finite
dimensional vector space H *(”A 9d), meaning that it is a lifting of a basis in the associated quotient

Gryy(H* (ﬁA,Od)). We also write é; for ’?}/t(ei ® 1). With respect to the frame €;’s of H*(k.A kd),
we define a connection V with V, (&) = Zj(N,,)g(éj) for v € K, where (N,)!’s are the matrix

coefficients of the operator N, with respect to the basis {e;}. We may also treat N = (NZJ)
Kc-valued endomorphims on H* (ﬁ.A, °qd).

From the induction hypothesis, we have k¥ -V = 0 (mod m*) and hence (FV — V)(&;) =
dom D al eiq™ € OQH ®c H*(OA) ®C (m*/m**+1). From the flatness of both ¥V and V, we notice
that (dlog¢™) A, = 0 and hence o, = c7 ,dlog g™ for some constant c’ € C for every m and

j. We will use ¢y, to denote the endomorphlsm on H *( A,%d) whose matrlx coeflicients are given

by ¢ = (cjml) with respect to the basis e;’s.

As a result, if we define a new frame égo) =& — Zm j czmequ and a new connection V(© by

V) = 2, (V)1 EY), then

("7 = V) = Y lem, Nl (ej)a™,

j7m

where [¢,, N] is the usual Lie bracket with its Kc-valued matrix coefficient given by ([¢m, N H) =

UJ such

that [cm, N)J = U )]dlogq Taking an element v, € K¢ with (m,vy,) # 0, we obtain c%) =

[cm,N,, ]. Now 1f we define a new frame é(l) é(o) -2 mcgzjeZ q"

cillNil Ny J Once again using flatness of both *V and V(©, we get some constant c(

W and a new connection
v ( ) > N] , then we have ¢\ = m[csn),Nym] = W[[cm,Num],Nym] such that
c,(n)dlogq = [c( ) N -

Repeating this argument produces a frame {e )} such that if we let V(¢ 2d)) > N] 2d

we have cl24tD) = W(—[Nym, 124+ (¢,,) = 0. Therefore letting Fs(e; ® 1) = 61(-2 ) gives the
desired trivialization for the Hodge bundle. O

With Assumption [6.12) we can take a filtered basis {e,.; }o<ar<24 of the vector space H*(ﬁA, Od)
0<i<m,

such that e,; € W<, N (Hd+e”(ﬁ./4)) if r € Z and e;; € W<, N (Hd+°dd(ﬁA)) ifreZ+ %, and
{er.ito<i<m, forms a basis of WST/WSP%

Definition 6.14. Using the trivialization s in Lemma we let ¢ 1= s(ep; ® 1), as a section

of the Hodge bundle H*(ﬁAT). The collection {e,,;}, which forms a frame of the Hodge bundle, is
called the set of elementary sections (c¢f. Deligne’s canonical extension [9]).

Note that the index of ¢,.;, introduced in Notation is the same as that of e,.;.

Lemma 6.15. If we let

d
OrHLi+ev — 6% (Wgr N Hd+ev (ﬁ‘A)> (C[t—l]t—r—‘rd—Q C OrHi+ev’
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d—1
09yd-+odd . _ @ (W<r+1 N Hd+odd(HA)> C[t‘l]t‘(““%)*d‘?  Ogydtodd
r=0
and use “H_ := OHETew @ Oft+odd s the C[t~1] submodule of “H, then there exists a unique free

Ryt~ submodule H_ = limk kU _ of Hy, which is preserved by Vx for any X € éST and satisfies
) T
M1 =*H_ (mod TFF).

Proof. For existence, we take a set of elementary sections {e,,; }o<2r<24 as in Definition [6.14] We can
0<i<m,

take the free submodules "W = @, @ocicp, "R - e, kwd+°dd D1, Bo<icm kRT '
¢ 1, of H*(jAr,*d) and let

k L Eypyd+ —11p—r+d—2 kyayd+odd ~ra—171,— (r+1)+d—2
Ho= P whecr e P W ClE e (r+3)
0<r<d 0<r<d-—1

be the desired Vx invariant subspace.

For uniqueness, we will prove the uniqueness of kRT[tfl] submodule *H_ of *H4 for each k by
induction. Again since the coefficient ring 7" does not couple with the differential d, we only need to
consider the corresponding statement for Hodge bundle over *R. For the induction step we assume

k —~
that there is another increasing filtration W<, of H *(ﬁA, kd) satisfying the desired properties such
ko~
that they agree when passing to H*(k_}rA, *~1d). We should prove that W, C *W<, for each 7.

k—~— 0~
We take 7 € 1Z with W<, # 0. The proof of Lemma [6.13| gives a trivialization W<, ®c R —

k—~— ~ . . . . . .
Wx, using the frame {¢,,;} which identifies kY with N ; in particular we must have r > 0. Let

k —~
l, > r be the minimum half integer such that W<, C nglT, and take the frame {e;; }o<21<2, for
0<i<my,

the submodule nglT. Then we can write

e = Z frier: + Z friceri

0<21<2r 2r+1<20<2,
0<i<my 0<i<my,

for some f,; € ¥R with fri =0 (mod m”) for r + % <.
We start with r = 0 and assume on the contrary that lop > 0. As ¢ = Y gcicpm, foitoi +
> 1<a<2ly frieri, applying the connection kY gives

0<i<my
Z afOz 301"‘ Z flzelz+ Z flz eli)'

0<i<mg 1<21<2lo 1<21<2lo
0<i<my 0<i<m,

Passing to the quotient kW<lO/ Wy, — 1 yields 0 = > 1<i<i, O(f1;i)e; which implies that fi; = 0
0<z<ml

for [ > 1 and hence Il = 0. By induction on r, we have W<T_% C kW<T_% by the induction

hypothesis. We assume on the contrary that [, > r and consider

erz = Z V flzelz Z 8(fl;i)el;i + Z fl;iN(el;i)'

0<21<2r 2r+1<21<2L,. 2r+1<20<2L,
0<i<my 0<i<my 0<i<my
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This gives 0 = > ory1<2<2, O(fii)er; by passing to the quotient kWSIT/ quﬁ% and thus f;, =0

0<i<my
forl > r+ % This gives [, = r, which is a contradiction and hence completes the induction step
and the proof of the lemma. O

Remark 6.16. Lemma says that the opposite filtration H_ is determined uniquely by “H_
which is given by the opposite filtration in Assumption[6.13. Applying this to the case of mazimally
degenerate log Calabi- Yau varieties studied by Gross-Siebert [25] gives the weight filration which is
canonically determined by the nilpotent operators N, for any v € int(Qy) NKY.

6.2.3. Construction of the pairing (-,-). The next assumption concerns the existence of the pairing
(-,-) in Definition

Assumption 6.17. We assume that

. H*(ﬁA,Od) is nontrivial only when 0 < x < 2d;
o HP>4(04,°9) =0 for all 0 < p < d;
e there is a trace map tr : Hd’d(ﬁA,Og) = sz(ﬁfl,od) — C, so that we can define a pairing
Op(-,-) on H*(}A,°d) by
%p(a, B) = tr (@ A B)
for a,p € H*(ﬁA,Od);

e the trace map tr and the corresponding pairing °p(-,-), when decended to Gr]:(H*(ﬁA)) are
non-degenerate.

We will denote by tr : H*(ﬁA,Od) — C the map which extends tr : H2d(ﬂA, °d) — C and
is trivial on H <2d(ﬁA,0d). Note that by definition F=* is isotropic with respect to the pairing
Op(-,-), i.e. Yp(F2", F2%) = 0 when r + s > d. We have tr(N,(a)) = 0 for any a € H*(ﬁA) and
v e K((V:, and since W, is opposite to F=*, the filtration Wee is isotropic with respect to O(-, ),
ie. )p(We<s, W<,) =0 when r + s < d.

Lemma 6.18. Take the tuncation ﬁT(A)*’* = ﬁA*’Sd of the complex (ﬁ.A*’*, *d) as a quotient com-
plex. Then under Assumption the natural map between the cohomology group H*(ﬁA, Fd) —
H* (ﬁT(A), *d) is an isomorphism for all k.

Proof. Consider the exact sequence of complexes 0 — ﬁA*’>d — kA ﬁT(A)*’* — 0. We need to
show that ﬁA*’>d is acyclic. Exactly the same argument as in E tells us that the cohomology
H* (ﬁA*’>d, kd) is a free *R module. For k = 0, using the second item in Assumption W and a
standard zig-zag argument, we see that H*(?‘A*’>d, %d) = 0. Thus we have H*(ﬁA*’>d, Fd)=0. O

Lemma allows us to work with H* (ﬁT(A)*, *d) in defining the pairing (-, -).

Definition 6.19. Using the elementary sections {e,.;} in Definition we extend the trace map
tr to the Hodge bundle H* (ﬁA)[[t%]][t_%] by the formula

tr(fer) == ftr(ers)
for f € kRT[[t%]][t_%], and extending linearly.
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We also extend the pairing °p to H*( A)[[t %H[ ] by the formula

p(f()eri g(t)ery) == (=1)1ril F(1)g(t) Op(erss, er),
for f(t),g(t) € *Ry][t %]][ 7%], and extending linearly.
Finally we define a pairing (-,-) on k3. by the formul

(Ie(a(t)), 1(B(2))) := (~1) T I 2BE2=dp (1, (a (1)), 14 (B(~1))),
for i(a(1)),1:(B(t)) € ¥H, where B is the index of B € *PVA[[t]][t™Y] (see Notatwn.)
Lemma 6.20. We have the identification p(a, §) = tr(a A B) between the pairing and the trace map
in Definition[6.19 Furthermore, the pairing p is flat, i.e.
X(p(a, B)) = p(Vxa, B) + pla, Vx )
for any o, B € H*(ﬁA) and X € k@s;

Proof. Using the short exact sequence 0 — K¢ ®c¢ ﬁA*[—l] — FA EAF — ﬁA* — 0 which defines

the k*™-order Gauss-Manin connection *V, we have the flatness of the product:

k(A B) = (EVa) A B+ (-1)¥a A (FVp).
To prove the identity p(a, 3) = tr(aAB), we choose a basis {e,;} of H*(°A,°d) and the corresponding
elementary sections {e,.;} as in Definition We claim that the relation e,; Ae;; = > sk C i;fl sk

holds for some constant c’’ “ ;€ C. This can be proved by an induction on the order k, followed

by an induction on the leX1cograph1cal order: (r,0) < (r',I')if r <7’ or r = 7" and | < I’ for each
fixed k. So we fix r,[ and 1, j, consider the product e,,; A ¢;;;, and assume that the above relation

holds for any (r',1') < (r,1). Writing e,; Aej =D cs?kes;k—l—zs;k > gmemt bfﬁkes;kqm and applying
the Gauss-Manin connection gives kV,,(em- Aepj) = (Nueri) A ey + eri A (Nyegj). The induction
hypothesis then forces > ;> memk bfﬁkes;kqm = 0. As a result we have p(ey.;, e.;) = tr(eq; A eg;5)
and the general relation p(a, 8) = tr(a A 8) follows. Flatness of the pairing p now follows from that
of tr. 0
Lemma 6.21. The pairing in Definition satisfies (s1,s2) € FRy[[t] for any s1,s0 € FH,
and (s1,$2) € kRT[t_l]t_2 for any s1,s9 € LV Furthermore, it decends to give a non-degenerate
pairing g(-,-) : *Hy ft("H ) x FHy 1 ("H ) — FRr[—2d).

Proof. The statement for *H_ follows from the second item in Assumption and Definition

To prove the statement for ¥, we work with the tuncated complex (”T(A) [[t2 ]][F%] *d). For

two cohomology classes of H*(HT(A) )[[t2]][t 2] represented by I;(a)s*w, l;(8)s*w € ||7‘(A)T for
some elements «, 3 € PV %[[t]][t~!] with fixed indices @ = I; and 3 = la, [I, Proposition 5.9.4] gives

the following formula
(6.5) (=) ER (1 (1)) s Fw) A (14 (B(=1)2Fw) = (((a()) A l(B(—)))2Fw) A b,

in H* (”T(A)T)[[t%]][f%]. (Note that this does not hold for the full complex, which is the reason
for introducing the tuncated complex.) The result follows from such a formula because the same
argument as in [I, Proposition 5.9.4] shows that the RHS lies in * Rp[[t]].

13This is motivated by [].
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For non-degeneracy it suffices to consider the pairing for °#., which follows from the non-
degeneracy condition in Assumption O

The above constructions give a £-LVHS (H, V, (-,-)) together with an opposite filtration H_
satisfying (1)-(3) in Definition It remains to construct the grading structure.

6.2.4. Construction of the grading structure.

Definition 6.22. For each k, we define the extended connection V, o acting on H* (ﬁAT, kd)[[t%]][t_%]
ot
by the rule that V, o (s) = 2595 for s € H*(8Ap,*d) and V, o (fs) =t2(f)s + f(V, 0 (5)).
tat 2 H tat ot tBt

Proposition 6.23. The extended connection V is a flat connection acting on *H., i.e. we have
[V,o,Vx] = 0 for any X € k@ST. The submodule *H_ is preserved by V,o and we have

ot T ot
V,o (Hy) Ct Y *Hy). Purthermore, the pairing (-,-) is flat with respect to V, o .

ot at

Proof. Beside V, 2 (Hy)  t=1(*H,), the other properties simply follow from definitions. Take
t
o € *PVp[[t] and consider (I;(a) A e*"9)) Fw. Then
V2 (l(@) A U9 R = (V0 (@) A€ CO) +1(a) A (V2 1)) A e 09))
t t

Since we can write both V, » It( ) = 1(8) and Vtaglt(kga) = l¢() for some 3,7 € *PV 7[[t]], we may
t
rewrite

V, 2 (1) A e C9) S Fw = ((1(8) + (o A 7)) 9 S,
t
which gives the desired result. O

6.3. Construction of a miniversal section.

Notation 6.24. Consider the cohomology class ["w] € FZ4N Weaq. We let k1 be the extension of

the cohomology classes [Pw] € t(OH ) Nt2("H_) by first expressing it as a linear combination of
the filtered basis ["w] = Zr;i Criierii, and then extend it by elementary sections in Definition to

t2(*H_) using the formula *v = Zm’ Criitri for each k.
Notation 6.25. By our choice of the graded vector space V* = Gr]:(H*(OA))/Im(OV([Ow])) in

Condition |6.7 . we further make a choice of a degree 0 element w € PVt ]] ®@ VY such that its
cohomology class [l;(1)]|i=0 € (“Hi/t("Hy)) @ VY = Gr]:(H*( A)) @ VY maps to the identity

element id € V@ VYV under the natural quotient Gre(H*( A)) ® Vv Ve VY.
Definition 6.26. For the v chosen in Notation let cp = & be the corresponding Maurer-
1,

Cartan element constructed in Theorem Then Lel(* 1s called a primitive section if
it further satisfies the condition

¢t (e"(%)_n o — ku) eFH_
for each k, where *w is the element constructed in Proposition .

Proposition 6.27. We can modify the Maurer-Cartan element o = (@), constructed in Theorem
by ¢ — @ +t( for some ( = ("()x € Lk kPVO [[t]] to get a primitive section. Furthermore, H
18 unchanged under this modzﬁcatzon

Proof. The proof is a refinement of that of Theorem by the same argument as in [I, Theorem
1]. O
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The following theorem concludes this section:

Theorem 6.28. The triple (*H.,V,(-,-)) is a $-LVHS, and "H_ is an opposite filtration. Fur-

thermore, the element ¥¢ := t_le'f(k“’)_n(kw) constructed in Proposition 18 a miniversal section
in the sense of Definition 6.0,

Proof. 1t remains to check that ¢ is a miniversal section. We write £ = l&nk k¢ and prove the
condition for each k. First of all, we have ¥¢ € *H, N t(*#_) from its construction, and that
Me =71 (Fp) in t(*H_)/FH_. So V,(*¢) = t71(V,)(*u) = t7IN,(Fu) € FH_ for any v € K{.
We have computed the action of V, 2 in the proof of Proposition and the formula gives
Vt%(t—lelt(km) € (1—d)e""® 4 (*3_). Therefore we have vt%(’fg) =1 —d)*e) in PH_)/*H_.
Finally, to check that the Kodaira-Spencer map is an isomorphism, we only need to show this for
OS;, which follows from our choice of the input ¥ for solving the Maurer-Cartan equation in

Theorem 5.5 O
Remark 6.29. Following [1, [44], we can define the semi-infinite period map P : ‘SAYZTF —tH_/H_ as
B(s) == ["CPED) 0w — p]. In the case of mazimally degenerate log Calabi- Yau varieties studied in

[25], this gives the canonical coordinates on the (extended) moduli space.

7. ABSTRACT DEFORMATION DATA FROM d-SEMISTABLE LOG SMOOTH CALABI-YAU VARIETIES

In this section, we apply our results to the case of d-semistable log smooth Calabi-Yau vari-
eties studied by Friedman [18] and Kawamata-Namikawa in [37]. We assume the reader has some
familiarity with the papers [56 37].

Notation 7.1. Following [3T, §2], we take a projective d-dimensional simple normal crossing variety
(X,0x). Let @ = N?® and write R = C[[t1,...,ts]], where s is the number of connected components
of D = U}_D; = Sing(X). There is a log structure on X over the Q-log point 05T, making it a
d-semitable log variety X1 over °ST; we further require it to be log Calabi- Yau.

7.1. The 0P order deformation data. The 0*-order deformation data in Definition |2.__9| is de-
scribed as follows:

Definition 7.2. o the 0"-order complex of polyvector fields is given by the analytic sheaf of
relative log polyvector fields °G* = AN @XT/OSvi- equipped with the natural product struc-

ture E

o the 0"-order de Rham complex is given by the sheaf of total log differential forms °K* :=
Q}T/Cm which is a locally free sheaf (in particular coherent) of dga’s, and equipped with a

natural dga structure over OQET inducing the filtration as in Definition '

d
Xt/

Yau condition, and then °G* is equipped with the BV operator defined by OA(cp)JOw =
0 0
(s w).

e the volume element *w is given via the trivialization ogt = Ox coming from the Calabi-

These data satisfies all the conditions in Definition For example, the map Yo : OQgT QcC
/9 [—r]) = 2K*/, . 9K* given by taking wedge product in Q}T/c is an isomorphism of sheaves
of BV modules.

1410 [37], the sheaf of relative log derivations was denoted by T sa(log).
151 [37], the sheaf of total log differential forms was denoted by Q% c(log).
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7.2. The higher order deformation data. As discussed in [37, §1], every point Z € X1 is covered
by a log chart V' which is biholomorphic to an open neighborhood of (0,...,0) in {zp---2, = 0|
(20,...,2q) € CT1}. From the theory of log deformations in [37, §2], we obtain a smoothing VT of
V given by a neighborhood of (0,...,0) in {z0--- 2, = s; | (20,...,2q4) € CHYif VN D; # 0. We
choose a covering V = {V,}, of X by such log charts together with a local smoothing VL of each
V,. We further assume that each V,, is Stein, and let kVL be the k'™ order thickening of the local
model V.

The higher order deformation data in Definitions and are described as follows:
Definition 7.3. For each k € Z>o,

e the sheaf of k*-order polyvector fields is given by ’“gg =AN" GkVT/ksf equipped with the
natural product structure;
o the k-order de Rham complex is given by lez = szt /C"

e the local k"-order volume element is given by a lifting we of w as an element in Q*

vi/st
and taking Fwe = wa (mod m* 1), and then the BV operator *A,, on *G?, is induced by the
volume form *w,;

o the isomorphism ¥o of sheaves of BV modules is induced by taking wedge product as in

Definition [7.3

Finally, for each k € Zxo and triple (Uj; Vo, V3) with U; C Vg = Vo N Vg, [B7, Theorem
2.2] says that the two log deformations kV, and ng are isomorphic over U; via k\Ifaﬁi, which
induces the corresponding patching isomorphisms kwag,i : kg;;\Ui — ’“g;;in in Definition [2.17] and

ko~
Yap,i ’fICZ\Ui — ]fIC/’};\Ui in Definition [2.22] The existence of the log vector fields kpag,i’s, k0a577i’s

k,l
b

and "'b,g;’s follows from the fact that any automorphism of a log deformation over U; or U;; comes
from exponential action of vector fields. The difference between volume elements is compared by
k\I/Zﬂ’i(kwg) = exp(kmagyi_n) kwq for some holomorphic function kmam.

Assumption which is local in nature, can be checked by simply taking base change of the
family 7 : Vi, = FST with iy : AT 5 § f and working on */C¥,, using the local computations from
[56, §2]. Alternatively, and more conveniently, one can use (analytification of) the local computations
in [25, proof of Theorem 4.1] because indeed Assumption is motivated from [25, proof of
Theorem 4.1], and the d-semitable log smooth local model *V, is included as a special case.

7.3. The Hodge theoretic data.

7.3.1. Hodge-to-de Rham degeneracy. In [37, proof of Lemma 4.1, p.406], a cohomological mixed
Hodge complex of sheaves (Az, (A(*@,W), (AL, W, F)), in the sense of [50, Definition 3.13.], is con-
structed, where

At= D A= D (R WL,

ptq=k pHq=k
2T AK L D,q Dq . p+q+1 p+q+1,
FAL = (D D AL and W, AR i= Wipap 1 QO /W QU Ch
P q2r

here W, refers to the subsheaf with at most ¢ log poles. There is a natural quasi-isomorphism

e (Q}T/Osf’ F2r = QJE(:/OST) — (AE, F) preserving the Hodge filtration F. Applying [50, Theorem
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3.18] gives a mixed Hodge structure (H*(A7), (H*(Ag), W), (H*(AZ), W, F)), as well as the Hodge-
to-de Rham degeneracy (Assumption |5.4]) as in [50} proof of Lemma 4.1]. Injectivity of the Kodaira-
6.7,

Spencer map °V(°w) in Condition [6.7] can also be easily verified using the cohomological mixed
Hodge complex (Ac, F, W).

7.3.2. Opposite filtrations. On each H'(A}.), we have Deligne’s splitting H(A}) = D.. I** such that
Wer = @, 4, I and FZ" = @, 5", Since the nilpotent operator N, is defined over Q and
satisfies N,W<, C W<,_5, we deduce that N,I** C I*~1¢=1 As the Hodge filtration F=*H!(A%)

1—

in Definition [2.11]is related to FZ*H!(A%) by a shift: i F=7, letting W, 14 := D, I**

and W<, (H*(A%)) := O, W<, (H'(A})) gives an opposite filtration satisfying Assumption

7.3.3. The trace and pairing. For Assumption we use the trace map tr defined in [19, Definition
7.11], which induces a pairing %p : H* (Q;(T/Osf) ® H*(Q}f/osf) — C by the product structure on
Qi /0t this was denoted by Qx in [19 Definition 7.13]. The pairing is compatible with the weight

filtration W<, on H* (%, /0 ST) by [19, Lemma 7.18]. Furthermore, non-degeneracy of “p follows

from that of the induced pairing (-,-) on L¢ = GrW(H*<Q§(t/051)) defined in [19, Definition 8.10],

which in turn is a consequence of [19, Theorem 8.11] (where projectivity of X was used).

As aresult, Theorem|[5.5] Proposition and Theorem together gives the following corollary.

Corollary 7.4. The complex analytic space (X,Ox) is smoothable, i.e. there exists a k" -order
thickening (*X,*O) over *St locally modeled on *V, (which is d-semistable) for each k € Z>qo, and
these thickenings are compatible. Furthermore, there is a structure of logarithmic Frobenius manifold
on the formal extended moduli 5”; near (X, Ox).

8. ABSTRACT DEFORMATION DATA FROM MAXIMALLY DEGENERATE LOG CALABI-YAU VARIETIES

In this section, we apply our results to the case of maximally degenerate log Calabi-Yau varieties
studied by Kontsevich-Soibelman [41] and Gross-Siebert in [24, 25],26]. We will mainly follow [24] 25]
and assume the reader is familiar with these papers.

Notation 8.1. The characteristic 0 algebraically closed field k in [24] is always chosen to be C. We
work with a d-dimensional integral affine manifold B with holonomy in 7% x SLy(7Z) and codimension
2 singularities A as in [24, Definition 1.15], together with a toric polyhedral decomposition P of B
into lattice polytopes as in [24], Definition 1.22]. Following [24], we take Q = N for simplicity. We
also fix a lifted gluing data s as in Definition [24, Definition 5.1] for the pair (B,P).

Assumption 8.2. We assume that (B, P) satisfies the assumption in [25, Theorem 3.21] (in order
to get Hodge-to-de Rham degeneracy using results from [25]). We further assume that there is a
multivalued integral strictly convex piecewise affine function ¢ : B — N as defined in |24, §1] for
applying Serre’s GAGA [55] to projective varieties.

Definition 8.3. Given (B, P,s), we let (X,Ox) be the d-dimensional complex analytic space given
by the analytification of the log scheme Xo(B,P,s) constructed in [24, Theorem 5.2.]. It is equipped
with a log structure over the Q-log point °St. The existence of ¢ ensures that X is projective.

We denote the log-space by XT if we want to emphasize the log-structure. Let Z C X be
the codimension 2 singular locus of the log-structure (i.e. X' is log-smooth away from Z) and
j: X\ Z — X be the inclusion as in [25]. Note that Xo(B, P, s) is projective.
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8.1. The 0*"-order deformation data. Following the notations from [24] 25], the 0**-order de-
formation data in Definition 2.9 is described as follows:

Definition 8.4. e the 0™-order complex of polyvector fields is given by the pushforward of the
analytic sheaf of relative polyvector fields °G* = j.(\™* exf/()s-r) equipped with the natural
wedge product;

o the 0%-order de Rham complex is given by the pushforward of the analytic sheaf of de Rham
differential forms °K* := j*(Q}T/(C), equipped with the de Rham differential °9 = 0 as in
[25, first paragraph of §3.2];

e the volume element "w is given via the trivialization j*(Qiﬁ/Ost) >~ Ox by [25, Theorem

3.23], and then the BV operator is defined by °A(p)1%w = 20(p1'w).

The map Yo' : 0%, @c (9K*/IK*[-r]) — PK*/,,9K* given by taking wedge product in
Jx (%4 /(C) is a morphism of sheaves of BV modules.

To show that the data in Definition [8.4] satisfies all the conditions in Definition [2.9, we need to
verify that °G* and °K* are coherent, ¢ is an isomorphism and we have an identification ﬂlC* =
0K/ 9 =~ Jx (V%4 /0 gt)- Let us briefly explain how to obtain such statements from [25].
Notation 8.5. Following |25, Construction 2.1], we consider the monoids Q, P, the corresponding
toric varieties V = Spec(C[P]) and V = Spec(C[Q]) and the associated analytic spaces V.=V and
V = V¥ respectively. V is equipped with a divisorial log structure induced from the divisor V, and
V is equipped with the pull back of the log structure from V. [25, Theorem 2.6] shows that for every
geometric point T € Xo(B,P,s), there is an étale neighborhood W of T which can be identified with
an €tale neighborhood of V as a log scheme in the sense that there are étale maps

/ ’
V Xo(B, P, S) .
Taking analytification of these maps, then we can find an open subset (or a sheet) W C W mapping
homeomorphically to both an open subset in V" and an open subset in V C X.

The desired statements is local on X, and we work on the local model V. As in [25] proof of Propo-
sition 1.12], we let V be the log scheme equipped with the smooth divisorial log structure induced by

the boundary toric divisor Spec(C[0P]). Then we have ]*(Q?/If’/?‘c) — Ju (Q%lf’/z) Wz = <Q%lf/?‘c> lv

(where the notation Q8* refers to algebraic sheaves). From these we obtain the identification

. alg,* an . * . . . . alg,* an . %
[j*(QV]Lg/C)} = ]*(Qw/(c) which further globalizes to give |:‘]*(QX§(B,P,S)T/(C)} = j*(QXT/C)’ and

o . . alg,* a . * . i alg,* . alg,*
similarly, []*(QXf(B,P,S)T/OST)} = j*(QXT/OsT). Since ]*(Qxi(B,P,s)f/C) and ]*(Qxﬁ(B,P,s)T/Osf) are

coherent sheaves, so are °G* and °K* via the analytification functor. Taking analytification of the
exact sequence

001 - alg,* . alg,* . alg’*
0= Qi @c 1« (Qx g p gyt 050 71 = 3y (g p gyt ) = 3y T p gy j0g1) = 0

in [25, line 4 in proof of Theorem 5.1], we see that Yo is an isomorphism and we also obtain the

identification ﬁ/C* =K /K =2 4, (Q}T/Os’r)‘

8.2. The higher order deformation data. From Notation we have, at every point 7 € XT,
an analytic neighborhood V together with a log space VI and a log morphism 7 : VI — ST such
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that the diagram
(8.1) {1(—>\1‘T
0gtc gt

is a fiber product of log spaces. We fix an open covering VV by Stein open subsets V,’s with local
thickening Vs given as above, and write AV, for the k'h-order thickening over *St. We also write
Jj: Vo \ Z — V, for the inclusion.

The higher order deformation data in Definitions and are described as follows:
Definition 8.6. For each k € Z>o,

o the sheaf of k"'-order polyvector fields is given by *G*, == j.(\~* Gkv*/ksf) (i.e. polyvector
fields on kVL);

o the k™-order de Rham complex is given by *IC% = j,(QF ) (i.e. the space of log de Rham

kvl /c
differentials) equipped with the de Rham differential k9, = & which is naturally a dg module
over kQ*ST ;

o the local k*"-order volume element is given by a lifting we of "w as an element in j*(Qil/L/ST)
and taking *wa = wa (mod m*t1), and then the BV operator is defined by *Ay(¢)oFw ==
"0alpotw);

e the morphism of sheaves of BV modules ¥o=1 : kQTST Qi (BCL) KICE[=7]) = R/ 5K, s
given by taking wedge product.

k+1’kb

For both le;’s and ng’s, the natural restriction map « s given by the isomorphism kVL =

k+1VL XkJrle kST

Similar to the 0*-order case, we need to check that *G* and ¥K?* are coherent sheaves which
are free over ¥R for each k, and that *o is an isomorphism which induces an identification ﬁICZ =
; *
Iy rsty
similar argument as in §8.1]

). Such verification can be done using |25, Proposition 1.12 and Corollary 1.13], with

8.2.1. Higher order patching data. To obtain the patching data we need to take suitable analytifi-
cation of statements from [25]. Given Z € V,,3, we consider the following diagram of étale neighbor-
hoods

Wa X Xo Wﬁ

Wa/ \WB
"Vo D va/ \Xo/ \v

where Xo = Xo(B, P,s), and ¥V, (resp. ¥Vj) is the k*P-order neighborhood of V,, (resp. V). Using
[25, Lemma 2.15] on local uniqueness of thickening (see also [53] for a more detailed study on local
uniqueness), and further passing to an étale cover Wy5 of W, x x, Wg, we get an isomorphism

"Eagi t Wag xv, "Vo — Wog xv, "V
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Taking analytification, we can find a (small enough) open subset in (W,3)*" mapping homeomor-
phically onto a Stein open neighborhood U; C Vg of Z.

Definition 8.7. Restriction of the analytification of kEa/g,i on U; gives the gluing map k\I/a/g,i.'

k\IjaB,i
"V, Vi,
s
kgt kgt

The patching isomorphisms kwam (A ®kvg/kst)’Uz‘ — J«(A @’VVL/’“ST)’Ui and )ap; are
then induced by kllfaﬁyi.

The existence of the vector fields k’lbag,i, kpag,ij and koagw- in Definition follows from the
analytic version of [25, Theorem 2.11] which says that any log automorphism of the space kV£|Ui
(resp. kVL\Uij) fixing X|y, (or X|y,;) is obtained by exponentiating the action of a vector field in
@kvl/ksf(Ui) (resp. @’“VL/’“ST(Uij))‘ The element ¥tv,s; in Definition @ indeed measures the

difference between the volume elements, namely, k\ll(’;ﬁ’i(kwg) = exp(*1o,5,1) “Wa

8.2.2. Criterion for freeness of the Hodge bundle. To verify Assumption which is needed for
proving the freeness of the Hodge bundle in notice that by taking @ = N, we are already
in the situation of a 1-parameter family. The holomorphic Poincaré Lemma in Assumption
follows by taking the analytification of the results from [25, proof of Theorem 4.1].

8.3. The Hodge theoretic data. Since we have the relation [j*(Qifgg , S)T/OST)} an j*(Q}T/ OST)’

the Hodge-to-de Rham degeneracy (Assumption [5.4) follows by applying Serre’s GAGA [55] to [25,
Theorem 3.26] using the same argument as in the proof of Grothendieck’s algebraic de Rham the-
orem. Applying Theorem and Proposition [5.13] we obtain an alternative proof the following
unobstructedness result due to Gross-Siebert [26]:

Corollary 8.8. Under Assumption the complex analytic space (X, Ox) is smoothable, i.e. there
exists a k"-order thickening (*X,*O) over kST locally modeled on ¥V, for each for each k € Z>,
and these thickenings are compatible.

8.4. F-manifold structure near a LCSL. Finally we demonstrate how to apply Theorem [6.28
to the Gross-Siebert setting.

8.4.1. The universal monoid Q. First of all, we consider (B, P) as in Notation and work with the
cone picture as in [26]. We also need the notion of an multivalued integral piecewise affine function
on B as described before [26, Remark 1.15]. Let MPA(B, N) be the monoid of multivalued convex
integral piecewise affine function on B, take @ = Hom(MPA(B,N),N) to be the universal monoid
and consider the universal multivalued strictly convex integral piecewise affine function ¢ : B — @
as in [23 equation A.2] (it was denoted as ¢ there). Since we work in the cone picture, we fix an
open gluing data s as in [26, Definition 1.18] and replace the monodromy polytopes in Assumption
by the dual monodromy polytopes associated to each 7 € P.
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8.4.2. Construction of X1 = Xo(B,P,s, »)". We now take an element n € int,.(Qy)NK" and define
a multivalued strictly convex piecewise affine function ¢, : B — R. The cone picture construction
described in [26, Construction 1.17] gives a log scheme X1 = Xo(B,P,s,p5)! over C! (here CT is
the standard Z,-log point) which is log smooth away from a codimension 2 locus i : Z — X. [23]
Construction A.6] then gives a log scheme X (with the same underlying scheme as XIJ[) over °St,
Definition [8:4] can be carried through.

8.4.3. Local model on thickening of XT. For each 7 € P, let Q; be the normal lattice as defined in
[24], Definition 1.33]. We denote by X, the normal fan of 7 defined in [24, Definition 1.35] on Q, g,
equipped with the strictly convex piecewise linear function ¢ : [X;| = Q;r — Qﬁ%p induced by ¢. We
let Ay,..., A, be the dual monodromy polytopes associated to 7 as defined in [24) Definitions 1.58
& 1.60], and ¢;(m) := —inf{(m,n) | m € Q. g, n € A;} be the integral piecewise linear function on
QrRr.

We define monoids P, and Q, by

P, :={(m,ap,a1,...,a,) | m € Qr, ap € Q*P, a; €Z, ag — p(m) € Q a; —Y;(m) >0 for 0 <i<r},
QT = {<m7a07a17"'7a7“) ’ me QT7 ao ngp, a; €Z7 ao :(p(m)}U{oo},

where the monoid structure on Q. is given as in [25, p. 22 in Construction 2.1]. Also let V, =
Spec(C[P,]) which comes with a natural family 7 : V., — Spec(C[Q]) = ST, V, = 771(0) =
Spec(C[Q,]) and ¥V, = 7= 1(¥ST) be the k-th order thickening of V. in V.

Fori=1,...,r and a vertex v € Ai, we define a submonoid D; ,, := wifv NPy, where w; , = v+e;/,
and let D;, be the corresponding toric divisor of V.. To simplify notations, we often omit the
dependence on v and write w;, D;, D; instead of w;,, D;, D;. Let vi,...,v be the generators
of 1-dimensional cones in the dual cone P other than the w;’s, with corresponding toric divisors
Di,...,Dy. Writing D = ; D, we equip V, with the divisorial log structure induced by the divisor

kvl [25, Theorem 2.6] holds for this setting as described in Notation |8.5, by taking P = P, and
Q = Q. for some 7 € P.

As in analytification of the log schemes VI and kVi give the log analytic schemes VI and
kVi respectively, and Definition can be carried through. We can deduce that ’“g:; and kICZ are

coherent sheaves which are also sheaves of free modules over ¥R, and that ko=1 is an isomorphism,
by using the following variant of [25, Proposition 1.12 & Corollary 1.13].

D < V., which is denoted as VL. Pull back the log structure from V.. give the log schemes VI and
-

Proposition 8.9. Let Z := VN Dgjpg — | kVT] = |V.| be the inclusion. Then we have the following
decomposition into P.-homogeneous pieces as

rv-\2,9,0= @ Al [] DFe0),

pEPT\PT""kQJr {j‘pGIDj}
VAR, )= @D AL @FeM )
pePT\PT+kQ+ {j‘pGDj}

The construction of the higher order patching data described in §8.2.1| can be carried through
because divisorial deformations over ST can be defined as in [25, Definition 2.7], and [25, Theorem
2.11 & Lemma 2.15] hold accordingly with the local models V,’s.
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8.4.4. Opposite filtration and pairing. The weight filtration in Assumption is taken to be the
filtration described in [25, Remark 5.7], which is opposite to the Hodge filtration and preserved
by the nilpotent operators NV,’s. The trace map tr in Assumption [6.17] can be defined via the
isomorphism tr : H(X, j.(Q )) = H?4(X, j.(Q )) = C. We conjecture that the induced

d
Xt/0st Xt/05t
pairing ’p is non-degenerate.

Corollary 8.10. There is a structure of log F-manifold on the formal extended moduli 5’} of complex
structures near (X,Ox). If the pairing °p is non-degenerate, it can be enhanced to a logarithmic
Frobenius manifold structure.
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