/%g suc To W’M“\ o Coghade ol S

(=

n

C' ‘)(\’ = ?T(;CQ H\\DMJ

I v

.FXAO (/( A © ,’J {Wij\/ﬂ-&

R







~

Z

8 Chapter 5. DUALITY

Since z,; are slack variables, the corresponding columns in A are just the jth unit vector e; and
the corresponding cost coefficients cp4; = 0. Thus

el (B ) Tep 24 =0, j=1,2,:-,s.
Hence ug = (B~!)Tcp > 0. Finally, since

bTug = b7 (B 1) cp = cEB b = cT'xo,
we see that ug satisfies (5.2) and by Theorem 5.3, it is an optimal solution to the dual problem. [

This theorem also give us an explicit form of the optimal solution to the dual problem

Theorem 5.5. If B is the basis matriz for the primal corresponding to an optimal solution and
cp contains the prices of the variables in the basis, then an optimal solution to the dual is given by
(B~Y)Tcp, i.e., the entries in the zo row under the columns corresponding to the slack variables give
the values of the dual structural variables. Moreover, the entries in the xo row under the columns
for the structural variables will give the optimal values of the dual surplus variables.

Proof. We only have to prove that ug = (B~1)Tcp is given by the entries in the zo row under the
columns corresponding to the slack variables. In fact, for the slack variables, we have

T(p—I\T
Zn+j — Cn+j = Zn+j = €j (B™") cp =up;.

Next we prove that the entries in the zo row under the columns for the structural variables give the
optimal values of the dual surplus variables. Since

94 T p-1 T p-T T .
zj=cpyj=cp(B  a;)=a;B "cg=ajug, j=1,--'n,
and ATug — up, = ¢ where up, is the vector of dual surplus variables, we have

z—c=ATug —c=ug,.

O
Example 5.5. Let the primal problem be
max xo = 4z + 3z (¢, 20 =C
1 0 6
0,1 8 \
Bject to 4 | A [wl} <|7| b
subject to 51| Lo 0%
0 -1 1 L& 0
N ~ (" ;
\xl,m220- ’ —.S
’ (T3&) =(43 20920
Standardizing the problem, we hawiaA e /r < = i, e K 5
B Gy € RO e _.’El—;
1 0'1 0 0 0 0] |z 6 - )
0 1,0 1.0 0 0| z3] si C= (43 orre=)
1/ 0 001 0 of fe|=|7] "
3 1 00 0 1 0f]zs f 15
0 -1 )0 0 00 1f |zg| - |1
P ==

T = .. T
C\S (,'\,_ C\g 0\1\ - qf} S
The optimal tableau is given by :
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5.3. The Existence Theorem and The Complementary Slackness
(4 3000°Y)
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Thus the optimal solution is [z1, 2] = [4, 3] with [z3, T4, T5, T6)
we see that the optimal solution to the dual is given by

5 1
[ul,U2,’LL3,U4,U5,U6,U7] = [O:O’ 5’ 5,0,0,0] .

Let us verify this by considering the dual. The dual of the primal is given by

min Uo =GU1 +8ui, + Tuz + 15u4 + us & shrcelod —
( L
Zl U .-ty
2
1013 0 4
> ) P (
subject to < [O 1 1 1 —-1} us —[3] ) SM‘ALM Vg2 e
Ugq
us ‘L’(GI Uy
w; >0,i=1,2,3,4,5

Changing the minimization problem to a maximization problem and using simplex method (or the
dual simplex method to be introduced in §4), we obtain the optimal tableau for the dual:

(Sﬁwf&««(\ Sl
5% U U3 'LL4’/’£L/5 (ui ur

C
w | g -3 0 1 3 -3 3 2
v | ~3 5 1 0 -3 3 —3 | 3
w (2 5 0 0 4 (4 3| -2

(

Thus the optimal solution for the dual is [u1,us,us, us,us] = [0, 0, g, %,0] with optimal surplus

variables [ug, u7] = [0,0]. Notice that the optimal solution to the primal is given by the reduced cost
coefficients for u4 and us, i.e. [z1,z2] = [4,3] and the optimal values of the primal slack variables
are given by [z3, 4, Z5,Ts, Z7] = [2,5,0,0,4]. ’

5.3 The Existence Theorem and The Complementary Slackness

Theorem 5.6 (Existence Theorem). (i) An LPP has a finite optimal solution if and only if
both it and its dual have feasible solutions.



