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VeC+DY SFQCQS j

Ln Hnis Ourse , in Will denote o ficld (cee H‘?re,v\clv‘x C) whrch
UD“ Con toke as R o
fields ke Q o Z,.

C . VQY‘j Y‘“’—\ﬁ We would cownsidey other

A Vector space ovey I consiste of a triple :
Set of vectors
3
(\/ L)
AN
oddtron scalay MM'*-'?l;c&'h'bn
Caty

"Fj"“j Hie -Fo\\ow-'u3 rvonv-h'ec:
(VE€2): (x+v)t 2 = xe Yer) Vxy,reV

(VS2): 30¢e¢V st. X+D =% ¥xeV
(VS4): ¥V xeV, 3YeV s+ %+ =0

(V,+) fovms an

“obelran groug .

(VSE): I 'xX=%x V¥xeV
(vs€): (ab)-x = a-(b-x) VYabeF, ¥xeV
(V€3 : @-(x+9)= ax+ay Vaclf, ¥xyeV

(VE8): (atW) x = O'X+ b-x Va,belfF K W¥xeV

: Exaw.‘,les of vector spaces:

(a) (F ¢ n-tuples
(b) M pxn (F) : mxw wmatrices
(<) C (lR) = { ‘F: R — IR @“h.“u‘“s}

infinite dimensional !

(d) {Po\vnom:als OVRY F% = P(lF)



* A SubSPace 's a subset W € V st

() 0€ W
() X,y eW D x+yeW (closed under addition)
(¢ xew , Cc€ F = C.X W Colps'ed wnder Scalar waulty. )

: EKOMPIes‘ of sSubspaces:

(2)  {qymmetric matrices § S Muen (IF)

) {03,V - +trivial subspaces

¢e) FulF):= | polywomials of degsnl < PUP)
&) CH(R) € CLR)

(&) M trace-—free, ie. (M) =0 ] € Mwen (IF)

Thm: W|,N2 Subspaces = W, 0O W, Subsvac@

T_"ﬂ’ Wi, Wa Subspacec = Wi+ W, subspace
i

{ WitW, \ WIGWl, WnQWz%

Ca tiow:
&' w'owz QUBSFGCQ % W.UN; Su\b:?ac.e !

A Subspace W C V is Hself a vectov Space

(Y\owtn‘v\‘a\) Subspaces of \Rz (hontvivial ) Subspaces of Rz

ﬂ\ w \J\l Ar W
8 X

lines tvougl, 0

lines | plaves through O |



- Fw anj subset S € V , +he Span of S s Hhe swmallest subspace

Cowl'on‘winﬁ S, e.
k
apon (S) = g 2. Ciws : cielF, W;GS‘S
V=1

e —
Lp l'rneewr eorbination u‘f’ vectovs Gf S

"B subset S SV s lineavly depevidemt 3 Ar,..,Qp € IF omd

e (nst oy ©
distnet W;c S ot AW+ QaWse 4+ + QW = -5‘ . | 0)
OM” , S 'S |{y\,q_av\3 fv\c\e\?@\/‘ch’,v\‘t' )
Thwm: S lv'vmawlj mdependent i Hee 'Fo\low\‘\ﬁ helds ;

>3

¢
Quitt ¥ Qe =0 5 g e .. .y, = 6

aieclF, wieS
M: (a) Sl (= SZ = Sz . deP
R
dep.

-y SZ =5 Sl ., \'\AAQP.

Thwm: [+ S €V be a linearly indep, subset,
S ulvy lin . dep. ¢=> V€ span(S) .
A subset B €V s abass for Vi
(a) B s lin. mdep .
(b) srom(ﬁ) = V. )
V c=> for eack veV , I uage cielF, wief st

Thm: (8 is e basis for
V= G+ Cawe &t CeWe .



- Exowmples of basis:

()
(b) Pu(F) - 6 =11, %, x‘,...,x"s
(c) F((F) : @ = {l,\(,x‘,... 9 finite |

r-ﬁeﬂfﬂj
@ - {e,' o 3,7; e:=1(o,..0, IJ’, o,..,0)

N

* A vector space \V/ over IF is Tinite dimevsional f T Finite basis c.

dim (V) = number of elewewvts ™ @
({vxde(:. of Hhe chotee of G)

finrte dimenmsional .

Oterwise, V i ™

Thim: Lot V be an Vi—dimemsional vectov space ovex € .
(@) S \in. indep. subset = #H of elewmemtr W S € wvn.
(b) s‘mn(S) =V = # of elewents o QS > wn .,
Ce) Ah‘j lin. indep. Subset S € V cown be extemded o & basies for V.
() W SV swspace = SmW € diw V

Moreovex , =" holds =+ W=V,

12

FF‘CT; HV\3 n-dim. vector Space \/ ovexr IF s TSDVnon\A"C"Eo i\F ,

e r——

but wiet Cauovn'Cal\uj"_ For example, once we fix a basis (5

g: {v.,...,v,ﬁ \/ ol \'\ZV\ . (BUT depemds on B )

v=a|V|+“'faan é’> ( .:
Qn

HaH— | 3) s
differemt
thn os "M
differewt
" Coordivate

€

Y

A

— by f"w'.
_— 9

\ 4

£={e.,e,7, ctandavd basts /\ /B;/TV‘,)/‘Z, —




Qgsfewu of Linear E%uc\'h’ovxs

. 6‘-“% a %ﬁCM Q,F “‘Mﬁ’( eiua*-“ev\: N (UV\kV\\)WV\:: Yo Xn )

a”xl"'all Kz t oo+ Qi Xn b

(*) Qay Xy + Rz Xz + v 4 Qan X = bz

QmiX1 4 Qmz X2 + ++ -+ R ¥ = Bin
‘thevre ave 3 possibilities
(I) No Salutiown
(T) Fxactly 4. solutvow
(m) In-ﬁwHe\j W\&v\o soluthion

* To -F\'nc\ solutionts) . do Gaussian elimination (9?2 textbooe 34 )

) G\%m‘t\\‘Ca\\ﬂ, Sav when m=wv= 2 |

(T) No solutiow () exeetly 4 solution

(E) |n{vﬁ0‘}m&'\; Salution

a~

¥

4

M a'(:h‘ces—l

" We conm write (&)

WM matrix form :

[/ Gz - Qun ¥, bl

Qi Rz o Qan X, b,

alm aMz alvm Yw \9
m

AX':b

JS—

4\

A\



. A\je\ovm‘c oper ations for watrices:

At R ., cA , ?B = MmMxkR wmatrx |
—— %
Mo (F) Fovms e

O vectov Spece .

NDV\—oowwnu'\'a:\'iv}'\'\ﬁi i HB #, Bp‘ﬁ\ "M Sene\'al .

. S\;e_ccoJ Wmatyices @

oo 'O
O = <°o) L = 0 . .

Zevo waatrix kl»w\'ﬂ',g w\atn‘xj ‘ AI_ = A= I Aﬁ)

for ot A .
(squore matnx )

- . . —I
. A S’%MOY‘? w atyix A 1s wwvertible 4 Haeve exvsts o matnyx A

colled +he nverse of A s \RH-‘= 1 = HqP').

. F\‘v\d\'rﬁ nvexse : (ID\ l L ) ‘D\:Y:"_'ws'> (I lA—|)

M: A s ivertible (= A_Q‘\'(Pr) * ©

* Computing _det (A) :

2X2 det (ac Z) .= ad -be

Ot On O Qaz Ons a2| asg
IRI » det (qu G 0«:;) = Qy 4ot (a“ a”) = Qe Lk (03| als)
03 05 Q3 Gy Qu
t Qg dat ( Qs asz)

hxwh @ 1w J«ch've\j de-fived . (ac’mak\j We com expond a.\ov\j aw) vo ws /

lumns, Just remember altermating Sigus )

* Importoant propevires : \ch_'\' (A) = AR;( Atﬂ & |dot (PB) =derin) ‘L‘*E)-

" mndipls cotive”




@

’ Livieav Tromsforma'h‘om

V:W ! veetor Spaces ovev ﬂ:

A map TV —> W s livear i$ Va,be -, ¥x.vyeV

T(QY*'b‘j) =a [(x) + bT(‘j)

e, | vespects the vectov Space stru ctuve o V ond W.
W . W 1T
aT(X)“' bT(y)
T
Tex)
g Ex_cam?\er f  lineav tranrformeations
(@) T:R*—> R°
votation : | (du,a,_) — (Q. WG - a, 5B, @, b +Qz(»$9).
veflection @ [ (Q,, ) = (a, ~A) .
Projection . T, a) = Ca,0 ).
() Tt MuntF) = M, (F), T(A)=pt
@ T R = PLiR), T(Fm) = Fix
__ — b .
W)y T:CRY—>R, T = f ferdt |, ack fixed.
a

(e) Iclew'n‘ij Tvaus‘fomah‘w: IV: V = VvV , IV(X) = % ¥V x¢ VvV

(£) Zevo Trowsforwetion: 7;: V—>W, T(x) = O—\ VxeV




Given a linear map T:V —WN , define two subspaces :

kevnel /nv«ll Space :

N(TY ={xev | T =0) €V
Yongelimaﬁi:

R(TY:= [ T | xeVh € W
Dimemsion Theorem % l dim N(T) + dm R(T) = diwm \Y4 {

r 1

" hu(l;tj" Yowk

T_h‘:‘l: (") T s oune-to -one <= NCT)

{o}

(vy T ¢ owto > R(T) = W

7 [H both (i) (i) ko\A,T 'S aw ?sewmywsw\.]
[Matn‘ws §@ Lineer Transformatious

* Given A € Mpya(F) one can defive a liveay “ronsformation
mxn nxq
_n wi
T:WF — F T(x):= A x
b

matrx multiplication
we alse write [ as La . (eft multiplicatiom)

Exa m‘;l;e_s_ -

1

A=0 = LA
A =1

zevp transfovmation o

= La

-
e

.‘w-!'-‘f-j tranrform atibn I[F“( n-m)
- In £oct, Fi'_!:\:f \inzay trovformation T: V=W con be
QX?vetkd

w this form AFTER  we pick an ordeved basic

Bv owd @w for V ond W resycch‘vel.j:

dr =W linear trawtformeation o

" - &— —7 A € My (IF)

dim N = \ : V—’i W but wnst (‘,avxovu‘c«\ MY vmatnees
d.,e\wmds ow —the

choice of baseS
B § B



cRecall +wat i B = {w. us,iunl Xc an ordeved basis

€or on wn-dim. vectov spact V ., tem ony ¥ ¢V can ‘e
wivitten u&v«i%w&l% as:

Thus, we have om 1Sevmorphisva (CLZFWAY v (3’) .

X=a|(A|+"+aan\

1’4
\/ & = S 0F
B Vo a,
Y — [X]6== .
Qn

' Qivem ovdeved bosSes :

B=lvive,..val o V
¥ = {w.,w;,...,wm} for W

\/—-?\{\I

and o livear mMap T . we have ta dia%xnm‘.

NS

a; e lF .

vV — 5 W
N\

Exampes: T : RO — R

ws9® - sin®
simd s

| = rotation l"b() v

( (s “f@ yclg clevnsk )

., Al

T: (C{’LL Ctiewa

(ahout X-AxE)

——

Matnx re‘)r‘e%ﬂb\)v\
o-F T wn e ovdeved

boases f and X

S‘Q'anAG-A basis

(o %)

T—_— (Drcje_g ey

(o Hhe %X -GX%)

@



DQvuYtQ L(\’ W) = {T: VoW l"n.ewrl,

Mumen (F) = T A+ mxn mmatrices Cweft. in F)

whith are  vecter cpaces over (F . Heve, M= dwmW, n=dwm V.

We \heve +he -Fo\low\‘uj cliciw'ovxa»\ﬂ: ((hpewés on cheice of F'T )

. T
Cow) TEEA Mut)
linear transformetion T VoW watn x A
Suwm T+W Sum A+R
Scalar vvm\-\-.“.\v'u-h‘m C'T scalav vanltiply catun (D P\
(pmpoﬁ'h"’“ : To lA' matnx mul‘l'frh‘u.hbv\ A B
-\ =\
nvexse T nverse A

O—00—"—

N\

d,"‘CfeVW'l' [av«suase: +
reprecem+t e Same Comeept.

0bstract Cvneept



SMFY\ew«ew{'ane Notes °

a3
@ C\,\ 4
V&V
\ TV 2 v, 2
Ve
\/\ A\ . 1 W . ’e
O«dc\mﬁ vectors re§ca(m5 vectovrs

@ R Lok s Wie R)_

A ‘R,_‘ p\avut

\‘l vy @ ?(X"x‘)

-~
L4

l b S

@ MQ‘&%(\R) ~ aS a vectov space Cover (R)
| O o | 0
2 0 \) -\- Q\) Y D)
\ 1 9
2 ('.2_ o | )

A
@ \‘jmm-th MEetix : 2% A= N

Note : (e V< N.UV\I;_

but UtV & W 0 W,




® S=Ttaa,anick

3\70\/\(9) = \Rz

2

) “
G tvo ll’v\eavlj W\deF. vectavys W [N

Span @2 a
o (49)
ey

—>

Spon GV\ )

' The SPQV\ c—e a S'\'V\s‘e vectar VvV

ul,,v‘e"l "'{’1)’5\"51‘ V aV\A -H’\C

s Q
/( 5 orfsm >
@ C((R) \ eckov Spock .
(Q'. Swnx 1. oAsX Z need additional “stvucture | to

e

measure angles betwesm vectors

@ | 0 = 30 .3 ©
LGV =G0

CI )00

AR = R A £ A& B are d\‘a?)o»«c\‘ wm(cr(\‘ces'



Prctuyes

rotedion yetlecton roj €ction
, dailsid A
'f » S
W
Ne V \4 "y
~ i "
iy > —
\& w
W
N(T> = {O’I] NET) = [;O-? N(T) = {j—ax{s}
RIT) = \'Rz R(T) = {RZ RCT) = {x—ax?s}
ok = 2" "otz =2" "t 1= 2"

Fvr Ty, N@-=lo} R@=V
F“Y To ' NC‘:’):V ,Kh'o):;o}



