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5.1. The Dual Problems 5
Ezample 5.3. Let us consider a primal given by
min 5z1 + 62
1+ 222 =5
—z1 + 522 > 3
subject to ! 2=
4z + Tz < 8
1 free, zo > 0 /
1 ) 'X\ :Y(V.—\(\/ X‘ X’//
The standardized primal is given by !
min 5z — 5z + 6z + 0z3 + Oz4
zy — zf + 2z, =5 5
) -z + o +5z2— z3 =3 ¥
subject to ; " .
4z — dal + Txo + z4=8 3X§
:Ei, xllla Z2, 3, T4 2 0

Since the primal is a minimization problem, the dual problem will be a maximizgtion problem with

< signs. The dual variables are assumed to be free first.

max Suy + 3ug + 8ug

u; — Ug+4uz <5

2u1 + Sug + Tuz < 6
<0

uz < 0

free

subject to
- uy

Ui, U2, U3

—u1 + ug —4uz < -5

Ded 135?
) ﬂaép;k,m

%3

The first two inequality constraints combine together to give an equality constraint.

/| max 5uq + 3ug + Sus
Uy — Ug+4uz =25
2uq + Sug + Tuz < 6

g‘ ,\.%H e fhel N\.\

subject to Ug >0
us S 0
(uiy) ug, ug free

WAy 2
ro Wp2 o

By replacing the free variable u; by u} — v/ and the negative variable ug by —us, we finally arrive

at (
max 5uy — 5uf + 3ug — 8ug
up— uj— ug—4uz=>5
subject to { 2uf — 2uf + 5ug — Tuz < 6
1 1

! n
Uy, Uy, Uz,

which is the dual problem of the original primal problem.

’LL320

Ezample 5.4. (Transportation Problem) Suppose that there are m sources that can provide materials
to n destinations that require the materials. The following is called the costs and requirements table

for the transportation problem.

b
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Destination Supply’
a1 ¢z Cin 51
i Ca1 C22 Ca So
Origin "
Cmi Cm2 Cmn Sm
Demand - d; do d,

where c¢;; is the unit transportation cost from origin i to destination j, s; is the supply available
from origin ¢ and d; is the demand required for destination j. We assume that total supply equals

to total demand, i.e.
m

Zsi = Zd_.,
e j=1

i=1
The problem is to decide the amount z;; to be shipped from ¢ to j so as to minimize the total
transportation cost while meeting all demands. That is

r’_”_\mn\
min Z Z CijTij

i=1 j=1
> =1 %ij = Si (=12, ,m)
subject to ¢ >0 3 =d; (j=1,2,---,n)
z;5 >0 (i=1,2,---,m; j=1,2,---,m)

The dual is then given by:

m n
max E Sil; + E dj’Uj
i=1 j=1

SubjeCttO m (7’=1’2’vm; j=1,21'“,n)
Ui ,Vj free

5.2 Duality Theorems

We first give the relationship between the objective values of the primal and of the dual.

Theorem 5.2 (Weak Duality Theorem). Ifx is a feasible solution (not necessarily basic) to the
primal and u is a feasible solution (not necessarily basic) to the dual, then

cf'x <blu.
Proof. Since x is a feasible solution to the primal P, we have Ax < b. As u > 0, we have
u?Ax < uTb = bTu. (5.1)
Similarly, since ATu > ¢ and x > 0, we have
xTATu > xTe.

Taking the transpose and combining with (5.1), we get ¢Tx < bTu. O
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