MATH 2040 A Livneav msebm T 2014-i5 @

Week 10: l/(v\:+avj'0~r+ko§oual Metviees, Biltvieay Foywms ('f‘z:cﬁmok{‘s.‘:,é.g)

(Spe.d:ml Theoremms Rev\‘sﬁecr\

QQCQH: Q € MV\xn((F) s

. R
(Ah"‘h:“j /ov'ﬂ.osovm\ = | && = Q:GQ - I]
F=€) (F=R) |

These motviees arise neturally as chewge of toovdimate metnus

Lemma: | et @ o ¥ be orthonommal bases of a finite dimL
nex PVeth-\' Sp cce (V'<r>). Them , the C‘Acmse_ of

cdovdimete mactnx Q — {I 1: 'S UMHGYS/O‘H‘@S\W‘“‘ .
( F= c ) (F =R )

Peaot: e .pr\a-‘v\" e Pvm(» bv) tho exewple +hat
V = |Rw , \6 = steundard bers

CB=Tvi,va,...val ONB.

T stenderd wordimetes

a!! alz Om
V, = | Q= V, = Q_u o Un = a.zln
aﬂl anz QMV\

tHrem Hae chiewge M basis watnx s




Ta \cv'ns tvewspose ,

” taH Q,, s %% a“'\‘ = V|
Q= [[@e 0 - aue|l=V,

\Q\u a.sn .2 # aun = \/V\

Auestion : Weam i< &f& =T ?

{-Q\l Qe o an
Q‘EQ - \,an, Oxx - Qap \

-

3 -

\Qm Q2w -~ a..:L

<VI, v‘> <v\ rv2> -7 <Vp VV\» \ O
<V2rv|> <V;,Vt7 v <V:_I Vu) — {

o

: .. . /\
<‘/“r v‘ ) < V,, V,_) . wE <v~ ‘/h> &

B=Tw,va, - Vb

S octaonownal I

Smmm——

Coro\\ouv) * Suppose B, T ove ONB. for (V,<3) ,emd T:VaV _

[T‘l(s = (Q-!["‘\_—Lf& = Q* ﬁl.,@
where @ s WAH’owo(\F\’—C ) ov oﬂ-b\ogov\a\ (\F=\R)_

(F=C) (F =R)
Def?. Two watwees A, B € Muen (IF) ove Mvﬁ*’”"\‘:;/ 0"“1050\«0.\\3
- ] (F=c¢ (F =R
Q%Uu‘\la\&/\"" § there exists o MM'\*M% /oﬁ'\noso‘na\)\ metnx Q

o LA -dBa




®

—n«.evf_-fqu' H , B ave U\\A;‘\'a.v.?'uﬁ IDVMsOV\a“j Qel’u'"vc.\%“' ;f‘F

ey vepresemt the sowe lintav operater T under Qifferent

e,
.

ovthowormal bases !/

T’TS a vesult , we Caw vestate the gpectrcd Theorewms owd Schur's

Lemma M mekrix —Rvmn .

_Svec‘ha\ Theovews : ( Matrix Fovm )

(“::: Q) (\F = lR)
Let A € Mumm (IF) - Then, A ¢ umﬁms\j/mﬂosom.\\\j

Qﬂkuivc\!%ﬂ’ B a dia\sov.al mednx 1 and ov«!:j £ A s

nowmal (F= g ) ov celf- G-A'jo"v‘\' (F=rR).

Cchumr'e Levama @ (Matrix Form)

Let A € Moy (1F) . +he chovastenstic po\:)homfa\ of A spiits

(F=q) (F=R )

over  , thom A s uhﬁc.v'\\-g [ DY'\'\AoﬁuV\&‘-‘\\j zi“'.va‘%-" to an

Uupper {'V\‘awswcv waekri e .

Example: Let 4 2
A = 2 4
2 2

) € M, (IR) [F=R |

£ _ : :
Fud anw oYWosonA\ maetn P st PA P ¢ a _@_‘_‘5"_‘_":\ V-V-\E‘Lm( .

£ N

Solution: Fivot of all , Qt: A (ie. A s sef adpiwt ), so sueh a

P exrstc . F\‘vxdfwﬁ ¥ ecb“fva\ewi- o 'F‘“"‘l"‘”S an

ovtvwovormal ojswba:is e A




F\‘wd«'v\j E\'j%valNS‘. A_Q“'(A'QI) = 0 . @
4-2a 2 2

0 = det 2 4-3 22 :(L{—-A)é‘-‘.(a-?‘z _2'&"_ 2 2
5 2 4-9 2 4.2 2 4-2

+ 2. <Le1'( 2 q';\)

2 2
= -2 [(-a)'-4] -2 [2(4-2) -4 ]
24 -2-2)]
= (-0 (X-3a+12) - 8 (2-2)
CZ_@a-#)(A-p)a-2)+ (A -2)
= (c\-z)[-(t\z-manw) +2 ]
= (A=) [-(N-wa+ib) |

= (a-2)(a-8) .

The &'5wvc.l~u: ond  wmultiphcthes ave

a|=:2 ¥ VV‘H:Z

f’\7."—'8 M, = 1

’

F“V\dﬂ‘kj ortacvionma | @\‘jwvct'('bvs"

-/, \-l
L—W
N_DT o viaonovnel I,

[A=27] Ep=N(A-2D)=n @% §)=S\’““{(‘l’) (?)3

Pq;‘;b Grom- Schmid+ !
V, = ( L )
Uxtra &

Step Ty = (‘3‘)- (“)'(‘o‘)
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?u-H-m5 ol those *togetlior,

_| g

g r-':( "’) r%( 2) ]-"‘- (: ) R vy awn Orthonorwmal eijw\pariy Hr R
2\ -/, -t/ ., 43\

The veckun-ccl o'(-\'\»\oswc.\ matnye Py s Sivew b\a

-—

-
&Y

L
T B
= 2 L
P 5 T ®
- L
15 T J@
2 O )
-t
omd PQP-_- o 2 o
o o 8
Midtrm 2 up to hee— o

\ B\'\\'V\Qav Forws

v velae & fumction
Recall that an ivneY preduct wos & 2-vewicble scelax -v&
d b I \V *x V —>
. : ) Hen?)
wWhich Setisfes Sowal \:Yc‘wr-hes ( Ex: Whet ave Yy )

. st : - \
Ve know +het < , > is lineay iw e | varieble but owly

P

= ~ 4 I ( Nlote : T N o Such (’_Lr-f-(-i“/rt‘"'\'r
O_:_)_\:\:\Ssa\tq lwweay w Hae 2¥° vorviade |  Nete There no

‘HLCu’jh ey W R . )

. “S‘ w' "
Now ., we s-h;\df«j 2—vevieble fanctons whem gre waore Yhmmaednc

W the two veriables.



Deflh . let V be o vectoy Space over W .

A biliveay ot i a Funetron

\—\:\Ix\/ —> \F

Which s lineay w each veoweable :

H(val‘bi'az\(z, Y ) = Q, H(X,,ﬂ) + Q2 H(X;"ﬂ)

H(Xralbl+al‘jz) = QA, l"‘ (¥, YW) +az\—-\(\<,‘42)

"FO‘ G_-\‘ 0|,016‘F . x-.xz,x,ﬂ.,‘h,j € V »

PQW\G\»\'? Even though VV\&Wj ivx'bﬂeﬁ-'vxj OpPpY cations ove toneeve d

with Swwc.\ Felds i+ (n.j. Z, ), <ty s‘\‘m\u\-‘cﬂg. we will

VV\Q\'\\\j e —Fh(‘.us\'v\ﬁ own the cese F =C o R .

Exawple: T4 F= R, Gwy twner product <> 75 o bilineer fonm,
Example: Given awy A € M, (R), +he Hunction
H: R x R"—> R
defmed ny L\—\(x'\ﬁ) =x’€p,ﬂ 5 & bilinees foym,

24 H((:L). “4’;)) = (X Xp) (: -g\) (3:)

= 2%X1Y 1+ 2X1Y, 4+ ¢ %Y, - XY,

R e "“‘"—‘x:\/—"-“‘““’"\“"

Gitven any) matwx A €Mun(F), T cown asrociete to it

o bilineay forma H as abeve . Does all biliveas fovwms

o0 ° Cowme fvowa Sowme watwx ?



Fl'ke SPGC-Q of Riliveey Fovims 6(V)‘\ @

Gu-e&"h‘ow: WWwet cow we do wiy, biliveay forms ?

° e cowv add two bilineax Forwmeg -

(Hi+ H2) (x M) = Fi(x Y+HL%,Y)

* We Cown Sco.lc.v—mul+.‘v\\3;

(AHHY ™YY 2= A Bx,y)

FACT: The space of bilineay fomms B(V) on a §ithn vechhi: dase

Pwns a vectey space (over e come Fewd F as V) |

&M’,S‘\chx-. What s dim B(v)?

Avswer:  dim B(vV) = n> i dwm\V o=

T fact, there existr a vector space isomovphisim

G3(v)

> Mmm (\F) f d”.w'd:v =

nst Cﬁ‘ﬂwv‘Ca\

Y Does it lookk Familiar 2 g

> Mo (F)

IM-\"' Cowewical

Levy = Tovov linead

We Wave Such a covvespondence once we choose & besis 1S
(hewee not

entiveln " c.'burcr
Let @ = {V' -Vz....,vnl; be 6 basis for V 4 )

U- Sin ﬁ bi\!'wv\'kj ;

= iQiVi, _iijj) 2_ Qi bj H Vi, V;)
1=t }‘.’-l ‘ =A
L__\\/._,a. \/ﬂ\‘f\‘/ J ‘—’—\Kq—’

2w "
i 1 Hese nxn =i Ccoekhcents
\

X % drterymivig "“ cewp Leteld v’) :



Q
- ;v.,vz,...,vv.l be & basis -y V. T¢ H f@(\/),

Hv,v) H v - H (VW)
o) H vy e H e P
il ' = (Hvvp )

HO,w - (Yw - H (W, VW)

1S +the watrix reprwe,se\.f-ah'w s-f_'\—\ w.rt @

EL’""‘VB: Consider R % R — R to be the " detorvminant ™

RLGRY, GB))m e (5] = e
B\j properties of det, W

¢ a bilrmeay Sowm .

F\“K e 9‘(’6WJQV<\ bLesis (L = I Q||€1])

H(e. , e )
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8\3 o V?—\r:) Sim\eay owjuw.w‘\' 1Y ES'(‘a\a\.‘rlm'nj

LAV) & Mwanl(F),

we Wheve :

“Theovewn : The wa

ey

P \{}@ = @(V) "'—g—> M nen (ﬂ:) s ov ISoMmuyphism

betweem vector speces over

i .

%ujs Exergee ( See texthogk Thwm 632 if vou got s*('uek.)



lC\AGV\SQ of Besis Fo-rwulq\

Recall +act Ry a lineer u?Q‘Gb’C TV —~\/ , § we heve two

bases R ol ¥ v | , ‘hew e wmatvies [T\@. {T 17&"6

—

T

= [‘T],gc;z\ ohee @ e

Tnvertible vaetnix |

(2 What clcont "Fbv biliveay ‘ovwms ?

—M: Givem o b;\l‘“e,&' o H ¢ @(V) . |'f (2 ond T arve

twoe bases vy V | them the wnetras \-P&(H) ownd %(H)
ove velated h%

N =@ e @ |

where Q = {I-l@ T Hae vwnvertible C\Aav«se 0-(' et
%

metwx fvuw T o (2.

t
cau‘h‘on! m ety Q A (*'3 V\'\G\a wst b—e OYWOﬁOv\Ql ,;Q. a B 62

M geueral .

Note : COw\ch-uﬁ (%) owd (*‘_D y We See thet a\{—kous\« ot
— i
Lveeay opzm'tou T oawnd bilineey fovwms H ave m?vemﬂé

b metas | Hgy thaurf differontly whin we change

besis . "‘“‘W& T ond 4 ove sowemheat d\'{fexw—t W

W o
cowe Fundamental wey) . Tw +he \ausuaje of tewsors ,

TeVeVU® but He Vievy®.



Prock of ) ©

LQ"' Q b& Hae C‘Aahjg u-(: ooy dhneate aatwde Fram ¥ @ R

e (ﬂ’)‘l'(v'l(;=&[\/]~" £ el vel .

NDW, b‘j d.e,-(\\arh‘ou w( weatvx repve cemtation u-(— = , weé \Weave

Hex .9y = (x]; \J{,(H) [ﬂ(; & HC*,‘37=[><1:H’;(H)\[‘9].,

(

e
- (X—L\(M [‘511 é—/Co/\Mijc Heese exyvcr:y‘wr.'

Beccuse o{- (*H) , We {d,w-l':-FD mweatrces wharveh ve?v-esw-t' Hae Tewnp

bilineey fovma H  but ditferemt baces .

JZ_@EEI Two metrices pt,e € Muwn(iF) are C,D“jme/vc“"

;-( theve Cuists mvertible Q ¢ M“Kn(\F) <t \6 =(fﬁa l

Diagonelrzabi it
3 )

Sinee we cow vepy ecemt bilineeay fovws |-l as wetres, we heve a

Smilary wotiow o{ “AA‘QSO\\&\\"eabn‘\ﬂb" .

Def® Hc@(v) 'S d?ajo\«g\.‘zabu H tuere exists a bhasis G o V

st "\PF(H) 'S diaéov\&l,

Tn tevwnrs u-f wetnees, "t 1S Hae Sewme ag a:\e-'n3:

Gvew B € Mun(F) , does there exist ow mvertible ) € Muew (F)

st (Qtp,& is diagomal 2

_

!T‘A;J 'y d;HC'W"’ fom aur uSua| wstion of d.l'ajov\&\iz.thi (X W\Gfﬂx.,



lgnwmefn‘c Bilivear Forwms @

Fi""“g o basrs. 6 r UV, we have a |-\ CQY(QSVQV\AWC.Q
@(V) (—-—-:;——7 Mungn ([F) dwV = n
v v
- < > \}f(x (H)

Rs Symmetvic wietnces are Fo«f‘l’.‘culcw\J ATCE @ W\auJ aspects ,

we ask : lFDY whienh H s -\Pé(H) 0. Symmatwc matn'x ?,\\

Def?: H ¢ Bv) Symmetne o \H(x,g)-: H (Y. %) Vx-né\a

EAT: He®Ww) Sqramatric <= \g(u) snhnm—\

?i_‘- Exerase !

The 'F““Dw\'“‘s ¢ the wost iwvnv'{'av\‘\’ result about c\omwf""c biliweay

—FQYVV\S :
&

X
—TM; let V ke & fAutr diw'f vecter Space ovev F=R o C —\
H e @(\/.) 'S = H it o spwmebac
dv‘agon:.hmbl.g biliveer form
%&

Caw\'{ow‘. This v different Fow the S’pec(‘ral Thesrewms we

dirensrsed Sivce Hiewe ¢ NO  tunen pvo&-t-(- s )

iviaalve d !



(2
M‘ 83 mduction on VY1 = diva \/ C

VI= 41 : tvivial
Assume heovemn s true for nz= kR -1 .

QMPVou vow V1 = tLW\V = kR . WL0G, assume H+o
C[GFM:

H(x,x) + o “'FOV Some X e V

?YDB{ _ “f Cfm‘m .

H+o = Hlu,v) #0 v Sowme uveV

Let X = w4 v | Sppese Hu,uw) = Hev, vy = 0. Otherwse

e ave dowe . Then

H(X,X)t H(M+V,u+\/) H Symmetne

i o g 7N
\k'f|nw(\;a\’-v’3) o H(u,u) U, v)Y «+ H{v, w +14v,v)

O + 2H(w,vY+ O =0

F'x some O £ xeV st HX,xX) %0 |

Consider e tintar map Ly * V> [F  dedned by

’

ALY ' -
‘Fix\'v«j ovne of +ie vanable to be X , 1.

|Letyr == H(x,a)\

Sinee Ly (x)=HX,%) %0 by ouv chose o %, Ly s outo,

85 Conk-nullity +Hiarew |
dim N ([ g) = dmV = dim R(Ly) = k-1 .

Theredore, H » N xN(Ly) — F s 0Gain & Symmetnt bilimear
. >

i
df\ﬂ:k-l
omd  is thus diagowalzeble by suowe basis { Vi, Vikad for N(Ly) .

——————

Tken, {\Vl,...,v"_, X} $ a Lar{r_'ﬁ_)_v___\_/ wlhich e‘idj()v«&\?le ‘_' .

emmmr——
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@ uodratic Forwms [

Recall Hhet awn iwner Pfoduc-t- mduces a viovwa

2
> I Xl :=<x%x,x>

L ?

/

‘\_I_")E: But NOT vice versa, uwless we heve a “wice” noym
(see FExerese #2F m 6.1)

We hoave SbMG"Hﬂfnﬁ similay for biliviear formas whreh ave snmme-(-nc

DQ—” For o ?Umyu.e'fh‘c bitinear foem -+ ¢ B(V) we aScoarate

] %uadm-h‘c formy K : V — [F where

iK(xM: H(x,xj for all xeV

\':xawpl_g - (Coh.‘c Cectons )

b 4
Eﬁmemb-eY +hat o\un S"\jmm-efh'c bilmeeax fovwm H bw \R 1S

Yepresemted h\j a 1x 2 S‘J‘MMWC veal matrix

1 1 A 8 ‘91
H(GD &) = ¢ X‘)(B C)(‘ﬂz)
The C&ut-\drc-h'( “fomn a@assocrated o H s Simplj

2

KAG) = o 9)(2 E)(;) = A X+ 2B %y Jrc:v)‘s3

which s '}uS‘(’ oL ‘nowojeneous Ctuadm-h'c Bi\.yvmm;c.l m X ound j__:.

F@rexampu,\"‘: P\=\,B=2.C‘S-
K(x,9) = ¥+ gy + 59" = (x+29) + 9" r

U b8
{ we chenge coovdinateS v=y



©

B\g a |mear C\nange of coovdivoates | we com alwans express

it v ove of +he -Fo\\owwﬁ foyms ( Exererse: Cow You prove this ?)

2 2z 2 'z (8 ) . . 17
W4V or —WU -V elliptic
Kiw,v) = . o
+ V8 PC\\C\YDCA\Q
z 2 Vil _ i
- UL + \"4 \/)\,)\’)QY\:’Q(?C

Loca\\\a neay (0,0) , theiy %fo\?\as ldok \ike

\\ W /

€ll \\P i I v - ‘4»)‘7("’\ balic k

PC‘«“{L\ bolic

(wWeak) local
man fimax

"Soddle poimt”

[0cal warn/max

Exawple: Dpes +he functon ‘F(X,*j )= 5x+ b %<y + 'Z'jz

have o locel min./umeax or saddle pamt ot (0,0) ?,.

Colutiown: B:j ('OBVV\‘?‘Q‘\'"“j +he 3%\»&19" ,

Fx ¥y = 5574 4y w29 = 37420 +Y )
w+v? F we let U= Bx, v=J20x+y)

v | O WAUAWVW
HQV\(.Q, (0,0) s o leCkl AT Y VAL

Altematively . £ 3s yp,?vem-ué by the SYmmebic 2% 2 mateix

ol ot |
o whiclh hes e(au«va\u‘g 1 od 6 7 local wmint
1\ 2 2 Pon"hve

Chov. eq?: (5-0)(2-A)—-% =20 = 4 -FA+b=o = A= o 6

—



