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ABSTRACT. We study quantization schemes on a Kadhler manifold and relate several in-
teresting structures. We first construct Fedosov’s star products on a Kadhler manifold X
as quantizations of Kapranov’s Le.-algebra structure. Then we investigate the Batalin-
Vilkovisky (BV) quantizations associated to these star products. A remarkable feature is
that they are all one-loop exact, meaning that the Feynman weights associated to graphs
with two or more loops all vanish. This leads to a succinct cochain level formula for the
algebraic index.

1. INTRODUCTION

Ké&hler manifolds possess very rich structures because they lie at the crossroad of com-
plex geometry and symplectic geometry. On the other hand, as symplectic manifolds
which admit natural polarizations (namely, the complex polarization), Kdhler manifolds
provide a natural ground for constructing quantum theories. In particular, there have
been extensive studies on deformation quantization on Kédhler manifolds. A notable ex-
ample is the Berezin-Toeplitz quantization, which is closely related to geometric quanti-
zation in the complex polarization [3,4,(17-20,22,23].

This paper is another attempt to understand the relation between the Kdhlerian condi-
tion and properties of quantum theories. Our starting point is Kapranov’s famous con-
struction of an Le.-algebra structure for a Kdhler manifold in [16], which was motivated
by the study of Rozansky-Witten theory [24] (and also [21]) and has since been playing
important roles in many different subjects.

Let X be a Kédhler manifold. Using the Atiyah class of the holomorphic tangent bun-
dle TX, Kapranov constructed a natural L-algebra structure on the Dolbeault complex
A%*71(TX), enabling us to view TX[—1] as a Lie algebra object in the derived category of
coherent sheaves on X. In Section we reformulate this structure as a flat connection
Dk (where the subscript “K” stands for “Kapranov”) on the holomorphic Weyl bundle
Wx over X. On the other hand, Fedosov abelian connections, which give rise to deformation
quantizations or star products on X, are connections of the form D =V —J + % [I, =]« on the
complexified Weyl bundle W ¢ satisfying D?> = 0; here V is the Levi-Civita connection,
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Ie AY(X, Wk ¢) is a 1-form valued section of Wy ¢, and « is the fiberwise Wick product
on Wx ¢. The flatness condition D? = 0 is equivalent to the Fedosov equation

1
(1.1) VI—(SI—I—EI*H-RV:&
Our first main result says that Kapranov’s L« structure can naturally be quantized to pro-
duce Fedosov abelian connections Dr , (where the subscript “F” stands for “Fedosov”):

Theorem 1.1 (=Theorem 2.17). For a representative w of any given formal cohomology class
[«] € RHZR(X)[[1]] of type (1,1), there exists a Fedosov abelian connection Dp, = V — 6 +
3[Ly, =)« such that Dp 4|y, = Dk.

There are some interesting features of the resulting star products x, on X. First of all,
they are of so-called Wick type, which roughly means that the corresponding bidiffer-
ential operators respect the complex polarization (Proposition 2.20). By computing the
Karabegov form associated to our star products, we can also show that every Wick type
star product arises from our construction (Corollary [2.26). More importantly, our solu-
tions of the Fedosov equation satisfy a gaugue condition (Proposition which is
different from all previous constructions of Fedosov quantization on Kéhler manifolds.
Because of this, our construction is more consistent with the Berezin-Toeplitz quantiza-
tio and also the local picture that z acts as the creation operator (which is classical) while z
acts as the annihilation operator h% (which is quantum). Furthremore, our Fedosov quan-
tization is, in a certain sense, polarized because only half of the functions, namely, the
anti-holomorphic ones, receive quantum corrections. See Section 2.3 for more details.

Next we go from deformation quantization to quantum field theory (QFT). From the
QFT viewpoint, the Fedosov quantization describes the local data of a quantum mechan-
ical system, namely, the cochain complex

(AXWxc), Dra)

gives the cochain complex of local quantum observables of a sigma model from S? to the target
manifold X. To obtain global quantum observables and also define the correlation functions,
we construct the Batalin-Vilkovisky (BV) quantization [2]] of this quantum mechanical sys-
tem, which comes with a map from local to global quantum observables called the factor-
ization map. We will mainly follow Costello’s approach to the BV formalism [7] and rely
on Costello-Gwilliam’s foundational work on factorization algebras in QFT [9,10].

To construct a BV quantization, one wants to produce solutions of the quantum master
equation (QME) (see Lemma [3.3} Definition [3.4/and the equation (3.1))):

(1.2) Qv (e’’™) =0,

where Qpy := V + 1A + %dTXRv is the so-called BV differential, by running the homotopy
group flow which is defined by choosing a suitable propagator. For general symplectic

1Cornbining with the results in [5], we can show that these Fedosov star products actually coincide with
the Berezin-Toeplitz star products [6].
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manifolds, it was shown in the joint work [15] of the third author with Grady and Si Li
that canonical solutions of the QME can be constructed by applying the homotopy group
flow operator to solutions of the Fedosov equation (1.1)).

In the Kdhler setting, it is desirable to choose the propagator differently to make it more
compatible with the complex polarization. This leads to what we call the polarized prop-
agator (see Definition and hence a slightly different form of the canonical solutions
to the QME. More precisely, in Theorem we will construct the canonical solution
eRv /21 g1/ T of the QME from a solution 7 of the Fedosov equation (which is
equivalent to (T.1)); here the curvature term Ry appears precisely because of the differ-
ent choice of the propagator. The second main result of this paper is that the resulting
BV quantization is one-loop exact, meaning that the above canonical solution of the QME
admits a Feynman graph expansion that involves only trees and one-loop graphs:

Theorem 1.2 (=Theorem [3.26). Let y be a solution of the Fedosov equation (2.8)). Then the
Feynman weight associated to a graph G with two or more loops vanishes, i.e.,

Wg(P,drxy) =0 whenever b1(G) > 2.

Hence, the graph expansion of the canonical solution of the QME associated to the Fedosov con-
nection Dr , by Theorem involves only trees and one-loop graphs:

2 78(9) WP, drx)
Yoo = ———Wg (P, drx7y).
G: connected, b1(G)=0,1 [Aut(G)]

This is in sharp contrast with the general symplectic case studied in [15] where the BV
quantization involves quantum corrections from graphs with any number of loops. The
same kind of one-loop exactness has been observed in a few cases before, including the
holomorphic Chern-Simons theory studied by Costello [8] and a sigma model from S! to
the target T*Y (cotangent bundle of a smooth manifold Y) studied by Gwilliam-Grady
[14]. Theorem [1.2|shows that Kdhler manifolds provide a natural geometric ground for
producing such one-loop exact QFTs.

Remark 1.1. If the Feynman weights associated to graphs of higher genera (> 2) give
rise to exact differential forms and thereby contributing trivially to the computation of
correlation functions, we may call the quantization cohomologically one-loop exact. This
is much more commonly found in the mathematical physics literature and should be
distinguished from our notion of one-loop exactness here.

As in the symplectic case [15], from the canonical QME solution eRv /21, oo/ " we ob-
tain the local-to-global factorization map, which can be used to define the correlation
function (f) of a smooth function f € C*®(X)][[h]] (see Definition and Proposition
B.20). The association Tr : f — (f) then gives a trace of the star product *, associated to
the Fedosov connection Df , (Corollary 3.21).
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As an application of the one-loop exactness of our BV quantization in Theorem
we deduce a novel cochain level formula for the for the algebraic index Tr(1), which is the
correlation function of the constant function 1, and thus a particularly neat presentation
of the algebraic index theorem:

Theorem 1.3 (=Theorem & Corollary [3.40). We have
o (ehzn(eRV/Zer%o/h)> — A(X) Lo TAHITH(RY) Td(X) e~ TR

where Td(X) is the Todd class of X and R is the curvature of the holomorphic tangent bundle
defined in 2.1)). In particular, we obtain the algebraic index theorem, namely, the trace of the
function 1 is given by

Tr(l) = / A(X) . 3_%+%Tr(72+) — / Td(X) . e—%-ﬁ-Tr(R*)-
X X

This theorem can be regarded as a cochain level enhancement of the result in [15]. In
the forthcoming work [6], by combining with the results in [5], we will prove that the
star product , associated to @ = i - Tr(R™) is precisely the Berezin-Toeplitz star product
on a prequantizable Kidhler manifold studied in [3,4,20]. In this case, the algebraic index
theorem is of the simple form:

Tr(1) = /XTd(X) Lo/,
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2. FROM KAPRANOV TO FEDOSOV

There have been extensive studies on the Fedosov quantization of Kdhler manifolds. In
this section, we give a new construction of the Fedosov quantization (i.e., solutions of the
Fedosov equation for abelian connections on the Weyl bundle) as a natural quantization
of Kapranov’s Le-algebra structure on a Kdhler manifold.
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The organization of this section is as follows: In Section we review some basic
Kéhler geometry, including the geometry of Weyl bundles on a Kédhler manifold X. In
Section we recall the Lo-algebra structure introduced by Kapranov [16], reformu-
lated using the geometry of Weyl bundles on X. In Section we construct Fedosov’s
flat connections as quantizations of Kapranov’s L-algebra structure, which produce star
products on X of Wick type. We also compute the Karabegov forms associated to such
star products and prove that every Wick type star product arises from our construction.

2.1. Preliminaries in Kdhler geometry.

2.1.1. Some basic identities.

We first collect some basic identities in Kéhler geometry, which are needed in later
computations.

First of all, writing the Kdhler form as
W = wypgdz" N dzP = v —1g,pdz" A dzf,

where we adopt the convention that w7*w wp = = 67, then a simple computation shows that

P = —\/“Twb.
In local coordinates, the curvature of the Levi-Civita connection is given by

V2(0) = Ridx' Ndxl © 0

ﬁ/

xls
or in complex coordinates:

V2(94) = Rizdz' NdZ @0,
where the coefficients can be written as the derivatives of Christoffel symbols:

Rf]k azj (rgk)-
We define R;;7 by
Rizir = 8(R(9.1,95)9x, 921) = g(R302m,9:1) = Rig &,y
We can also compute the curvature on the cotangent bundle:
R(8.1,9)(y) = ~R(05,9,) (") = 95 (-Tjdz' @ y")
=0,(T i]-)dz] NdZ @y = Rf.jkdzi NdZ @y

The following computation shows that the curvature operator R can be expressed as a
bracket:

V-1 i A s . V-1 i A g5 m
Y Rz A2 @y 7,y = =Y Rz A dZ @ (v« b7 =y

=—V- Rl]kgnlwmldzi AdZ @y
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= —V=IR} (—V 1w, )" dz' Nz @ yF
= R;?]dezi Adz @y
= VA(y").

For later computations, we also use the notation R* to denote the curvature of the
holomorphic tangent bundle:

(2.1) R = Rfjdz' NdZ ® (90 @ yb).
In particular, we have an explicit formula for its trace:

k kT kT
(2.2) Tr(R") = Ry = Ryzag = —vV—1R;zq0".

2.1.2. Weyl bundles on Kihler manifolds.
Here we recall the definitions and basic properties of various types of Weyl bundles on
symplectic and Kdhler manifolds.
Definition 2.1. For a symplectic manifold (M, w), its (real) Weyl bundle is defined as
W = Sym(T" Mg)[[7]],

where Sgl?n(T*M]R) is the completed symmetric power of the cotangent bundle T* MR of
M and 7 is a formal variable. A (smooth) section a of this infinite rank bundle is given
locally by a formal series

a(x,y) = E 2 hkak,il...il(x)yil . ~yi’,
KI>0iy,00>0

where the gy, ...; (x)’s are smooth functions on M.

Remark 2.1. We use the following notation for the symmetric tensor power:
yi1 .. .yiz = Z yir(l) Q- ®yir(l).
TES;
Here the product on the tensor algebra is given by
(yll Q- ®ylk) . (yik+1 Q.- ®yik+l) = Z yZT(l) R ®yiT(k+l)’
teSh(k,l)
where Sh(k, ) denotes the set of all (k, [)-shuffles.

There is a canonical (classical) fiberwise multiplication, denoted as -, which makes
W R an (infinite rank) algebra bundle over M. We will also consider differential forms
with values in Wy R, i.e., A (WmR)-

Remark 2.2. In this subsection, we are only concerned with the classical geometry of Weyl
bundles; the formal variable 7 is included in Definition [2.1] for discussing their quantum
geometry in later sections.
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Definition 2.2. There are two important operators on A%,(WWy r) which are A]'\/I-linearﬂ
da
k k
da = dx" A 3y’ Sa=y"- g 4.
Here 13 , denotes the contraction of differential forms by the vector field %. We can nor-
malize the operator §* by letting 6! := -L_6* when acting on the monomial y1 - - - y1dx/t A

, T l4m
-+ Adx)m. Then for any form a € A%;(WumR), we have

a=066""a+6 6a+ ap,
where agp denotes the constant term, i.e., the term without any dx'’s or yj ‘s in a.

Definition 2.3. For a Kdhler manifold X, we define the holomorphic and anti-holomorphic
Weyl bundles respectively by

Wy = Sym(T*X)[[]], Wx := Sym(T*X)[[1]],

where T*X and T*X are the holomorphic and anti-holomorphic cotangent bundles of X
respectively. With respect to a local holomorphic coordinate system {z!,...,z"}, we let
y’s and 7/’s denote the local frames of T*X and T*X respectively. A local section of the
complexification Wy ¢ := Wxr ®r C of the real Weyl bundle is then of the form:

ki a1 .o
Z Z Z ak,il/"',im/jlf"'/jlh yll . yl y]l e y]l,
k,ﬂ’lzo il,...,im20j1,...,j120
from which we see that Wx ¢ = Wx Qce Wx. The symbol map
o A% @ Wxc — Ax[[1]
is defined by setting y'’s and #/’s to be 0.

Notation 2.4. We will use the notation W, ; to denote the component of Wy ¢ of type
(p,q). Also we will often abuse the names “Weyl bundle” and “symbol map” when there
is no ambiguity.

We introduce several operators on A% (Wx ¢ ), similar to those in Definition

Definition 2.5. There are 4 natural operators acting as derivations on A% (Wx c):

as well as

() a=y 10, () a=g i

We define the operators (1)~ and (6%!)~! by normalizing (6'?)* and (6'0)* respec-
tively:

((51,0)—1 — 1

= m(fsl’o)* on AY " Wy,4,),

2The Einstein summation rule will be used throughout this paper.
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1
50,1 —1 — 50,1 * on APlz‘]l W .
()7 = 0 on AR W)
Remark 2.3. We use the same notation for the operator (61°)~! as in Fedosov’s original
paper [11], although it could be confusing since it is actually not inverse to 5.

Lemma 2.6. We have the following identities:
5= 51,0 + 50,1
id — 70, = 51,0 o (51,0)71 + (51,0)71 o 51,0/
id — 71.*/0 — 50,1 o (50,1)71 + (50,1)71 o 50,1,

where 1t . and 7t o denote the natural projections from A% (Wx ¢) to A% (Wx) and AY’ (W)
respectively.

2.2. A reformulation of Kapranov’s L., structure on a Kihler manifold.

In this subsection, we reformulate Kapranov’s Le-algebra structure [16] on a K&hler man-
ifold X in terms of the holomorphic Weyl bundle Wx on X. Let us start with Kapranov’s
original theorem:

Theorem 2.7 (Theorem 2.6 and Reformulation 2.8.1 in [16]). Let X be a Kihler manifold.
Then there exist

R; € AY(Hom(T*X,Sym"(T*X))), n>2
such that their extensions R}; to the holomorphic Weyl bundle Wy by derivation satisfy

or equivalently,

(2.3) IR+ ) RioRf=0
foranyn > 2.

The R;’s are defined as partial transposes of the higher covariant derivatives of the

curvature tensor:
1 i ; _
R; = SRfdZ ® Wy ®@om),  Rp=(6")To VIR ),
where, by abuse of notations, we use V to denote the Levi-Civita connection on the
(anti)holomorphic (co)tangent bundle of X, as well as their tensor products including
the Weyl bundles. We can write these R};’s locally in a more consistent way as:
; _l . .n

(2.4) R} = Rglml,ml-dz @Yyt ).

Readers are referred to [16, Section 2.5] for a detailed exposition.
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The L relations (2.3) can be reformulated as the flatness of a natural connection Dg
(where the subscript “K” stands for “Kapranov”) on the holomorphic Weyl bundle, whose
(0,1)-part is exactly the differential operator in Theorem

Proposition 2.8. The operator

Dk=V-62+Y R:
n>2

defines a flat connection on the holomorphic Weyl bundle VWx, which is compatible with the clas-
sical (commutative) product.

Proof. To show the vanishing of the (2,0), (0,2) and (1,1) parts of D%, we let D11<'0 and
DY denote the (1,0) and (0,1) parts of the connection Dy respectively, and note that
the Levi-Civita connection V on Wx has the type decomposition V = V10 + 9. First, it
is clear that DIO<'1 is exactly Kapranov’s differential in Theorem Thus the vanishing
of the (0,2) part of D% follows from Theorem Next, the vanishing of the square of
D11<'O = V10 — §19 follows from the following computation:

(vl,O . 51,0)2 — (Vl,O)Z + (51,0)2 . (VLO o 51,0 _|_5l,0 o Vl,O)
— _(VI,O 051’0 +51,0 o Vl,()) — O,

where the last equality follows from the torsion-freeness of V. Finally, for the (1,1) part,
we have

Dy’ o DY' + DY o D = (V0 — 60) (Z R,’;) + V2
n>2
Also, 819(R3) = V2. So we only need to show that VIO(R%) = §10(R?_ ) forn > 2.
Recall that R}, is inductively defined by R (610)=1 o VIO(R%) for n > 2. It follows
that

* _
n+1 —

§0(R;1y) = 010 (810) 7 (VIO(R)))
— VLO(R;D . (51,0)71 051’0 (Vl’O(R;;)>
= VY(R}),

as desired; here the last equality follows from the fact that V?(R}) is symmetric in all
lower subscripts, which was shown in [16]. ]

Now if « is a local flat section of Wx under Dk, it is easy to see that o(a) must be a
holomorphic function. Actually, the symbol map defines an isomorphism:

Proposition 2.9. The space of (local) flat sections of the holomorphic Weyl bundle with respect to
the connection Dy is isomorphic to the space of holomorphic functions. More precisely, the symbol
map o : T (U, Wyx) — Ox(U)[[K]] is an isomorphism for any open subset U C X.



10 CHAN, LEUNG, AND LI

To prove this proposition, we mimic Fedosov’s arguments in [11]. First we need a
lemma:

Lemma 2.10. Let ap € .Aggq be a smooth differential form on X of type (0, q). Define a sequence
{a} by ag := ((69) 710 VIO (ag) € AW (Wi o) for k > 1. Then we have (510 0 V10) () =
0 for all k > 1, and hence D}go (Lksoax) = 0.

Proof. Without loss of generality we can assume that 4 = 0, i.e., ag is a function on X. Let
us write ag as o = a;,..;, Y ® - - - ® y'*, where the coefficients ;,...;_are totally symmetric
with respect to all indices. We also write V10(a) = bj .., ,dz"1 @ (y2 @ - - @ y'k+1). We
will show by induction that the coefficients b;,...;,,, are totally symmetric with respect to
all indices iy, - - - ,ix41. This is clearly true for k = 1. For general k > 1, it is clear that
VIO(ay) = bil...ik+1dzi1 ® (y2 ® - - ® y'*+1) is symmetric in iy, - - - ,i;41, 50 we only need
to show that it is symmetric in the first two indices 71 and i,. We know from construction
that V10(ay_1) = a;,..;,dz" @ y2 - - - @ y'. Since (V10)? = 0, we have

(2.5) —dz" AV (a2 @ @y) = Ve dZ @y @ y) = 0.
We then compute the covariant derivative:
VI(ar) =V0a; iy @ - - @y
=y @ V(a2 @ @y*) + VIO @ (a;..., 42 @ - @ y).

Since the Levi-Civita connection is torsion-free, the second term in the last expression is
symmetric in the first two indices. Now the first term has the same symmetric property
by ([@2.5). Hence we have (60 0 V1Y) (a;) = 0.

Now we have
VIag) = (6100 (61) 1+ (61) 1 0 51) (V1))
= (6"00 (M) 1) (VM (ay)) = 6" (aps)-

Therefore

D° (Z ock> = (VY0 -5 (ag + a1 +ap+---)
k>0

= —6"0(a0) + (V(a0) = 6%(a1)) + (VM0(er) — 610(w2)) + -
=0.

O
Proof of Proposition The injectivity follows by observing that any nonzero section s of

Wx with zero constant term cannot be flat since §'?(sg), where s is the leading term (i.e.
of least weight) in s, is of smaller weight and nonzero.
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For the surjectivity, we claim that given a holomorphic function f, the section

(2.6) Jp:= Y ((6"0) 1o VIO(f),

k>0

with leading term f is flat with respect to Dx. From Lemma[2.10, we know that D}<’O (Jr) =

0. It follows that D11<’O o D%l(]f) = —DIO<’1 o Dlléo(]f) = 0. Observe that U(D%l(]f)) =

df = 0. Thus, by the same reason as in the proof of the injectivity of ¢, we must have
0,1 _

Dy (Jf) = 0. O

Similar arguments give the following proposition, which will be useful later:

Proposition 2.11. Let a be a d-closed (0,q) form on X. Then the section
a4+ Z ((51,0)71 o vl,O)k(a)

k>1

is flat with respect to the connection Dk.

2.3. Fedosov quantization from Kapranov’s L., structure.

In [11]], Fedosov gave an elegant geometric construction of deformation quantization on
a general symplectic manifold (see also [12,/13]). The goal of this section is to show that
Fedosov’s quantization arises naturally as a quantization of Kapranov’s Le structure. The
key is to adapt Fedosov’s construction in the Kdhler setting by incorporating the complex
structure, or complex polarization, on X.

We begin by considering the complexified Weyl bundle Wx ¢, equipped with the fiber-
wise Wick product induced by the Kédhler form w: if &, B are sections of Wx ¢, the Wick
product is explicitly defined by:

ok okp
ayil e ayik ay_]l RPN ay]k ’

ne -
(X‘k‘B:: Zﬁ.wll]l...wlk]k.
k>0 ™

With respect to this product, the operator 6 on Wx ¢ can be expressed as:
1 i i — dd
J= 5 [wi]v(dz Ry —dzZ @y ),—L,
where [—, —|, denotes the bracket associated to the Wick product.

Definition 2.12. A connection on Wx ¢ of the form

D:V—5+#L{*

is called a Fedosov abelian connection if D> = 0. Here V is the Levi-Civita connection, and
I € AL(X, Wx ) is a 1-form valued section of Wy c.

Recall the following calculation in [4]:
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Lemma 2.13 (Proposition 4.1 in [4]). The curvature of the Levi-Civita connection on the Weyl
bundle is given by

1
2
- 7 R R
V* = [Ry, -]
where Ry := v/—1- Rijk[dzi AdZ @y

A simple computation together with Lemma shows that the flatness of D is equiv-
alent to the Fedosov equation:

1
(2.7) VI-6l+ IxI+Ry =u,

where & = ) > Hrwy e A% [[1]] is a closed formal 2-form on X. Letting 7 := [ + wijv(dzi ®
7 —dZ ®y') and wy, := —w + a, then equation is equivalent to

1
(2.8) Vo + E’)/*’)/ + Ry = wy.

We will show that the flat connection Dg on Wy gives rise to a Fedosov abelian con-
nection Dr (where the subscript “F” stands for “Fedosov”), which is a quantization (or
quantum extension) because the Wick product x is non-commutative. First recall that

Dx=V -6+ Y R;,
n>2

where each R} is an A%-linear derivation on Wy ¢ via R € A% (Sym”(T*X) @ TX) (see
equation (2.4)). Consider the 4%-linear operator

L: Ay (Sym(T"X) @ TX) — A% (Sym(T*X) @ T°X)
given by “lifting the last subscript” using the Kdhler form w. Then we can define
hi= L(RY) = R wsdel @ (v i) € AY (Wx).

Lemma 2.14. We have
1

(2.9) Ry = E[In, —lelwys
(2.10) VoL=LoV,;

(2.11) LoéW=46W00oL;
(2.12) 600 L(R}) = Ry;

(2.13) LRy, Ry]) = [L(R3,), L(Ry)]
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Proof. The construction of I,;’s implies equation (2.9). Equation (2.10) follows from the fact
that V(w) = 0. Equation (2.11) is obvious. Equation (2.12) follows from a straightforward
computation:

N 1 » .
6" o L(R}) =L o 60 (ERZdez] ® Yy e azm))

_L (Rm dz' NdZ @ (YF © azm)>

l]kw ldz Adz ®y y
_Rzik,/_lgml-dz Adzl ®]/k]/l
=Ry.

To show equation (2.13), notice that L([R},, R;]) = L (R}, (R}) + Ri(R},)). We then have
the explicit computation:

L(Ry(Ry) =L (R] ., @ (gm0 0,)(R] |, 2 o (-t @d))

= L( Y, Rl R. ,l,dz A2 @ (Yt ®azj,)>
i / =l ' ' i ! !k
= Y wpRE R d2 A2 @ (Y gyt ).

On the other hand, we have
L(R},) x L(R},)

= (Rf pppdz @ () )« (R wpdz @ (gt -y
—L(R}) - L(RS)
+ Y w]kw]/k/w R] » l‘RZ‘:--.i' l_/dzl/ NdZ @ (i - - yimyh yAz; gt
1<a<n 7 1 nr
— L(R;) - L(R;)

—~

+ Z (_1)“’]‘/7de R] /,l_/dzl/ A dzl ® (yil .. .yimyié .. .yi,/x .. yléz ® 0 ,,)

A 4 z/
1<a<n " 1

= L(R3,) - L(Ry) + L (R}, (R5)) -

LetI:=} >, Iy. Then

1

E [I/ _]*

defines a connection on Wy c. Equation (2.9) says that Dr is an extension of the Dk,
namely,

DF::V—5+

DF‘WX = DK.
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Lemma 2.15. We have 6% = 0.

Proof. Recall that I, = ‘C z]kldz ® y'y*yl, where R5 is symmetric in j and I, from
which we know that 6%, = 0. The statement for the general I,,’s follows from the itera-
tive equation I, = (60)~1 o V10(I, 1) and the commutativity relations [6*?, (610)~1] =
(691, V1] = 0. O

Here comes the first main result of this paper:

Theorem 2.16. The connection Dy is flat.

Proof. Notice that I = ), >, I is a (0,1)-form valued in Wx c. We only need to show the
vanishing of the (2,0), (0,2) and (1,1) parts of D2. The vanishing of the (2,0) part of D%
follows from that of Dg. The (0,2) part of D? is given by

1lgo1; 017, 1 B
h{v L84 gl T,

By Lemma and the flatness of Dk, we have

1
7l

2 Ri )Ry

k>2 k>2

1 D %
VAT -0+ 2L 1) = VT + 2L I, =L (v‘“(z R}) +

[
h k>2

)-o

here the first equality follows from Lemma The (1,1) part of D% is given by

V2 + % VIO 510, ]

[Rv v 510, —}

*

*

Rv+(V10 51,0)OL<ZRZ>, _

1
T h
_1
L k>2

*

5wou@»uvw—&%oL(zRQ,—]
*

k>2

(*)

St =

[LoélO(Rz) + Lo (VY0 — 510 (Z R;>, —
k>2

= = [L(8"0(R3) = 8"0(R3) + (VMORS — 810RS) + -+ (VIOR; — 6WR ) + -+ ), =]

*

— :H»—\

I
S =

4

where we have used equation (2.12) in the equality (), and also the fact that L commutes
with both 610 and V!, Hence Dr is a Fedosov abelian connection. A simple computation

shows that I actually satisfies the Fedosov equation (2.7) with & = 0:

vz—51+%1*1+1{v:0.
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O

Remark 2.4. It is worth pointing out that this flat connection Dr only has a “classical” part,
i.e., the sections I, € A% (Wx,c) have no higher order terms in the fi-power expansion.
This is very different from Fedosov’s original solutions of his equation.

More generally, given any closed formal 2-form « on X with [a] € iHZ,(X)[[R]] of type
(1,1), the following theorem produces an explicit solution of the Fedosov equation: (2.7):

Theorem 2.17. Let a be a representative of a formal cohomology class in hH3, (X)[[1]] of type
(1,1). Then there exists a solution of the Fedosov equation of the form I, = I+ J, € A% (Wx c):

1
Vi =6l + £l I+ Ry = .

We denote the corresponding Fedosov abelian connection by Dr .

Proof. The do-lemma guarantees the local existence of a formal function g such that & =
30(g). We define a section J, of AY'(Wx) by

o= ¥ (6" 10 v10)" (3g).

k>1

Such a function g is unique up to a sum of purely holomorphic and purely anti-holomorphic
functions. It follows that ], is independent of the choice of g. In particular, this implies
that these local sections J,’s patch together to give a global section over X.

By Proposition dg + Ju is closed under Dk, so it is also closed under Df by the fact
that DF|WX = DK. Now

1 1
E[I/ Jals = =0+ V ]y —6]a + E[I' Ja)xs

so VJy—06J,+ %[I, Jalx = a. Together with Theorem and the fact that J, has only
holomorphic components in Wy ¢ which implies that J, x ], = 0 by type reasons, we
deduce that VI, — 61, + %LX *Iy+ Ry =V]y—0],+ % (IL Jalx + Jax Ju) = a. ]

Dp(ég-F ]tx) = 39g+ V]a— 5(]04) +

We now briefly recall the construction of star products from Fedosov connections.

Proposition 2.18 (Theorem 3.3 in [11]). Let D = V — & + #[I, —], be a Fedosov abelian con-
nection. Then there is a one-to-one correspondence induced by the symbol map o

o T (X, Wy ) = C®(X)[[H]].
The flat section Oy corresponding to f € C*(X) is the unique solution of the iterative equation:

(2.14) Of :f—f-(s_l (VOf—F%[I,Of]*) .
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For the Fedosov connection Dr , defined in Theorem the associated deformation
quantization (star product) x, on C*(X)[[#]] is given by

(2.15) f*ag:=0(0fx0Og).

Definition 2.19. We say that a deformation quantization (C*®(X)[[#]], ) is of Wick type (or
with separation of variables) if we have f x ¢ = f - ¢ whenever f is antiholomorphic or g is
holomorphic. This is equivalent to requiring the corresponding bi-differential operators
Ci(—, —) to take holomorphic and anti-holomorphic derivatives of the first and second
arguments respectively.

Proposition 2.20. For every closed formal differential form « of type (1,1), the star product x,
defined in (2.15)) is of Wick type.

Proof. To show that *, is of Wick type, we only need to show that if both f and g are
(anti-)holomorphic functions, then f x, ¢ = f - g.

If f,g are holomorphic, then both Oy and Oy are sections of the holomorphic Weyl

bundle Wx. Now Dp, =V — 0 + %[Lx, —]« where I, = I + ], and since J, € Ag’gl ® Wy,
we have Drulyw, = Drlw, = Dk. It follows that Of = ] (where ] is defined in (2.6))
and must be of the desired type. Thus we have ¢(Of x Oq) = f - ¢ by type reasons.

If f, g are anti-holomorphic functions, then we are in the opposite situation. By a simple
induction using equation (2.14), we can see that both Of and O do 1ot contain any term
that has only holomorphic components in Wx c. Hence it also follows that c(Of x Og) =

f-8 ]

Remark 2.5. The fact that Oy = ] for any (local) holomorphic function f says that holo-
morphic functions do not receive any quantum corrections in these Fedosov quantiza-
tions.

2.3.1. Gauge fixing conditions and comparison with previous works.

Fedosov’s original solutions [11] of his equation satisfy the gauge fixing condition that
5~1(I) = 0. On the other hand, by a simple type reason argument, it is easy to see that our
solutions of the Fedosov equation satisfy instead the following gauge fixing condition:

(&)1 (1) =0.
This condition alone cannot guarantee uniqueness, but we have the following;:
Proposition 2.21. The solution I of the Fedosov equation satisfying the two conditions:
(2.16) (6¥)(1) =0,

(2.17) 70, (I) = 0

is unique.
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Proof. Equation (2.17) implies that (510 o (619)~1 + (610)~1 0 619)(I) = I. Together with
the gauge fixing condition (2.16), we have I = (60)~1 0 610(I). By applying the operator
(619)~1 to equation (2.7), we see that I must satisfy the following iterative equation:

I= (Y01 (VI + %[1, I, + Ry — wy, — 50'11) = (o101 (vz + %[I, I, + Ry — wh> ,

where we have used the fact that the two operators §%! and (6?)~! commute with each
other in the second equality. This iterative equation clearly has a unique solution. u

It is clear that our solution I = ) ,~, I, of the Fedosov equation (2.7) is exactly the
unique one satisfying the conditions (2.16) and (2.17).

There were a number of works on the Fedosov construction of Wick type deformation
quantizations on (pseudo-)Kahler manifolds [4,(18,23]. Notice that, in all these works,
the authors were using the same gauge condition, namely, Fedosov’s original condition
671 = 0, when solving the Fedosov equation. For the purpose of deformation quan-
tization, there is no essential difference between these two choices of gauge conditions.
However, here are some interesting features of our construction which were not found in
previous ones:

(1) As we have emphasized, our Fedosov connection is a quantization of Kapranov’s
Lo-algebra structure on a Kdhler manifold.

(2) In our construction, the sections Oy corresponding to holomorphic functions f do
not receive any quantum corrections. This is consistent with the Berezin-Toeplitz
quantization, and also the local picture where z acts as the creation operator which
is classical while Z acts as the annihilation operator h% which is quantum.

(3) Our quantization is in a certain sense “polarized”: only half of the functions, i.e.,
the anti-holomorphic ones receive quantum corrections.

2.3.2. The Karabegov form.

In [17], Karabegov gives a complete classification of deformation quantizations of Wick
type on a Kéhler manifoldﬂ

Theorem 2.22 (Theorem 2 in [17]]). Deformation quantizations of Wick type (or with separation
of variables) on a Kihler manifold X are in one-to-one correspondence with formal deformations of
the Kihler metric w on X.

To see how a formal deformation of w is constructed from a Wick type star product, let
us recall the following proposition in [17]:

Proposition 2.23 (Proposition 1 in [17]). Let X be a Kihler manifold with Kihler form w and
* be a formal star product with separation of variables. Then, on each contractible coordinate

3Actually the roles of the holomorphic and anti-holomorphic variables in [17] were reversed, but this
does not affect the results.
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chart U C X with any holomorphic coordinate system (z',- - - ,z"), there exist formal functions
uy, -y € CO(U)[[R]] such that [ug, 2K, = hoje.

This proposition gives a locally defined formal differential form a(—udz*) of type (1,1)
on each chart U, which patch together to a globally defined closed formal differential
form, called the Karabegov form associated to . Moreover, this formal (1,1)-form is a
deformation of w, i.e., of the form w + O(h).

Remark 2.6. In [17], the Karabegov form is defined as v/—1 - 9(—udzF). We are using
a different normalization since our star products satisfy the condition that Ci(f,g) —

Ci(g, f) = {f. g} instead of C1(f,g) — C1(g, f) = V—-1-{f, 8}

Now let & = } ;>4 h'w; be a closed formal differential form of type (1,1), and Dy, and
*, be respectively the associated Fedosov abelian connection and Wick type star product
constructed in Theorem To calculate the Karabegov form associated to x,, we begin
with a lemma.

Lemma2.24. Leta =) ;> h'w; be a closed formal differential form of type (1,1) and — Yis1 Ho;
be a potential of a (i.e., ddp; = w;), and let p be a potential of w. For the (locally defined) formal
functions

9 ,
- o
the terms in Oy, which live in W (which we call “terms of purely anti-holomorphic type”) are
given by
Ui + Wi J"-

Proof. Recall that O, is the unique solution of the iterative equation:
1
Ouk = uk + 571 (@] (v + E[Lx, _]*) (Ouk).

Observe that if a monomial A does not live in A% (Wx), then VA + 1[I, A], does not
have terms living in A% (Wx). So we can prove the theorem by an induction on the
weights of “ terms of purely anti-holomorphic type” in O,,.

The terms in O,, of weight 1 are given by

Pp ;
azlozkY — WY

We know from the iterative equation that the weight 2 terms are given by
67 o VO (wyi),

which vanish since the Levi-Civita connection is compatible with both the symplectic
form and the complex structure. The next terms are

0 1 02
-1 vO,l 01 - P1 =1 m -l
° ( (h azk) T {haznazmdz DYy L)
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2 2 -
=51 (h I01 gt 4 0P dz”wkl-wml> = 0.

dzkoz! 9z"9z™
Thus the weight 3 terms in O,, of purely anti-holomorphic type vanish. This argument
can be generalized to all such terms of higher weights. g

Theorem 2.25. For every closed formal differential form a of type (1,1), the star product
defined in (2.15)) has Karabegov form w — a.

Proof. Let U be any contractible coordinate chart in X, with local holomorphic coordinates
(2, ,zk ). We define the functions u; as in Lemma Then the flat section O can
be explicitly written as O,x = zF + y¥ + - -, where all the terms live in Wx. From the
definition of the fiberwise Wick product on Wx ¢ and that of the symbol map, we only
need those terms in O,, which are of “purely anti-holomorphic type” for the following
computation:

Ouk * Ozk/ — Ozk’ * O”k = wkmym *ykl — yk/ * (wkmym) = —yk/ * (wkmym) = hékk"
Thus we have shown that the functions u;’s satisfy the condition in Proposition [2.23]
According to its construction, the Karabegov form is then given by
i 0°pi

dzkoz!

2
o(—updz") = Ok ol p gk — ( o0 + Y n

— — A" N dZh = w — a.
oz! 9zkoz! = )

g

Combining Theorems [2.22| and [2.25| we see that any star product of Wick type on a
Kéhler manifold arises from our construction:

Corollary 2.26. On a Kihler manifold X, any deformation quantization of Wick type is of the
form x, for some closed formal (1,1) form a.

3. FROM FEDOSOV TO BATALIN-VILKOVISKY

Let us first recall the definition of traces of a star product:

Definition 3.1. Let (C*(X)[[1]], x) denote a deformation quantization of X. A trace of the
star product * is a linear map Tr : C®(X)[[]] — C[[A]] such that

(1) Tr(f xg) = Tr(g* f);
2) Tr(f) = [ f - w" +O(h).
In particular, Tr(1) is called the algebraic index of *.
From the point of view of quantum field theory (QFT), traces are defined by correlation

functions of local quantum observables. The Fedosov quantization describes the local
data of a quantum mechanical system, namely, the cochain complex

(AXWxc), Dra)
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gives the cochain complex of local quantum observables of a sigma model from S! to the target
X. To get global quantum observables and define the correlation functions properly, we
study the Batalin-Vilkovisky (BV) quantization [2] of this quantum mechanical system,
from which we would obtain a factorization map from local to global quantum observ-
ables. For a detailed explanation of the physical background, we refer the readers to [15].

Mathematically, a BV quantization can be formulated as a solution of the quantum
master equation (QME). Our main result in this section is that, the canonical solution of
the QME associated to the Fedosov abelian connection Dr , is one-loop exact. This leads
to a very neat cochain level formula for the algebraic index.

The organization of this section is as follows: Section[3.1]is a review of the construction
of BV quantization from Fedosov abelian connections. We mainly follow the treatment in
[15, Sections 2.3-2.5] but there is one key difference, namely, the choice of the propagtor,
in order to reflect the Kéhlerian condition. In Section (3.3, we prove the main result of this
section saying that our solutions of the QME are all one-loop exact, and we explain how
this can lead to the cochain level formula for the trace.

3.1. BV quantization.

This subsection is largely a review of the construction of BV quantizations from Fe-
dosov quantizations in [15, Sections 2.3-2.5]. The main difference lies in the choice of the
propagator — we will give a construction of the so-called polarized propagator, which is
more compatible with the Kéhlerian condition and leads to some special features of the
resulting BV quantizations.

3.1.1. Geometry of BV bundles and the QME.

The cochain complex of global quantum observables can be described in a differential
geometric way. We start with the BV bundle on X:

Definition 3.2 (cf. Definition 2.19 in [15]). The BV bundle of a Kdhler manifold X is defined
to be

Org = Sym(T"Xc) @ A" (T"Xe), A" (T"Xe) == D AT Xo) K],
k
where AF(T*X¢) has cohomological degree —k.

For any tensor power of the BV bundle, we have the canonically defined multiplication:
Mult : (Qrp)®F = Qry @ ®@ Qry — Qpy,
which can be extended A%-linearly to Mult : AE(((A);;()@”‘ — A;((ﬁ;;() To describe the

differential on the BV bundle, we consider the fiberwise de Rham operator drx : f\);;( —
f\);)((”rl), and the contraction /g : ﬁ;;( — ﬁ%(;_z) by the Poisson tensor. We also have

similarly defined operators drx, drx. There is also the BV operator defined by
A= [de, LH].
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The operators dry, i and A all extend A%-linearly to operators on A% (Q7y)®%. The
failure of the BV operator A being a derivation is known as the BV bracket:
{A,B}pr:=A(A-B)—A(A)-B+ A-A(B).

It is clear that the operators dryx, (7 and A all commute with the multiplication map Mult.
We also have [A, V] = 0 since V(w) = 0, and A? = 0 by the Jacobi identity for the Poisson
tensor.

Lemma 3.3 (Lemma 2.21 in [15]). The operator
1
QBV = V + hA -|— ﬁdTXRV
is a differential on the BV bundle (i.e., Q%V = 0), which we call the BV differential.

Definition 3.4 (Definition 2.22 in [15]). A section r of the BV bundle is said to satisfy the
quantum master equation (QME) if

(3.1) Qv (™) =0.

This is equivalent to Vr + hAr + {r,r}p + drxRy = 0 since

1 ry L
thXRV) (") = 7

Lemma 3.5 (Lemma 2.23 in [15]). Given a solution 7y« of the QME (3.1, the operator
(3.2) V+ 1A+ {700, —}a

is a differential on the BV bundle. The cochain complex of global quantum observables is
defined as (A% (Qrx) [[7]], V 4+ 1A + {70, — }a).

Lemma 3.6 (Lemma 2.24 in [15]]). The fiberwise Berezin integration, defined by taking the
top degree component in odd variables and setting the even variables to O:

o (A—e ° 1 n
c A% (Qry) = A%, a— a(zn) (a) ,

y'=§/=0
is a cochain map, with respect to the BV differential Qpy on A% (Q;;() and the de Rham differ-
ential on A%.

Qpy (e = <V +hA + (Vr+hAr + {r,r}a +drxRy) - /™.

Ber

From this lemma we get a well-defined composition map on cohomology classes:

H (A (Or3) [17]]) 229 Fp (060 )] 22 c[fa]).

We can thus define the correlation functions (or expectation values) of global quantum
observables:

Definition 3.7. Let 7 be a solution of the QME and let O be a global quantum
observable. The correlation function of O is defined as

(O) ::/ O - eY=/m,
X J Ber
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3.1.2. A polarized propagator and the homotopy group flow.

To construct solutions of the QME and define the local-to-global factorization map, we
need the homotopy group flow operator. Our formulation here follows that in [15, Section
2.4] but with a significant modification of the definition of the propagator in order to
adapt to the K&hler setting.

First of all, for any positive integer k, let S![k] be the compactified configuration space
of k ordered points on the circle S'. ﬁ Then the function P on S![2] defined by

1
(3.3) PO, u):=u— 5
is called the propagator (see [15, Definition 2.30]) because it is the derivative of the Green’s
function on S! with respect to the standard flat metric, and thus represents the propagator
of topological quantum mechanics on S* (see [15, Remarks 2.31 and B.6]). When restricted
to the open subset S! x S\ A C S![2], the propagator P is anti-symmetric in the two
copies of S'.
We can now define the polarized propagator in the Kdhler setting as a combination of P
and the Kéhler form on X:

Definition 3.8 (cf. Definition 2.32 in [[15]). We define the .A;l -linear operators

(K]
. ° o /A—e\Rk ° o/ A—0\Rk
dp,D : ./451[](] Q¢ AX(QTX) — Asl[k} 2y AX(QTX)
by
(1) dp(@1 @+ @ar)

1
=), P+ E) R (W (x)a1 @+ @ Ly ay @+ @ Ly ap® -+ ® ay)
1<a<p<k

1
- L Tup(P = 5) @c (W (x)ar @ - @ Lo a0 @ - @ Lo ap @ - - Day);
1<a<f<k

Q) D ®-- ®ay) := Z +d6; ®¢ (a1®---dTXai®---ak).
1<i<k

Here a; € A%(Q7y), mag = S'[k] — St[2] is the forgetful map to the two points indexed
by «, B, 0; € [0,1) is the parameter on the S! indexed by 1 < i < k and d6; is a 1-form on
S'[k] via the pullback 7; : S'[k] — S!, and finally = are appropriate Koszul signs.

We have the following decomposition of the operator dp:
Lemma 3.9. The operator dp in Definition 3.8 can be written as the sum dp = dp, + dp,, where

apl(a1®"'®ak): Z ﬂiﬁ(P)®]R(wif-a1®"'®£aiﬂa®“'®ﬁa_jaﬁ®"'®ﬂk)
1<a<p<k : -

4For the construction and basic facts of compactified configuration spaces, see [1].
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— Z 7'[;,3(13) ®OR (wij'ﬂ1®"'®£3Zj”a®“‘®£az,-ﬂ/3®"'®ﬂk),
1<a<p<k

and

1 -
aPZ(IZl@"'@ak):— Z (wl]'al®"'®£azi‘1w®"'®£az_j“ﬁ®"'®“k)

1<a<p<k

1
+ = Z (w”'a1®"'®ﬁa,jﬂa®"'®Eaiaﬁ®"'®ak)-
1<a<p<k - :

Notice that both dp, and dp, are symmetric in the indices &, 8, and that dp, coincides
with the propagator used in [15].

Lemma 3.10 (cf. Lemma 2.33 in [15]). As operators on the BV bundle, we have
[ds1,dp] = [A,D], D*=0, [dp,D] =0.

Lemma says that the operators idp and D commute, so we can formally define the
following operator on the BV bundle:

1
€hap+D = Z ﬁ(hap -+ D)k
k=0
Here is the definition of the homotopy group flow operator on the BV bundle:

Definition 3.11 (cf. Definition 2.34 in [15]). Given any ¢ € A} (Wx ), we define v €
A% (Qr3)[[7] by

greo/M . — Mult/ eMop+D @y /N
S1[+]

where e¥7/" := Y0 ey @, 9% € A% (Q73)®F), and o, - A ®c A3 (Qr)®F —
A;i(ﬁ;;()@k is the integration |, s1,) over the appropriate configuration space SU[k].

Lemma 3.12 (cf. Lemma 2.37 in [15]]). For any v € A%(Wx ¢), we have

1
e/l — Mult/ D2 (y %) @ e21/M,
S1[x—1] h

Proof. The proof is very similar to that of [15, Lemma 2.37], except that here we use the
polarized propagator dp instead of the propagator dp, in [15].
Using the commutation relations in Lemma we have
fiAe =/ — Mult/ hiAeOP+D @/ N
S|

= Mult /1[ ] dg1eMOr TP /h 4 Mult/ (hA — dgy)eor D@/
St S

1[#]

= Mult/ " elor D&Y/ Mult/ 0P TD (hA — dgp)e® 1/
dS1[« S

1]
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— Mult / eMOr+D @ 7/h
0S1 []

where in the last step we used the fact that 1A (e®7/") = dg (e®7/") = 0 (here dg an-
nihilates ¢®7/" because ¢®?/" does not depend on the configuration space S'[+] and A
annihilates ¢®7/" by type reasons).

We now consider the term Mult [, ] er D@7/ Recall that there is an explicit de-
scription of the boundary (i.e., codimension 1 strata) of the configuration space:
9S'[k] = U 7 D),
IC{1, k)| 1|>2

where D; C (S!)F is the small diagonal where points in those S!’s indexed by I coincide
(see e.g. [15, Appendix B] for more details). Similar to the real symplectic case, only
components corresponding to those indices with |I| = 2 will contribute non-trivially to
the boundary integral. Every such index I corresponds to a paira < € {1,--- ,n}. The
corresponding boundary strata has two components, each isomorphic to S![* — 1]. So we
have

1
Mult/ pl10p+D 7 /1 =Mult/ M tD 0 01 & @/
251+ S1x—1] 207 T
1
= Mult/ eMPtD Z (5 v) @ e®T1/1,
St 2 (rx7)

We emphasize that the polarized propagator plays a key role here: the operators on the
two connected components precisely correspond to A x B and B x A, and this explains
why the bracket [—, —]. shows up. O

3.1.3. Solutions of the QME from Fedosov abelian connections.

From the perspective of BV quantization, a solution of the QME (3.1) is the co-scale
effective interaction of the quantum mechanical system on X. Such a solution can be
constructed by running the homotopy group flow.

We first consider the following section of the BV bundle:
Rv = (BTX o éTX)(RV) =+v-1- RZ-]Tkl'dZi Adz) & dyk A dﬂl
Lemma 3.13. We have A(Ry) = V(Ry) = 0.

Proof. The vanishing of the first term follows from the type of the BV operator A, and the
second one is the Bianchi identity. O

Lemma 3.14. We have dp,(drxRy ® ) = —%{Rv, T}

Proof. This is a straightforward computation. For the LHS, we have

dp,(drxRy @ )
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1
=5wh <£az,, (drxRv) © Loy, v + Ly, (drxRy) © Cazﬂ)

=1 ) : . ‘
== (cazp (Riggdz' A dZl @ y*dy') © Ly v+ Lo, (Rigdz' NdZ @ §ldy*) @ Ly, ’y)

=~ wh ((Rifp[dzl NdZ @ dy') © Lo,y + (Rigdz AdZ @ dy*) @ Lo, 7) :

On the other hand, recall that A = w?1 <£azp Loy — ﬁazq 1y ) Hence the RHS is given by

{RV/ r)/}A
=V —1wh7 (laiq (Rijkfdzi AdZ @ dy* A dift) @ Ly, (1) —ta, (Ri]vkl-dzi AdZ @ dyf A dih) @ Ly, (’y))
= — V/— 1w ((Ri]vkqdzi N @ dy*) ® Ly, (7) + Rz AdZ @ d7') @ Ly, (7))
We are now ready to construct our solutions of the QME:

Theorem 3.15 (cf. Theorem 2.26 in [15]). Suppose that vy is a solution of the Fedosov equation
and let <o be defined as in Definition |3.11) Then eRv/?" . eY/" is q solution of the QME

(3.1), i.e., Qpy (ERV/Zh - e%/h> =0.

Proof. Recall that Qpy = V + hA + i 'drxRy. We compute each term in Qpy (e7~/"):

(1) The first term is given by:
V("M =V (Mult/l[ }ehaPJrDe@Wh) = Mult/l[ }ehaPJrDV(e@Wh)
Sti* Stx
= Mult /Sl[*] LD (Vy e’ = (V) - e1=/n,

where we are using the relations [V, fidp + D] = [V, f 51[*}} =0.
(2) Using Lemma the second term is given by

hA(e7>/M) = Mult/ ehaPJ“Dl('y * ) @ e/ = 1(7* v —wy) e,
S1[x—1] h h
Note that the —wy, term appears because D(—wy,) = 0 by type reasons.
(3) For the third term, we consider the following term

R 1
Mult/ P DY @ o8 /M — Mult/ PP (Zd0d Ry ) ® 27"

S1#] h S1#] h

Notice that 1dp can be applied to drxRy once, which gives rise to the following

difference:
1 1
Mult/l[ ]ehaPJrD(%deTXRV) ® ¥/ Mult/ -
Slix S

hop+D ( ,Qv/h
1[*}(hd9deRv)€ (6 )
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:Mult/ ehaP+D(1d9deRv) ® €®7/h — Mult/ (1deRv)ehap+D & e®7/h
S1[x] h Sif«] h

1 1 -
—Mult /S ” S Pdgy - = (—3) R, drxyha @ e1/"

1 -
- oY/ B
Zh{va ,YOO}A e 4

where we have used Lemma3.14and the relations [{Ry, —}a, 79p] = [{Ry, —}a, D] =
0 in the last equality.

By the above computations and Lemma we obtain that
Qv (efav/zh . e%o/h>
_ N 1 . N
:eRV/Zh . QBV(e'Yoo/h) + ((V + hA)eRV/2h> . e'Yoo/h + E{va ’)/oo}A . (eRv/2h . e'Yoo/h>
. 1 . _
:eRV/Zh . QBV(e')’oo/h) + ﬁ{RV/ r)/OO}A . (eRV/zh . e'Yoo/h)
= Vy + 17*7 —wp + Ry — 1{Rv Yeo}a + 1{Rv Yool | - <€RV/2h : 6%"/?[)
h h 2 ’ 2 ’

1 1 Ru/2h /B _
=7 (V’y+h'y*'y wh+Rv> <e e >—O.

O

Remark 3.1. Compared with [15, Theorem 2.26], our QME solution has the additional fac-
tor eRv/2" due to our different choice of the propagator. We will see in the next subsection
that this leads to nontrivial contribution from the tadpole graph in computing the parti-
tion function, which we do not see in the general symplectic case in [15].

We are now ready to define the local-to-global factorization map of quantum observ-
ables:

Theorem 3.16 (cf. Theorem 2.40 in [15]). The factorization map defined by
[l : AXWx,0) = AR (O73) (1]

O [O)e := e~ 7=/ (Mult/ PP (0de; ® e®7/h))
S

1[#]

is a cochain map from the complex (A% (Wx c), Dr ) of local quantum observables to the complex
(A Q)R] V + { 7Yoo, — }a + IA) of global quantum observables.

Corollary 3.17. Let f € C®(X)[[h]] be any smooth function and Oy be the corresponding flat

section under the Fedosov connection. Then Qgy <[Of]oo - eRv /2 pyes/ h) = 0.
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3.2. The trace.

For the above BV quantization, we can define the correlation function of a local quan-
tum observable:

Definition 3.18. The correlation function of a formal smooth function f € C®(X)[[#]] is
defined by

()i= [ [ 10f)e-eRe/2 e

The proofs of the following propositions, which we omit, are the same as that in [[15]:

Proposition 3.19 (cf. Proposition 2.43 in [15]]). Let f,g € C*®(X)[[h]] be two smooth functions
on X, and let h = [f, 8], denote the commutator of f, g under the Fedosov star product *,. Then
[Op]oo is exact under the differential and hence (f *, §) = (g *a f).

Proposition 3.20 (cf. Proposition 2.44 in [15]]). The correlation function of f € C®(X)[[h]] is
of the form

()= [ f-@"+0m).
Corollary 3.21. The association Tr : f +— (f) is the trace of the Fedosov star product *q.

To summarize, the BV quantization method gives rise to a way to explicitly compute
an integral density of the trace of a Wick type star product %,: for any smooth function
f e C®(X), we

(1) compute Of using the iterative equation (2.14),
(2) obtain 7y as a Feynman graph expansion (see Lemma below),
(3) compute [Of]e via Theorem and

(4) finally take the Berezin integral of [Of]e - eRv /2 . p1e/1 t obtain the density for

Te(f).

It follows easily that this density for Tr(f) satisfies a locality: at every point x € X, it only
depends on the Taylor expansion of f, the curvature of X and the formal cohomology
class [a] at x.

3.3. One-loop exactness and the algebraic index.

We present the explicit computation of Tr(1) as an example, whose formula is also
known as the algebraic index theorem. First of all, a solution 7y« of the QME is
obtained by running the homotopy group flow. This can be expressed as a Feynman
graph expansionﬂ

SFor some basic facts on Feynman graph expansion and Feynman weights, see Appendix|A} For more
details and a proof of this lemma, see Costello’s book [7].
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Lemma 3.22. Let v € AY(Wx ) and ye be defined as in Definition Then e can be
expressed as a sum of Feynman weights:

18(9)
Yoo = Z mwg(p;dTX’Y)r

G: connected

where the sum is over all connected, stable graphs G, and g(G) denotes the genus of G.

It turns out that, in the Kéhler case, if <y is the solution of the Fedosov equation (2.8))
obtained by quantizing Kapranov’s Le-algebra structure, then the Feynman graph ex-
pansion of the QME solution <y« involves only trees and one-loop graphs; in other words,
Yo gives a one-loop exact BV quantization of the Kdhler manifold X. This is in sharp con-
trast with the general symplectic case [15]], in which the BV quantization involves all-loop
quantum corrections. The same kind of one-loop exactness was observed for the holo-
morphic Chern-Simons theory by Costello [8] and for a sigma model from S! to the target
T*Y (cotangent bundle of a smooth manifold Y) by Gwilliam-Grady [14].

As a corollary, we obtain a succinct explicit expression of the algebraic index Tr(1) =
Ix Jger eRv/211e/T of the star product *,. The latter is a cochain level enhancement of the
result in [15]: there the technique of equivariant localization was applied to show that all
graphs of higher genera (> 2) give rise to exact differential forms after the Berezin inte-
gration and thus do not contribute after integration over X, while the Feynman weights
associated to these graphs in our QME solution 7« vanish already on the cochain level.

3.3.1. A weight on the BV bundle and one-loop exactness.
The key to one-loop exactness lies in the existence of a suitable weight on the BV bun-
dle:
Definition 3.23. We define a weight on the BV bundle A% (Q7x)[[71]] by setting
i| = |di'| =1,and
| = |dy'| = |dz'| = |dz'| = |n] = 0.

The following two lemmas are shown by simple computations.

Lemma 3.24. For every closed (1,1)-form «, let Dp, = V — 6 + %[’y, — 1« be the associated
Fedosov connection obtained in Theorem Then in the h power expansion of 7y:

T = Zhi " Yis
i>0

the weight of each term in <y is either 0 or 1.

Proof. The only term in <yg of weight 0 is wi]vdzj ® 7'. All the other monomials in g have
exactly one 77'’s, and are thus of weight 1. l
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Lemma 3.25. The following operators preserve the weight:
hA, hdp, i{—, —}A.

In particular, the homotopy group flow operator also preserves the weight.

Here is one of the main discoveries in this paper:

Theorem 3.26 (One-loop exactness). Let y be a solution of the Fedosov equation (2.8). Then
Wg(P,drxy) =0 whenever b1(G) > 2.

As a result, the graph expansion of the QME solution 7y«, as defined in Definition involves
only trees and one-loop graphs:

18(9)

Teo = ) ey Vo (P drxy).
G: connected, b1 (G)=0,1 |Aut(g)|

Proof. Let G be a connected graph with first Betti number b1 (G) > 2. Since every term in
7 has at most weight 1, the total weights of those decorated vertices are bounded above
by |V(G)]|. On the other hand, each propagator P is of weight —1. Thus the internal edges
of G decorated by P has total weight —(|V (G| + b1(G) — 1). Hence we must have

V()] = (IV(G]+b:1(9) = 1) =0,
which implies that b1 (G) < 1. O
Remark 3.2. The argument here is similar to the proof of one-loop exactness of the holo-
morphic Chern-Simons theory by Costello [8].
3.3.2. A cochain level formula for the trace.

To derive a formula for the algebraic index Tr(1) = [ [5., eRv/2p7e /T of the star prod-
uct x,, we first extend the symbol map to the BV bundle

o AS(((A);}'() — A%
yi, gj, dyi, d]]j — 0.

Lemma 3.27. The Berezin integral [, eRv/2ng7e0/ T oy e expressed as follows:

// Rv/zrle’Yoo/h_/ hln Rv/Zhe’Yoo/h)>
Ber

Proof. A simple observation is that every term in Ry and <« has the same degree in
dz',dz’s and dy', dj'’s. Since the integration [} only takes the top degree term in dz’,dz/’s,
the only term that matters in "1 is 1 (fuyy)". O

Then we compute:

ehln <8Rv/2he’)/oo/h) — ehln (eRV/Zh X Mult/ ehap-l-De@'Y/h)
S

H#]
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(;) ehl]‘[ (MUIt/l[ ]ehap-‘v—D(eRv/Zthl) ® e®’)’/h)
Sh*

_ Mult/ PH(m+3p) o oD <(€Rv/zhdel) 2 €®7/Fz>
S1[x]

18(9) 1.
— -1, 1 .
- op (h ; C(Eeded TAUt(G)] Aut(g)|W(P+lH,d9 @ (drxy + 5Rv)) | ;

here the equality () follows from the facts that dp cannot be applied to Ry /2 by type
reasons and that D(Ry) = 0.

This computation says that the integrand whose integral gives rise to Tr(1) can be ex-
pressed as a sum of Feynman weights. But note that they are different from those for
because the propagator is now 7(dp + (7). Similar to Theorem this graph sum also
involves only trees and one-loop graphs:

Proposition 3.28. In the Feynman graph expansion
78(9)
G connected |Aut(g)|

only terms which correspond to graphs with first Betti number 0 and 1 are non-vanishing.

1x~
W(P + 11, dTX’)/ + ERV)/

We now proceed to compute the Feynman weights associated to trees and one-loop
graphs. To clarify the computation, we first decompose the terms labeling the vertices
and edges respectively. For the vertices, recall that the term <y in the Fedosov connection
has the i-power expansion:

v=)_ Hyi

i>0
For later computations, we give a detailed description of these +;’s:

e For 9, we know that
10 = wi(dZ @ § —dZ @ y') + 1,
where all terms of 7 are at least cubic, with the leading term Ri]vkl-dzf 2 y'y*y.
e For every i > 0, the leading term of 7; is given by (60)~1(a;).

For the propagators, notice that dp and (7 are respectively tensor products of forms on
S'[x] and tensors on the BV bundle of X. They correspond to the analytic and combinatorial
parts of the propagators respectively.

We assign colors to both the vertices and edges, according to the previous decomposi-

tion of the functionals and propagators. For edges, we have

(1) a blue edge is labeled by dp,;
(2) ablack edge is labeled by dp,;
(3) ared edge is labeled by the operator ¢;
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(4) a yellow vertex is labeled by wi]T(dzi ®dy —dZ @ dy');
(5) a purple vertex is labeled by drx(;

(6) a green vertex is labeled by ) ;o dTx7i;

(7) a a blue vertex is labeled by 3 Ry.

In a graph, when we do not distinguish dp, or dp,, we assign black color to this edge.
Moreover, since the analytic parts of dp,, dp, and 7 are all given by contractions using the
inverse of the Kahler form, we assign an orientation on each internal edge, going from
the holomorphic derivatives to the anti-holomorphic derivatives.

Some sample pictures are listed here:

O = RV/Q —— =n

O =wj(dz" @ dif — dzl @ dy*) = hop,
@ =drx = hdp,
@ =drx (zi>0 'Yi) —— =hop

Lemma 3.29. The vertices in our Feynman graphs have the following properties:

(1) A purple vertex is at least trivalent with exactly one incoming tail and at least two outgo-
ing tails.

(2) The tails on a green vertex must be outgoing.

(3) A blue vertex has exactly one incoming tail and one outgoing tail.

(4) Every yellow, purple or green vertex can be connected to at most one red internal edge.

Proof. All the statements follow by considering the types of the sections of the BV bundle
labeling the corresponding colored vertices. For instance, (2) follows from the fact that
the Weyl bundle component of 7; (i > 0) lives in Wk. O

In terms of Feynman weights, the procedure of taking the symbol map ¢ in Lemma
corresponds to taking only those connected graphs with no tails (external edges) but
only internal edges. Let us first consider trees.

Proposition 3.30. Suppose G is a tree which contains at least one vertex labeled by -y( (i.e., a
purple vertex). Then this tree has at least one outgoing tail (external edge) which can be contracted
by dp, or dp, (i.e., blue or black).

Proof. We have seen that a purple vertex has to be at least trivalent. It is clear that every
univalent vertex can only be connected by an internal edge labeled by /7. Let v; denote the
number of vertices in G which are i-valent. Let G’ denote the graph obtained from G by
deleting those blue and yellow vertices, and also red edges (both internal and external). In
particular, every internal and external edge must be either blue or black, and the number
of n-valent vertices in G’ is v, 1, forn > 1.

Suppose v; = 0. Then a simple counting shows that there exists in G’ at least one
outgoing external edge. If v, > 0, we choose one of these univalent vertices in G’, whose
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tail must be outgoing. We can draw a line starting from this vertex along the edges with
directions and go as far as possible. Now we need the following simple fact: Suppose a
vertex is at least bivalent in G, then either all tails are outgoing, or at least one outgoing
and exactly one incoming. This says that the line that we are drawing has to stop at an
outgoing tail on a vertex which is at least bivalent. O

As a corollary, we have a full list of trees without external edges:

Corollary 3.31. The only trees which survive under the symbol map are listed below, which ex-
actly give rise to wy,.

LT L11
wp =0O0——0O + @——0O

Proof. According to Proposition these trees cannot include a purple vertex. We first
show that they cannot include blue vertices either: A blue vertex has exactly one incoming
tail and one outgoing tail. Since a green vertex has only outgoing tails, the outgoing tail
of a blue vertex has to be connected to a yellow vertex, as shown in the following picture:
L v—1

_——>- O 2y O — > R
But then this has to vanish since R;5; is symmetric in i and k. Therefore such a graph can
only contain yellow and green vertices. These green vertices must be univalent because
there is no way to contract its blue or black tails. Hence the graphs satisfying the condition
in this corollary have to be as stated. U

aqdz Nz A d2F @ dy.

Next we turn to one-loop graphs. Since every one-loop graph can be obtained by at-
taching trees to a wheel (see Definition [A.2)), we first look at all the possible wheels (possi-
bly with tails). It is clear that there are three types of wheels, according to the labeling of
the internal edges of the wheel:

(1) All the edges on the wheel are labeled by either P; or P,.
(2) All the edges on the wheel are labeled by 7.
(3) The labelings of edges on the wheel include both P (either P; or P,) and /.

Proposition 3.32. The symbol of a one-loop Feynman weight coming from a wheel of type (3)
vanishes.

Proof. Let G denote such a one-loop graph. A simple observation is that every vertex on
the wheel of G is either labeled by 76 or Rv. We now choose a vertex v such that the two
edges on the wheel adjacent to v are labeled by i1 and P respectively, as shown in the
following picture:

hop

- .<_ -
]Lap v LTI
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In particular, v must be labeled by -{, and is at least trivalent. Thus v must have at least
one outgoing tail (the dotted line in the above picture) which is not on the wheel. In order
for the symbol of this Feynman integral to be non-vanishing, we have to attach a tree
to this outgoing tail. Such a tree must include at least one vertex labeled by 7, so that
this vertex can be connected to the dotted line in the above picture. Thus by Proposition
this tree must also contain an outgoing tail. But this implies that the symbol of the
Feynman integral of G’ vanishes. 4

Corollary 3.33. A one-loop graph which survives under the symbol map (equivalently, without
external edges) must be of the following two types:

Proof. Let G be such a one-loop graph. If G is of type (2), then every vertex on the wheel
must be labeled by Ry, as shown on the left. If G is of type (1), then every vertex on the
wheel must be labeled by (. A similar argument as in Proposition 3.32]shows that these
vertices must be exactly trivalent, as shown on the right. 4

We can also see that if the edges of the wheel on such a one-loop graph are labeled by
dp, then they have to be of the same color:

Proposition 3.34. If a wheel contains edges labeled by both dp, and dp,, then the corresponding
Feynman weights vanish. In other words, the following Feynman weights vanish:

Proof. We focus on the vertex v; in the above picture. Notice that both the red and green
edges incident to v; only contribute constants to the analytic part of the propagator. The
analytic part of the propagator P; labeling the blue edge between v; and v, is u —1/2
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as in (3.3). Thus the Feynman weight of the above graph is a multiple of the following
integral

which must vanish. O

To summarize, the only one-loop graphs which contribute non-trivially to the integrand
whose integral gives rise to Tr(1) are of the following 4 types:

fn

(3.4) o g @O
P Py
(3.5)

In order to have a more precise computation of the Feynman weights, we first compute
the Feynman weights of the following two types of line graphs with m > 2 vertices (m
purple vertices in the left picture):

(3.6) ()1 o (e (tm)n-1 L i) e
4 4 MLjm— g 2 %) m—

. .>-O@H_IO$_2...+O+O_>- -> 3L e > -
v1 V2 Um—1 Um U1 U2 Um—1 Um

We label both the internal edges and vertices to avoid the issue of automorphisms of
graphs and ordering of the contraction of propagators with vertices.

Lemma 3.35. The Feynman weight for the graph on the left of is given by

—2im (whilfh . 'Wk'”’ll_m)(Riljlkll‘lRizjzkzl'z Ry e ) (dZhdZh - dzidzin) @ (dh A dy*)
while that for the graph on the right of is given by
1 -

kil kol k1l i1 75] im 45] =1y k
W . (w 2.5k L pfm-1 m)(Ri1f1k1T1Rizfzk2T2 e Rimfmkml_m)(dzlldzh .. 'lede]m) ® (y 1y m)
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Proof. When m = 2, the Feynman weight of the left picture can be explicitly computed as
follows:

whim <lazp1 (Ry/2) ® 1.0, (Ry /2))

_ Lomm vut Iy Az Adz @ dyft A digh) @ 1y dz2 A dzP2 @ dyk2 A dig
4 .1 Yy Yy 01 y Y

11]1k111 lzlzkzlz

lldzl1 ANdZh @ dijh) ® dz2 N dz? ® dyk2)>

( irjakoln

Lkl
= —L—Lw”-Mult <( i ik

1 _
- _ L_kaﬂz . (R

The statement for general m > 2 follows by a simple induction.

dz" \dzh A\ dz? A\ dzP @ (dih A dyR?)).

Lt 12]2k212

A simple computation shows that if the purple vertex is trivalent, then the Feynman
weight of the following picture is Rijvkl-dzi AdZ @ yFi:

:Lnl

And the Feynman weight of the right picture of follows from a straightforward com-
putation which we omit here.

Thus we indeed get the cancellation. For wheels with more vertices, the cancellation
can be proved by an induction on the number of vertices on the wheels. U

A simple consequence of this computation is the following

Proposition 3.36. The first type (i.e., the left picture in (3.4)) and third type (i.e., the left picture
in ) one-loop Feynman weights cancel with each other.

Proof. The first type and third type one-loop graphs are exactly obtained by connecting
the starting and ending tails of the graphs shown in the picture (3.6). It follows from the
previous lemma that the Feynman weight for the first type is of the form

L kb, ol k1T Ko
_C.z_m.(w 2 )2l L fm—1tm ml)(R
where the constant C arises from the combinatorics of graphs, while that for the third type
is of the form

e R, - R, -, - hgsh . ..Jyimdsl
11]1k111R12]2k212 le]mkmlm)(dz dZ dZdem),

R, :

1 kilp, kol km—1ln  Jml
- —_ . 162 283 ... m—1tm mtl - _ e
C ((U w w w )(R 12]2k212

i 35 im 35i
om injikih Rimﬁnkml_m)(dz tdzh - - - dz mdzjm)'

O
The second type one-loop graphs, i.e., connected wheels with only blue edges on the

wheel (the right picture in (3.4)), give rise precisely to the logarithm of A genus, as was
shown by Grady and Gwilliam [14]:



36 CHAN, LEUNG, AND LI

Proposition 3.37 (Corollary 8.6 in [14]). The Feynman weights corresponding to the following
one-loop graphs give rise to the logarithm of the A genus of X.

Finally, the contribution from the fourth type one-loop graphs, i.e., a tadpole graph (the
right picture in (3.5)), is described by the following lemma:

Lemma 3.38. The Feynman weight of the tadpole graph is given by %Tr(R*), ie.,
%TI(RJr) = i,

where R is given in (2.1), (2.2).
Proof. The Feynman weight of the tadpole graph is explicitly given by

1. V-1 o ]
hun, (ﬁRv) = i1 (TRi]’kl_dzl NdZ @ dy* A dyl)
=1 .- , 1
— _kalRi]vkl—dzl Adzl = §Tr(R+)'

g

Combining Proposition Corollary Proposition Proposition and Lemma

3.38, we arrive at our second main result, which is a cochain level formula for the alge-
braic index:

Theorem 3.39. Let <y be a solution of the Fedosov equation (2.8)) and 7y« be the associated solution
of the QME as defined in Definition Then we have

o (ehzn(eRv/Zhe%o/h)> — A(X) Com THITH(RY) Td(X) e TR
where Td(X) is the Todd class of X.

Proof. We only need to show the second equality, which follows from the formula Td(X) =
A(X) e 2 TR, O

Applying Lemma gives the algebraic index theorem:
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Corollary 3.40. The trace of the function 1 is given by

Tr(1) = / A(X) e I TH(RY) / Td(X) - o~ FATH(RT)
X X

As we mentioned in the introduction, whena =1 - Tr(R™) or wp, = —w + 1 - Tr(RT),
we will prove in the forthcoming work [6] that the associated star product x, is exactly
equal to the Berezin-Toeplitz star product studied in [3,4,20]. In this case, the algebraic index
theorem is formulated as:

Tr(1) = /XTd(X) e/,

APPENDIX A. FEYNMAN GRAPHS

In this section, we describe the basics of Feynman graphs. For more details, we refer
the reader to [7].

Definition A.1. A graph G consists of the following data:

(1) A finite set V(G) of vertices,

(2) A finite set H(G) of half edges,

(3) An involution ¢ : H(G) — H(G). The set of fixed points of this map is called the
set of tails of G, denoted by T(G); a tail is also called an external edge. The set of
two-element orbits of this map is called the set of internal edges of G, denoted by

E(G),
(4) Amap 7t : H(G) — V(G) sending a half-edge to the vertex to which it is attached,
(5) Amap g: V(G) = Z> assigning a genus to each vertex.

Remark A.1. In a picture of a graph, we will use solid lines and dotted lines to denote
internal edges and tails respectively.

It is obvious how to construct a topological space |G| associated to a graph G. A graph
G is called connected if |G| is connected. The genus is a graph is defined by

g(G)=b(9)+ } &)
veV(G)

Here b1(G) denote the first Betti number of |G]|.

Remark A.2. We call a graph G a tree if b1(G) = 0, or a one-loop graph if b1 (G) = 1.

We also introduce the notion of a wheel graph:
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Definition A.2. A one-loop graph G is called a wheel if removing any of its internal edges
will give rise to a tree, as in the following picture:

Let £ be a graded vector space over a base ring R. Let £* denote its R-linear dual (or
continuous dual when there is a topology on £). Let

O(€) = kHSym§<6>,
>0

denote the space of formal functions on £. We define a subspace
0" (&) c OE)([n]]

consisting of those formal functions which are at least cubic modulo 7 and the nilpotent
ideal Z in R. Let F € O (€) which we expand as

F= Y Y,
k>0

where F (k) : £9% _y R is an S;-invariant (continuous) map.
g k P

We will fix an element P € Sym?(£) which we call the propagator. With F and P, we
will describe for every connected stable graph G the Feynman weight:

Wg(P,F) € OT(€).

Explicitly, we label each vertex v € V(G) of genus g(v) and valency k by Fg(?]). This

defines an element:
F,: £9H0) 4 R,
where H(v) denotes the set of half-edges incident to v. We label each internal edge by the
propagator
P, =P e &R0,
where H(e) denotes the two half edges which together give rise to the internal edge e. We

can then contract the tensor product of vectors in E (from E(G)) with the tensor product
of formal functions on E (from V(G)) to yield an R-linear map:

Wg(P,F) : ETY) - R.
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Definition A.3. We define the homotopic renormalization group flow operator (HRG) with
respect to the propagator P

W(P,—): OF(E) = OF(E)

by
78(9)
W(P,F) := %:—’Aut(g)‘Wg(P,F),

where the sum is over all connected graphs, and Aut(G) denotes the automorphism
group of G. We can equivalently describe the HRG operator formally by the simple for-

mula:

SN (PE) /1 _ 3 (oF/),

where dp denotes the second order differential operator on O(€) given by contracting
with P.

REFERENCES

[1] S. Axelrod and I. M. Singer, Chern-Simons perturabation theory. 11, J. Differential Geometry 39 (1994),
173-213.

[2] I. A. Batalin and G. A. Vilkovisky, Gauge algebra and quantization, Phys. Lett. B 102 (1981), no. 1, 27-31.

[3] M. Bordemann, E. Meinrenken, and M. Schlichenmaier, Toeplitz quantization of Kihler manifolds and
gl(N), N — oo limits, Comm. Math. Phys. 165 (1994), no. 2, 281-296.

[4] M. Bordemann and S. Waldmann, A Fedosov star product of the Wick type for Kihler manifolds, Lett. Math.
Phys. 41 (1997), no. 3, 243-253.

[5] K. Chan, N. C. Leung, and Q. Li, A geometric construction of representations of the Berezin-Toeplitz quanti-
zation, available athttp://arxiv.org/abs/2001.10869.

[6] —_.in preparation.

[7] K. Costello, Renormalization and effective field theory, Mathematical Surveys and Monographs, vol. 170,
American Mathematical Society, Providence, RI, 2011.

[8] , A geometric construction of the Witten genus, 11, available athttp://arxiv.org/abs/1112.0816.

[9] K. Costello and O. Gwilliam, Factorization algebras in quantum field theory. Vol. 1, New Mathematical
Monographs, vol. 31, Cambridge University Press, Cambridge, 2017.

, Factorization algebras in quantum field theory, Vol. 2, available at http://people.math.umass.

(10]

edu/~gwilliam/,
[11] B.V.Fedosov, A simple geometrical construction of deformation quantization, J. Differential Geom. 40 (1994),
no. 2, 213-238.

[12] , Deformation quantization and index theory, Mathematical Topics, vol. 9, Akademie Verlag, Berlin,

1996.

[13] , The Atiyah-Bott-Patodi method in deformation quantization, Comm. Math. Phys. 209 (2000), no. 3,
691-728.

[14] O. Gwilliam and R. Grady, One-dimensional Chern-Simons theory and the A genus, Algebr. Geom. Topol.
14 (2014), no. 4, 2299-2377.

[15] R. Grady, Q. Li, and S. Li, Batalin-Vilkovisky quantization and the algebraic index, Adv. Math. 317 (2017),
575-639.

[16] M. Kapranov, Rozansky-Witten invariants via Atiyah classes, Compositio Math. 115 (1999), no. 1, 71-113.

[17] A.V.Karabegov, Deformation quantizations with separation of variables on a Kihler manifold, Comm. Math.

Phys. 180 (1996), no. 3, 745-755.



http://arxiv.org/abs/2001.10869
http://arxiv.org/abs/1112.0816
http://people.math.umass.edu/~gwilliam/
http://people.math.umass.edu/~gwilliam/

40 CHAN, LEUNG, AND LI

[18] , On Fedosov’s approach to deformation quantization with separation of variables, Conférence Moshé
Flato 1999, Vol. II (Dijon), 2000, pp. 167-176.

[19] A formal model of Berezin-Toeplitz quantization, Comm. Math. Phys. 274 (2007), no. 3, 659-689.

[20] A.V.Karabegov and M. Schlichenmaier, Identification of Berezin-Toeplitz deformation quantization, ]. Reine
Angew. Math. 540 (2001), 49-76.

[21] M. Kontsevich, Rozansky-Witten invariants via formal geometry, Compositio Math. 115 (1999), no. 1, 115-
127.

[22] X. Ma and G. Marinescu, Berezin-Toeplitz quantization on Kihler manifolds, . Reine Angew. Math. 662
(2012), 1-56.

[23] N. Neumaier, Universality of Fedosov’s construction for star products of Wick type on pseudo-Kihler mani-
folds, Rep. Math. Phys. 52 (2003), no. 1, 43-80.

[24] L. Rozansky and E. Witten, Hyper-Kihler geometry and invariants of three-manifolds, Selecta Math. 3
(1997), no. 3, 401-458.

DEPARTMENT OF MATHEMATICS, THE CHINESE UNIVERSITY OF HONG KONG, SHATIN, HONG KONG

Email address: kwchan@math. cuhk.edu.hk

THE INSTITUTE OF MATHEMATICAL SCIENCES AND DEPARTMENT OF MATHEMATICS, THE CHINESE
UNIVERSITY OF HONG KONG, SHATIN, HONG KONG

Email address: 1leung@math. cubk.edu.hk

DEPARTMENT OF MATHEMATICS, SOUTHERN UNIVERSITY OF SCIENCE AND TECHNOLOGY, SHENZHEN,
CHINA

Email address: 11qin@sustech.edu.cn



	1. Introduction
	Acknowledgement

	2. From Kapranov to Fedosov
	2.1. Preliminaries in Kähler geometry
	2.2. A reformulation of Kapranov's L structure on a Kähler manifold
	2.3. Fedosov quantization from Kapranov's L structure

	3. From Fedosov to Batalin-Vilkovisky
	3.1. BV quantization
	3.2. The trace
	3.3. One-loop exactness and the algebraic index

	Appendix A. Feynman graphs
	References

