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5.3. The Existence Theorem and The Complementary Slackness 11

Given any feasible dual solution [u,u,] and any column n-vector x, (5.4) implies that

xTATu — xTu, = xTe = Tk, (5.6)
Since the cost coefficients of all slack and surplus variables are zero, we see that if [xg,Xos)] and
[ug, ugs)] are optimal solutions to the primal and the dual problems, then

cT'xp = bl uy.

Hence by (5.5) and (5.6), we have
ugxoS + xgu[)s =0.

Using the fact that ug, Xos, X0, Ugs > 0, we finally have ud xos = 0 = xJ ugs. O

‘We remark that the converse of Theorem 5.7 is also true.

Theorem 5.8. Let [xq,Xos] be feasible solution to primal and [up, ugs) be feasible solution to dual.
Suppose that

(i) for each i, i=1,2,---,m, the product of the ith primal slack variable and ith dual variable is
zero, and

(i) for each j, j =1,2,--- ,n, the product of the jth primal variable and jth surplus dual variable
18 zero.

Then [xo, Xos] and [boug, ugs| are optimal solutions to the primal and the dual respectively.
Proof. By assumption, uj xo, + x3 ugs = 0. Hence
¥ ORI ST, .
Adding the term uf Axg to both sides, we have
u? (Axg + xgs) = (ud A — ul,)xo.

Since [xg, Xos] and [ug, ugs] are feasible solutions to the primal and the dual,

ulb = cTxo.

Thus by Theorem 5.3, both solutions are optimal solutions. O

To see why we have the complementary slackness, suppose that the jth surplus variable of the
dual problem is positive. Then by Theorem 5.5, the reduced cost coefficient of the jth structural
variable of the primal problem is negative (because it is equal to the negation of the jth surplus
variable of the dual problem). Hence the jth primal structural variable should be equal to zero if it
is at the optimum. For if not, then we can set it to zero and thus increase the objective value.

FEzample 5.6. (Dual Prices) Let the primal be given by

max &1 + 4zs + 3z3
subject to 2z +2z9+ 23 <4 F ( -F
21+ 2z + 223 <6 i
T1,T2,T3 2 0 >

( 9 8 \E&(L
shucchod L Sk
'g \,v'\ﬁv\-"\)u 9

¢ Rt o
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Chapter 5. DUALITY

Its dual is

Initial Tableau:

Optimal Tableau:

T4
Ts

o

[

T2
x3

Zo

\

(’O,Q)) 0']’\&*“\ Sl%/\ (/\f'xi-eciijb

min  4u; + 6ug

subject to  2u; + up >1 (g %’Mf fuses ? C‘ﬂ‘l\\"{iﬂ"LK
2uy +2ug > 4 B g . 0
(- v /aAarz Ao
up + 2ug > 3 \/Mikf : /\A—-Zi—‘——J
) >0 /
U, U2 /
i T T3 T4 Ts b
2 2 1 1 0 4
1 2 2 0 1 |6 ) ;Jw\(_ kb
=1 =4 =3 0 0 0 1o R -
A~ K gh/\»\.g &\/mtk S lf— '\('g
’/\/ g"7 \J’\\r—‘k
x1 T z3 T4 T5 b U\ f\ﬂ'\"’(
2 1 0 1 : 1 ck\?i Q{V%V— g
2 —32 * LAsE
/}/\\lr
0 1 a1 e (1)
————— =] ()= s
(L2 0 OA) 1 1] 10 [LL“L(L)

Thus the optimal primal solution is x* = |0, 1, 2,Ei, 0]land by the duality theorem, the optimal dual
solution is u* = [1,1,2,0,0]. Let us check for'the complementary slackness for these two dual

solutions.

ui >0
y3 >0
7 =0
z3 >0
z3>0

e Ll

zp=0 = 2zi+2z5+z3=4 ie
z5=0 = z]+2z5+223=06 ie.
u3 >0 = 2uj4u;>1 ie.
up=0 = 2ul+2u;=4 ie.
us =0 = uj+2u;=3 ie.

5.4 Dual Simplex Method

In the usual simplex method, which will be called primal method for distinction, we start with a
primal BFS x, maintain primal feasibility {z;o > 0}/%; and strive for non-positivity of the reduced
cost coefficients (which is equivalent to {zo; > 0}7_;). However, by Theorem 5.5, the entries in the
zo row give the values of the dual variables at optimal. Thus the nonnegativity of {zq; > 0}7— is
equivalent to the feasibility of the dual variables.
In the dual method, we start with a dual BFS u, maintain dual feasibility {ujo > 0};7;1 (which
is equivalent to {zo; > 0}7_;) and strive for nonnegativity of {uo; > 0}72; (which is equivalent to
primal feasibility {z;0 > 0}™;).
Since at any iteration, both the primal and the dual solutions have the same objective value,
by the duality theorem, we see that if both solutions are feasible, then we have reached optimality.

2(0) +2(1) +2 =4
0+2(1)+2(2)=6
21)+1=3>1
2(1) +2(1) =4
14+2(1) =3
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Algorithm for the dual simplex method

1. Given a dual BFS xp, if xg > 0, then the current solution is optimal; otherwise select an
index 7 such that the component z,. of xp is negative.

2. Ify,; 20forallj=1,2,---
such that
Yos

Yrs

=min{ —
J

3. Pivot at element y,s; and return to step 1.

Ezample 5.7. Consider the problem'

—

P | min
[ ___—subject to

In canonical form, it is

3x1 + 4z + Sx3
T1 4+ 2x9+ 323 > 5
2x1 + 29+ 23 >6
Z1,%2,23 > 0

,n, then the dual is unbounded; otherwise determine an index s

Yoj
L8 L < 0} .
Yrj lyTJ

-

itk -
b e FCT=

()\\\

—

—3xy — 4z — B3 / S’LM(\ V"M,U'\

C‘ a/"\ 6(“0‘& '§Q TV

Wb Jeomlly comnand Covim

max

subject to = — 1 — 29 — 373 </~5 \

i —2:1,‘1—2.'112—- T3 S 6 /

T1,T2,%3 > 0
The initial tableau is

X\ 0' (n"‘*vg\ 1%‘1 To T3 T4 T5 b
% © A zq |[-1\ -2 -3 1 [0 -5
)Q > B vy |
x| =% (&Ww s |[+20 ] 72 41 0 [-1 ) G6)
s | 20 \\/ /a5 0 \g/| o

R

bl

et

“-9 ‘Q,LM,\LS 4

mh = pacf o Tooshid o)

ratios @ 3 5 - —
After one iteration RER S :‘}
T T2 x3 T4 Ts b
o~ A
zg |[ 0 f1* 3o\ 4| 42
I & 1 % 0 —% 3
z | \o/ 1 \o 3 |-
) g)xsh)\,\
ratios - @ z - 2

3

Qwi.yb\z\%

= P fﬁ‘fﬂum
hﬁi
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Optimal Tableau:
T1 T2 T3 T4 Ts b
@0 1 2 -1 1 2 o
2 2 2 ,§,Q,\",\A 1A
a1 0 -2 1 -1| 1 |[J\
Zo 0 0 1 1 1 —-11
O \he

Since both the primal and the dual solutions are feasible, we have reached the optimal solution. The
primal optimal solution is given by x* = [1,2,0], the dual optimal solution is u* = [1,1] and the
optimal objective value is 11 for the original problem is a minimization problem.

5.5 Post-Optimality or Sensitivity Analysis

Given an LP problem, suppose that we have found the optimal feasible solution by the simplex (or
dual simplex) method. Post-optimality or sensitivity analysis is the study of how the changes in
the original LP problem would affect the feasibility and optimality of the current optimal solution.
Before we analyze the method, we first recall the following criteria for determining the optimal
primal solutions. ;

Primal feasibility: :
Ax=b & Bxg+ Nxy =b. (6.7)

Primal optimality:
2T —cT =cEB 'A-cT>o0. (5.8)

In the following we will consider changes in the original problem that can affect only one of these
criteria. For in these cases, we can obtain the new optimal solution without redoing the whole
simplex method for the new LP.

(1) Changes in resource vector b.
From (5.7) and (5.8), we see that changes in b will affect the feasibility but not the optimality of
the current optimal solution. Thus if the current optimal solution satisfies the old constraints
with the new right hand sides, then it will be the new optimal solution. By the duality theory,
the changes in b will affect the optimality but not the feasibility of the dual optimal solution.
In fact, the cost vector for the dual problem is given by b.

(2) Changes in cost/profit vector c.
By the duality theory, (or from (5.7) and (5.8) again), we see that changes in the cost vector
c will affect only the optimality of the primal optimal solution and the feasibility of the dual
optimal solution. Thus if the current optimal solution satisfies the ‘criteria that the new zg
row is nonnegative, then it will be the optimal solution for the new LP.

(3) Changes in technology matriz A.
If the changes in A occur at the basic variables, then B will be changed. From (5.7) and
(5.8), we see that both the feasibility and the optimality of the current optimal solution may
be violated. In that case, we have to redo the whole problem. However, if the changes of A
are restricted to columns of nonbasic variables (i.e. N in (5.7)), then we see that only dual
feasibility (or equivalently primal optimality) will be affected because xy = 0.
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(4) Addition of a new primal variable/dual constraint a;; + c;.
This case is essentially the same as considering simultaneously changes in the objective function
coefficient as well as the corresponding technological coefficients of nonbasic variable. (One can
assume that the a;; and the ¢; are originally there with values equal to zero.) Consequently,
the addition of a new variable can only affect the optimality of the problem. This means that
the new variable will enter the solution if, and only if, it improves the objective function value.
Otherwise the new variable becomes just another nonbasic variable (= 0).

(5) Addition of a new primal constraint/dual variable a;; + b;.
A new constraint can affect the feasibility of the current optimal solution only if it is active,
i.e. it is not redundant with respect to the current optimal solution. Consequently, the first
step would be to check whether the new constraint is satisfied by the current optimal solution.
If it is satisfied, the new constraint is redundant and the optimal solution remains unchanged.
Otherwise, the new constraint must be added to the system and the dual simplex method is
used to clear the primal infeasibility (dual optimality).

Ezample 5.8. Consider the LPP given by the following tableau:

T ZTo T3 T4 5 b

W‘I‘“\ el 1 34 41 1_ 0] 30
Ao A 1
e Ts q& 4 -110 1 1] 10

To | =2 =7 3 0 0 0

The optimal tableau is: B,: &(\C—(‘(& /Ezl ) - <{

S’\(V\\;k T To T3 T4 T5 . b

i 0 —1 5 1 -1}] 20

zy | 1 4 -1/ 0 1/-10

|0 1 1 0 2 |20

(1) Changes in resource vector b.
Let the new b = [10,20]7. Then the new basic solution is given by

5 e [T =17 10 -10]< ©. j\,«l{uqa‘l&
Pt xB:Blbz[o 1_[20]=[20] :

Thus it is no longer feasible. The new objective value is

0=cE%p =[0,2] _2%0] = 40.

8

< ——r

We then need to apply the dual simplex method to restore primal feasibility with a new b
column of [—10,20,40]7. The new starting tableau is given by:
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\_‘Ai‘r\ A
T1 T2 T3 T4 Ts b
~ . s
s |0 -1 5 1 -1[-10 \A— et
z |1 4 -1 0 1 ( 20 ) ] d’“’f\
|0 1 1 0 2| 40, 5 "”“\‘L"'%
(2) Changes in cost/profit vector c.
Let the new & = [3,6,—3,0,0]T. The new z row is given by
2T —eT=e¢LB*A-¢T =0,6,0,0,3] > 0.
(Recall that B~!A4 is just the last tableau.) This indicates primal optimality. Thus the primal
optimal solution is unchanged. Looking at the dual, the new dual variables are
. 7+ _ p-T|0] _ |0
au=B ‘¢g=B [3]—[3}.
(3) Changes in technology coefficients a;;.

In the optimal tableau, z; and z,4 are basic. Thus we can only change the entries of az, a3
and as. Let the new a5 = [1,5]7. While the primal feasibility remains, we need to calculate
the new reduced cost coefficient for xs.

22—62=C’§B_152—02=[0,21 [é:‘ -7T=32>0.

Thus the current basis remains optimal with xp = (10,20)7 and z¢ = 20 unchanged. However,
if a5 = [1,3]T, then 23 — co = —1 < 0, indicating non-optimality. In this case, we need to
replace the column under x> in the (previously optimal) tableau by

e -3

and pivot in the z; column once (to have z2 become basic) to restore optimality. The new
optimal xp = [z4,z2]T = [26%,3%]T with zo = 233.

Ezample 5.9. (Adding extra constraints) Consider the following LLP problem:

zz3 | -1 -1 1 0 -1

x4 | -2 =3 O 1 -2

To 3 1 0 0 0

We note that we have primal infeasibility and dual feasibility. Using the dual simplex method, we
get the following optimal tableau.



