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Let P'—' (o 3) be e mitral distribution of custowmers |

After 1 day , +e Proportian of  pesple geing to

colfees covvier : 0-9 x0.7 + 0.02% 0.3 = 0.636
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Prother Ppplication - Linear ODE systewm G

Covsidex a \inear system of ODE (Wd“‘a‘ﬁ differentiel etuah‘ou)
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Y=Y t) Y =3x -y e (3= A00)
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For a system £ n ODE's:

P — » At
[X=pz| AcMm®® = (xcmce \

Q: How to define "
‘F‘“’ o watix A & Mwen (R) o

t
PE_(__G‘“: ee = | + ot + 'Iia“t‘-l- e -':'-'-Ql' tk e
owst AR
Mme € = T+At+ LAt +.-4 .-‘-'/_\"t“*......l
—— - 2 !
T{: A 'S dn'asuvu:\, T-Q .
T dit
dv o o't e’ O
H = -‘.. ,-Ww = “‘ . : /
(D &“\ O . ed-\lt . (Verrfj +his!)

T A s NOT diasmac.\ but diajonc.\ha\o\-t,{-km 3 Q iwvertible st

b = Q?@rl = ™. Qe (smut AL Qg

&Caﬁowc\\

Let us look at +he onw\(:l.z (#) ajm‘n now .



&)

Let A = (é _") Char. Poly. = (1-2) (-1-2) =3 = A-¢ = Ar (A=)
g_i_‘SenvﬁMS eigemspaces e_ijw\aan‘r
-1
o= -2 = " % - -l
s pemit et e ()
"kl - 2 E‘}Q'-'- Span ) N 2
P E | oty A= QIZ)QI
Thevedore | (3¢ e“”‘)
At e - Cl\_u/&—:';‘? -y Vg
Sea(® ) =G 0E M0,
_ [Tt it feTe L™

The j@ma\ clution te (#) ig:

G

o)

(: Why dees it work ?

(3) =~ (

-t At
Xit)e € (

X

Y

%
9

~\

Q

-2

PR

2V

X
Y

]
Vv

o=
-

)=a (i) =

( )

(

)= (a)e]
T4 we do +he O\I\G\hje- of variables (%)

{

Them beacle to (:‘9) -voreble ., Wwe have

|

decoupled !

X
Y

-G €

(¢) ¢
@ (o)

)] =

=
—

-2t

3¢ e-!t + C\.e‘*‘

+ Ca ezt

RYRT T Fe +ge
1(_%2.-&_'_ %ezt) G k%’e- t"""?-e'zt)
; —
(v) ()

) )
= gz‘("fa) Hom we hove

W = c.e..zt
vz c.e?t

) |

C, Cc R .

uew%ﬁ tars Sl'ver e
Same Guswer a5

obove !!

Nute: with different Ci, G

which are arbitr “‘.‘.’(\;-.{.



©

Tuvariant Subspaces

Tt veV is ow eigemvectse of T,y L/ wem Tuzav
spon {v -
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- boy LV trivia| subspaces
CR(T), N(T) (verify wis! )
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Exanple : T:RR-=>RIR) , T =+".

The _l—-—t!ocln‘c Subspace Generated bvj X%e Pg(\R) IS
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\Pro‘)eﬁ.‘es of dat(A) : A Review @:

(1) det(A) < det ()

- \ det (AR) = det (A ) - det(R s\.

(2) (LE"‘(/‘\) to ¢&=> A 5 mvertidle .

. | L
Movesver , in Haig ca?-e,ld—vl’(ﬂ ) = dﬂ_mw.

R) ™ B is obtained by switchmg two raws (oY columns) o A,

them @*(B) = -d.n-!-(ﬁﬂ

(O“V: T‘(‘ A has tweo id.tv\'i’?c?tl yows LOY wlummg ), Hemn dx'l'(ﬁ):o)

(q‘) T‘F B 'S hotarwed ‘f)j rnu\ﬁv\val'\nj o mw'(m' columwn) of F*\ bb a
Cealer C , them \d,z'l'(ﬁ) =C dg‘t(ﬁ)\.

(Gor: det (ch) = " det(A) whave A € M ()

(5) T-F R s ootarvesd bj atldv"hs a wultiple of a vaw (ov calnimn) 4o

oustiad of B o [t (8) = det (B

(6) rdd—(ﬁ) = F\mnd"' of it d-‘cjonal emtries \ F A upper (or
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Exowple: T:Py(R) = RW®) | T() = 5"
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Recall W = spawn { x3, x} T —invarant ( Jewerated "j )

Fowr TW :W>o W it basis ‘{=fx3,x'5
[T 'L{_ (0 0) . STW(‘E)‘—’6X-GW
w = tnee Lo
& ® Tw(x) =0 ¢ W

Extnd ¥ 4o a basis (5 = {x‘,x,xax:, 1y v RRIR)

[Ty
‘o‘o\o o T®) =2 bx ¢ W
[T]@"" 6 © ‘;0 ez LT(X) =0 €W
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E)__(a__mP'_Q_' (et H = (_'2 2;) G"Muu(lR) " @

Char. Poly. =F(2) = det ( A -2T) = ("" :

2
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Ppplication : INe cavt malke use of this to find A . (if A is invertible)
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[P\'zf'\“‘SI:O 2 \9—2'[+5Pf"=o
o L
L. -
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To pvove Caj‘f‘j' Hewitron Thesrem, we vieed M'Followvs:

LQMMG . LQ-‘- T— . v_...->v ke a |iveay Ovuﬁhv ( chwm V € t® ) .
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— k-1 __k
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cher. poly. of T = |+‘3k2. {c—kﬁh: [Tw-lF N (? —'-': )X

‘P‘n)uf of Lewmwa:

() |t J ke the Iarjeg-t mtegey  xt
Nute :

2=l v, Tv, o T Y i Vimeady independent (j3,)

iCla"H: } = k = dnm\[\).‘\ = (a)

s

Llet Z.= S?w\@ _We will show thet 7, = W
C\C-‘“‘j v e W s Ts prove W ¢ T . vt suffices to pvove that

rz, Vs ,_\_- v avient (S‘\'\M‘& V\l s the Cmallest T_.u‘nvc.m‘o.n‘l'

Swbfpace cowtarina 5 \V/ ) .

Pick avy W e 7. 3 &o,----,aj-, «\F st

- = Je
W = ao\/'(‘anl\/‘i'”'*aj.\] vV

—J

2  Tw= AoT\/-ra,T‘v gowws s aj-,l v
L___V————V \_—f—"
) €7l by the choir
Se Tw €7 .we are done! o



(b) —}_ﬁ/ & Z:SPan@ @

= —k =
7 | v = =QpV —alTV—a:.\V-"“ak_,Th-'v
for svme Qre (F .
Thevefort, in the basis g = {V,TV,T‘V, ---,_]k_:/ ‘ for W
B O o .-+ 0 "ao
[TWle=| 270 =
L il ol
Gvd the char. poly . is j"vw ‘o\a.
ﬁb =+ 0 —Go
)= dot ([7,]-2T) = et ( M
'0 .0 ""‘.l -—aé-'—a

Ex: BD Y dueti e
——— W k-
‘ own k = (-l)(a,,.‘.a,g_‘.__._ﬁa“q l-‘- Ak)

Pmu{: of Ca.g!:j—l—lam'-\‘\'nn Tlheorem : (OPem-ru Fovwm )

Need to show T(TXV) =D for al veV .

WloG, aSTwme V £0 , and et W = T -cyelic suerpace Gen. by V.
with dim W = k|

Venste H0(A) ac the char. polvy. o Ty -

Previous lemmea (b) l-F.v (TY(v) = "1 ( why?)

F\v- uvh@v ‘QW\W\A -'7/-?%1(“) ‘ ‘F(Q\)
> £TYW =5

We heve proved the tHhedvrervu swmee VIS G"Iﬁtr’ay\j.
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