MATH 2040A Linear A\ﬁebra I 2wi5-16 @

Week 2 Chanje of Coovdmc&zs/basfs, E.‘Senvalues and E»’Senvec-tovs

(+exthook & 2.5 and £5.1)

\%‘nse O'F basrs \

RM: Once we picked ovrdered bases B ond ¥ for V oand W

YQSPec‘l'ch\\a,we have o 1-1 oowespmndemce:

of T
W.Y.‘T. @ aud X

v

( matrix rerrew'hh'on ) L(V,W ) &<~—— Mm\m(":)
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v
(|
—
—
»

- .
lo acfuall\g ompute Hie wmedtrix L ]l‘"’ :
let ﬁ = {VI,V';,..-'V,\ S cV be +he ovdered leoses

vy o= {W\,Nz,...,wm} c W

+heve exist um\'(%l:_Q Qiy € F , i=.m )=1un ot (Q:wWhy3)

T(VI) = Q\\W‘-r QZIN2+ . 55 +aWIlWW\

4 TV = Gaw + QW+ - + Qmz Wy, ten
TV = AW, + Ozn Wos -+ Qmn Wim
O-Il an. O\V\
Oay OQan ... Q2w l l \

-
[ | ] = co = e [Tl - Tl
o s+ I
Mxn matviv Caution: This is somewhat thae "{'rmrpose_"
D-F e o\’de.YMS m (R)

Notation: When \/=\N' ond B=7 , we Sivmply) write ['\'_]@ .



Exemple : | ot

b & 2 )
| = R —> R be the on‘)ec\'{on oo X-&X\S :
1 (@,82) = (Qy,0) .

Let 6 = (e ey = {(|

= L () ()} ve the standad basis

TR Tey)
{ 1 (e = (;) = 1.€ + 0-€,
)

T (€) = (g

— [T = (
— O0.€ + O. €» > ]s
Now, \et @,: {(:),(-l

|)l) ke oawotevr ordeved basis .

{ _T—(: = (L) = "E(:) —"i(—:) = [T] , =
SO =0 ety e () |

4 ~iL
| O 2 2
* Since both vhatrices o ,,-) ond ("é "i) Yes?we:ew\' ‘e
Some. \'near 'th\S—Forma-h'on [, -qun should heve Some PYO‘)eY-h‘es

M Common and B2 | Similar” m Some sense .

Pe{:\ﬂ: Let A.B e My, (F) . We say +hat B s similar 4o A

i 3 tnvertivie A ¢ M (F) st \E: Q—‘AQ\

o B "
Ex . §\W\\\6\Y

pm——

iS own eGuivelewnce relation |

P_m\’._‘ IT A and B ae Smilar matrias, then | tv A

= ‘t"B\ oand
|det A < det B .

:\_)_Y_O_“f_;- Exercise ! Recall that +r(AB) = &v(BA) oand

det (AR) =det(BR)).
\ //
det (A) - dot(B)
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The. Yé asow W‘ﬂ\o we d.e—f\n_g Sivrlay  miatnces GS QBOVQ o Haet
'H\E'j Shoud YereSevd' +he Same lipeay transforimation (3\,@1— w.rt

different basis) . Tt follows from +e -Fo\\bwms “heorewvn ,

Thwm A Let T V—>\/ be a linear tramsformetion (dim V<o )

gb\\)\wu e and (%’ ove +*wo ovdered basis for V. Then,

UT]@F QT @]

/
where & := [IV]:, e Hae chauje of coovdinate matrin (—From €

t ). Hemer, [ 7 ](; ond LT ](y ove Similar matrices |

Exain?\e: As befove, we take = Rm and |

e= 1LY e @10 ()

to C»\MP\A{,Q Q = [Iv]il . wnote Haa+t

L) = () = ) () 1
B ()= 0] -1

|

One Caw check Imﬂ divect calenlation thad

[T = (

How +o Find & °
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Pmpew+aes & Q 2['[\,]2,: ®

(&) Q s invertible
(b)L[v]@=Q(v1(gw V veV

/
(1e. Hhe Coovdinate Vectors of Vv velative to R ond B e
velated by the c\«amﬁe of wordwete wmetnx @ )

By wf?, i TV W e [Tn] = [TIIV],
R ¥

Moveovey, if

VoW sz e TOTT =T
g ¥

V=V=Y

. - ° g /
fodh: @ T=1,°T, =" 1=11," - [T
'Tkgye—ﬁwg' Q= (IVT;’ s wvertible it &‘l - {Iv-l{; .

(b) By defr it L,:V —V | Exercsc!
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———
Poof of Thw A
Cavw"dev Hae owa?og;-h\“g:
I ——
&' 8 g B




E

Thm A Ccon often help us compute [T]@ by a “clever”

Choice of G new basis @' so +hat [T]@/ s eagier o

OO\MPW\'Q (‘H’\FS c bafl'Call\/) )uS‘(’ dao\'n5 a ckc\nje of VO\Y‘\'ab\es’_>

— b
EX&mPLe__- let 7 : R —;(RI be Hie linear transformation whieh
'S Hhe onjec-\-:on onts Hae line | Y= x‘; c \'{1, Fwd [T ](g

Wheve B ={e,e.} & +he standavd base fov R

\
¥ Consider +he bass

@':56.’,&'1} = | (:) (:’)]}

M e basis @’,

. [_—]F’“ (o o)

C\'\Gnse of ovdweate matrix-
i _ SO N
[Tk =@ [T]F,&—‘ R s [I'Rzlﬁ’ ) ( Lo >

TONEE =)

2

D\'G%mw\s

ATt
‘;sl g@\ '.
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:“T
v

_-‘T-

1= ————> =" N Vo
v v 3 FV\ [T]ﬁ FV\’I
Vg [v]e=Qivip ‘ 7



ﬁ (S\isk+\3) movre (»\mp\v‘ca‘\'ed QXGMV\Q: @

Let T = La: I'R'a — R be the linear map 9§rven bj he lef+
VV\V\""\“)‘;CQ‘-"O“ bb e waatn v

| O
A = o 2 2 ,
O 3

Find [T 1o wheve (3’:‘ ' (‘Q ( H

Solution: let @

o=

-~ Xe.,ez,e;} be the steowdeavd basis of \RB.

c h a\v\j e 0{ ! ‘ | ‘ ‘T\ j_'u; a0 P uff\'v\j the vecGrs
(A)OYA;M&'Q : & = ( o ‘ 2 ) “\m G ' as C b\ v\ ecteis
wn atrl x Oliol| 1]

LﬁJL\'\.I) ‘3\5 ‘.t 7

Tt s eary to sze that [ L/-\l(; = A | Therefocr, by Thim A,

[T-\@’ = [T]@ (2
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A Notuval &uzr('mn;
find @ “

Givew A ,a STAa.ve mwatrix , con we

good " basis @' o, [LA];s,

s diagona | 2

ﬁ_"ls: look o &‘5cnva(we5 / eigenvectors !




lEiSQV\VQlMS and Eisahvecf‘efq

'Dex” : ) A Lwneoy o‘ura-{-ov T VAR V ,whave dim V ¢ 400, 15

dv‘a%ovm\\fzabte ¥ 3 ordered basis £ for Vv st
[T](g 's @50“_5_\

W) A S%U‘GYQ metvx A i d«‘a%owo.\\'wbte o+ e linear

ovma-tov Lﬁ‘. |F"-—) F—" o df.'asomc.h‘zah\e,

'\£~te: B‘3 T A | A s diagonelizable <= 2 invertible matvix & st

Q-‘A Q s d\‘cso\r\a\ :

LQ‘" (?>_—_ {\\/.,\/,_'_“‘V“H be ow ordered bans ot (T-l(; s dv’csov«al,\'.e.

'>\\ O .
(T, = 7“,‘ <= ITV.‘ = AV
¢ o
" The vector V; 'Jus'(' se-fg vrescaled
IVD He scalar A afeer travwrfovmed
by the linear mep T .
DA . let T:V—>V bke livear. T ve V s a novizer® vectw st
VTV=AVW
thew V s aw @5%v@c(‘»~r of | with Q/\’jwva\u—t A .

S‘.milm,j, we Say thet Vv e E" i om eigemvester o o

metrix A € Mug, (IF) Wi Qfﬁemva\we A if VEO awd

‘Av=%v\

[_\_‘E_b-‘ Since -T(Ov) = 0, Sav th TvVvV—=>V ineay we do niyt

Cowsidey Oy as ijuwet'(w. However, 0 cawn be own etjnga\me!



(AS‘inﬁ the geometric interpretation tHat on e.‘senvec-tov sim‘,h,)
32"'3 (ESC&‘Qd b‘j o 'FG("!‘/OY under the livear tf&nt“fhvw&‘h‘cv\, owne Caw

Some+imes 'See” +he eigemvecters [@igenvalues divectly fum geametne.

— ; - -
EXGMAYB: Let | : Ri-—b R be the pryjection owts the X-Gxis
o @ qewnerel ﬂ T
% v >
Vectter V =
— chrection”
c\/\avﬁeé
""OWQVOY, ;'F v ‘\‘QS WA w X=bG¥y S /g ~G¥iS
vVie : D
v ¢ ~>
r v l TVvesy l v 5
V vemmains fixed Ty
re. V yets rescaled by 1
v ———
|
vile, : ; —_— Y
‘ = l V=0 i -
V goes to © C=Tv
Q. v qets rescaled bj 0
Therefove, for owy & %0,
Q . .
o s an eigewvectw of [ yim eigowvalue A =1 .
(z) 'S aw ergemvecte of T Wi ¥ genvalue a=0, (allowed o
/o heove zero
[ Q:TIs T C!\'Gﬁ()na\fza\o\e ? ] @QQ [ (T}: <So) eigenvelue
@ buwt not zero
Two ea‘:b abServetions : eigenvector!

(1) oxv e N(T) < V 15 ow ei gemvector of T with e'genvalue O .

(2) V is ¢m e qomvector f T av s an e gemve Ctoy VotaqelF .

(withh e Same eigenvalue )



s Eijbvw&\,u.g: W\Gv wat exist (OVQ/r l—R) @

FDY QKGVV\PLQ, let 1 : \’R-Z_9 ‘RZ bg rotatiow ( LoV wtex obchwi?&) b3 QD° .
- 1
v 2.9 4
ntate b Y (¢
1 —> >

Obv\'ouslj , M0 vector V  steys iwn the vame divection under |

T"\Qn{o*?' T \'\AS -~ e\’seh\/““*‘sl g:jngec-(-ws .(OVW R)

E%Mf\la‘tv\ﬂ/\g. +Hhe wmatvwiyx

o -l
( ) hes wno veal e\‘sev\va\u-cs

i O —

B\LT ) =t V\&S (,owx‘v\tx e,.‘sznva.\u.esz

S, 1 s o o mple %
0 -\ \ 'i . | > v
(‘0)(—1)-:(‘):1‘(--1) e~3wa\u.
[Q: Com xgo»«—g?{v‘d anW?]

© Infinite dmemsonal case:

Let COO(R) = {—F:\‘R_, IR \ + nfinitel, d,i\‘-fcvwr;'abu% . Consider Hur

l'wear owatw: (Note : dim CN(IR) = 4% ) .
— o " - ’
| *C (R)—» C (R) 6y az &

T4 0% -£ ¢ C“(\K) X -1 @.-Oehvc.c\'\w of T it Qijwv&lw& A IR,
then T(F) =2 Af ,ie. £ satisfesr the ODE

4
£'e At
‘N‘M‘O\A wWeg lCVmw +Hhe STolutiowsr are 'F(-e) bt CCAt —Fbv o.n\j o0 Cc I-R

Therefore, owy) Ac R is an Uj”“’“‘“‘ «f T,



@% How v Fwnd Q,fje,vwo\\up,s /eu‘jev\vﬁc‘fws 2

Thm . Let A ¢ Mo UF) - W% IVEO st Av= Ay =21y < A-AT)v=0

() AclF s ou eigenvalue of A & ldkf(g‘aln) ’-‘?\

Pedts 0= det(A-a T

characteristc Vo\vhowua\ of A

charactevisti'c octuc.h‘ov\ .

Tw = €ch'\'H’j v ot

. "
()otv € [ ir om efjenvectoy witha ev'juwalv.e A o A

{Pozxv e N(2 -aTa) .

~

° (1) golve Hae chaveactenst, ¢ e'buc\hbv\:
o?® degree n slynevnral
" - - & ] -
(2) FO\' gach  saluwhiown A€ ,F to +he chavecto nstic czug-h'm\,

And all e eigemvectors with &'3mva\wc A by
ww\‘m‘\'\‘vxs ‘e null Space N (A -—A'L) R

pu—

Exampl-c cFwd all the e+ 3envalwz:/ a"bwvec tovs of
ey, =5

Az“}t) (F=R.)

Ts A diagov\ah‘zab\e?

Sluktion : Frmd  chavactevistic po\jv\omial of A
-4 2
L) = det (A -2T) =<le‘\‘( N

= (- (2= -6 = A -39 - 4
Solve charactevistve e%ua'ﬂov\

—F(A‘;‘=$\z—">'>\-'~l-=0 = izld |, Az=-|

(2 distine t reel eiseuva\ueg)

Stepe o wmpute Qu‘jenva\ms/e-‘jwvﬂhu of & wmatrw A My lF



\:\'\nd Q\‘SQ,V\VQC\'OVS -F\)v :\|'~‘ L(—: Q. _6'-\= V e N(Pf"q".[)
N(R-YI) = N (—: _22) = S“aﬂ{(é)l) , e, V= a.(zg) ~a%o,

FBY 9\7,':—'"

N(A+T)

NKZ 2) =‘?°“‘RK—|\H , e v=a(_'|)’a¢o_

2 3
v
A i diagonalizable since ¥ we *ake € ={(§),(_'.)l, , then for

Q= (73;_‘\ we have GZ—\HQ = kt _0\) i

Exawv\i: Fivnd all +ae eisenvalue:/e‘je"'e‘-f°'f q-f

()

Ts A d\‘qswa\:zab\e ?

Solution: Selve choracteristic ezua-h‘ov«:

I N _ 5
O = iy = det (AoaT) = des (TN ) 5 0n)
= A=1 (on\j 1 €"5emvc~\vua - “W\Ml'i'i\?\\'c?‘\'? 2")

Find eigemvectors v A= 1, ve. D4veN(A-T) .

o\
N(A-T) = N(a o)': g"““{(t'))}) l;_d/,‘:*)::;‘”
N

Therefre , A s T dn‘aﬁonc.\habl.e be_u:us.e it were,

tm 3 basic § = [ % .V} usisting of ergonrectons

bU\"’ ‘a 0“‘3 i eiﬁey\q&(uﬂ_ A'.', l S0 botw V\ ,-\72 rmust "\GVC

- - N
eigomsalue 1 e Vi N o€ (A-1) ound thus
8: ';‘-;n ,vzl‘ yawst be \l'vu.c.v\j d&rmw.‘-
as diva N(A-T) = ﬁ_ .

This wtvadicts thet £ s ¢ basis |

e S
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Sometines, en‘5ehvetu.zsleijwvecfox: exist or net depud: own

e fied F = IR w €.
Examﬂg: Find au +he efjwvo.\w_s of
o |
A= ( \ o)
Ts A d«‘asov\al\'zabu 2

Solution : The charactenstic 21!'@"""’"‘ s

-5 - 2 _
£ = det (A-2T) = <L9+(‘ _)‘) = A+\ =0

2 o veal solutions = NO R eigenvelses

e
—

So, NuT dﬂ'és\;v\o.\izaxhu ovay IR
B\ATo 3 "'\NO (‘DW\?\J\( en‘smg&\mg A‘ = 'i , ;l?.= -1 .
Ei j%"e“"ux for A=

N(A-1T) = N(—f :\.‘ ) = syau(t{

Ev'Swvetbrts' e Az=-1:
1
) = s““&{ (‘l)\%

-\
i
So, A~ s d-‘asune.\:zd.u wexw €, e o we teke

(37 { (‘,)’(3,)3 ov equivelesly , Q= (1' Z")

tom  QAQ = (loi)

N(A+i1T) = N ("‘

(!

Fv«uclc.m{—a\ Theorews of Algebra : ¢ s Q\Sebva\‘ca\\\j easel 5 S

<§0)w<‘ A C"u‘t'»ld)
?(‘t\: C (£-0)(t-Q)(t-as) - (=) b WS S
)

- ) - M

Q@ c C € (

0“‘9 d&jr&e n P°\'9Momv‘c\|5 sy QA ; P, s‘,ﬁ'tg

:> Q ejsumw.q_s a(wav)s exist (BuT % a\wa‘js diagonalizable over ([') _2_3_?




. 13
How -+t —Fw\d 0‘5%\14(\&25, ?A‘se,vw-CcfovJ' ‘f § V=V ? (dem V = n ) O

(1) Frx A__U;\: basis /)) +o obtaw A < [T ]ﬁ 4 Mnxn('F) .
(2) Fwd es‘swvaw@s | e:‘swvettov: $or Hhe matvix A .

-~ (3) These are twe eigamralues  ond -+ Coovdmate represemtation

of tha ergenve ctevs (wet.BY v [ .

Exercse W\Mﬁ does it wovk ? °°°°j)

Exo-m(;_\s; Let | : M, (R) —> M,y (R)  be T(R)-.—At.

F\'V\C\ a\\ Q\‘SQ“vaMSIQ-“SMvethY: O‘F ‘ .

Colution: Take & Stamdavd basis For Maxa(R) °
TR T N A M L
T\‘/ Tl 'TL Tl
2y () GG

O — C© ©

O o
| o
0O o0
o1

l
A*—t—\—](;: 3

Chot. 241 dot (A-4T)= det ( s =% ] @

© 4 -2 0o
° > 3 -9

< (- (A=) = (AP (A+) = 0o

ersev\vaws a1, Az = -1 :

t

Biqemvestars (A2 | T(ml= 1A < A=A Opmctue matnes

N}\z-.--j_‘ T(A\?- 1A g"'*=-g " cuw—x)mm{-n‘c

netnees
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{Symmth"c\ - [; Ae szz(\ml A'*:=A1l :?Pcv\{ ‘0:), (:o',), T L);

Wrhetrees

°o |

gtkew—'s‘;mm-('h‘f.'g - {A c Mzn(ﬁ)‘ H-£=_A'[‘ = spow {' (-‘ o)s |

pnatrices

Hewe, T 1r ssegumaimates i @' 1 (42),(29), (3 1), (D))

them 1

[’T]@, = 1

'_b



