REFINABLE FUNCTIONS WITH NON-INTEGER DILATIONS

XIN-RONG DAI, DE-JUN FENG, AND YANG WANG

ABSTRACT. Refinable functions and distributions with integer dilations have been studied
extensively since the pioneer work of Daubechies on wavelets. However, very little is
known about refinable functions and distributions with non-integer dilations, particularly
concerning its regularity.

In this paper we study the decay of the Fourier transform of refinable functions and
distributions. We prove that uniform decay can be achieved for any dilation. This leads
to the existence of refinable functions that can be made arbitrarily smooth for any given
dilation factor. We exploit the connection between algebraic properties of dilation factors
and the regularity of refinable functions and distributions. Our work can be viewed as
a continuation of the work of Erdds [6], Kahane [11] and Solomyak [19] on Bernoulli
convolutions. We also construct explicitly a class of refinable functions whose dilation
factors are certain algebraic numbers, and whose Fourier transforms have uniform decay.
This extends a classical result of Garsia [9].

1. INTRODUCTION

In this paper we study the refinement equation
m m
(1.1) fla) =) cifae—d;), Y ej=IA
§=0 §=0

where A € R with [A| > 1 and all ¢j,d; are real. It is well known that up to a scalar multiple
the above refinement equation has a unique distribution solution f, which is furthermore
compactly supported. We shall refer to the distribution solution f(z) of (1.1) with f(0) = 1
the solution to (1.1). For the refinement equation (1.1), the value A is called the dilation fac-
tor of the refinement equation, and {d;} the translation set or simply the translations. The
coefficients {c;} are called the weights (even though they can be negative). For simplicity

we shall call a solution f(x) to (1.1) a A-refinable distribution (function) with translations
{d;}-
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The questions we study concern the regularity of A-refinable functions or distributions.
Particularly we are interested in refinable functions whose dilation factors are non-integers.
For example, is it possible to find a 3/2-refinable function that is smooth? More generally,

is it possible to find a smooth A-refinable function for any A with [\| > 17

Refinable functions play a fundamental role in the construction of compactly supported
wavelets and in the study of subdivisions schemes in approximation theory, see Daubechies
[4] and Cavaretta, Dahman and Micchelli [1]. In both cases the dilation factors are restricted
to integers, as are the translations. It is well known that for any integer dilation A there
exist A-refinable functions with integer translations that can be made arbitrarily smooth.
The simplest example is the B-spline By,(z), which is obtained by convolving xjo 1) with
itself m times. B, is A-refinable for any integer A, |A| > 1. The B-splines have important
applications in subdivision schemes and computer aided geometric designs. With integer
dilations and translations one may impose strong constraints on the weights while still
attaining smoothness. The most important example is the construction of a class of smooth
refinable functions whose integer translates are mutually orthogonal that began with the

seminal work of Daubechies [3] leading to compactly supported orthonormal wavelets.

But the regularity question becomes more complicated, and perhaps more interesting
from the pure analysis point of view, when the dilation factors A are non-integers, particu-
larly when the translations are still restricted to integers. There is a strong connection with
number theory that still needs to be fully exploited. The regularity of refinable functions

and distributions seem to be strongly affected by algebraic properties of the dilation factors.

One way to characterize regularity is to consider the decay of ]? Let f(z) be a distribution.
We say f has uniform decay at infinity if f(ﬁ) = O(|¢|77) for some v > 0. Suppose that f
has uniform v-decay at infinity. Let f**(z):= f % f *--- % f(x) in which f convolves with
itself n times. Then f;; = f”, which has uniform nvy-decay at infinity. By taking n large
one can make f* an arbitrarily smooth function. Furthermore, if f is A-refinable then so is
f**. In fact if f is A-refinable with integer translations then so is f*"*. Thus we shall focus
on the following question: Given any A € R with |A| > 1, is there a A-refinable distribution
f(x) such that fhas uniform decay at infinity? What if the translations are required to be

integers?
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A large amount of literature have been devoted to this questions in the case of Bernoulli

convolutions, which are the solutions to
A A
(1.2) fla) =12 1),

Many of these studies apply to the more general setting of integer translations as well.

(\x) +

Erdés [5] proved that under the integer translations setting any A-refinable distribution
f has f(ﬁ) 4 0 as [{|—o0 as long as A is a Pisot number, i.e. an algebraic integer whose
algebraic conjugates are all inside the unit circle. This immediately implies that f cannot be
in L'. It remains an open question whether Pisot numbers are the only dilations for which
one cannot construct L' refinable functions with integer translations. Also under the integer
translation setting Kahane [11] proved that ¥ does not have uniform decay at infinity for
any A-refinable distribution if A is a Salem number, i.e. an algebraic integer whose algebraic
conjugates are all inside or on the unit circle, assuming that some conjugates lie actually on
the unit circle. (Both Erdés and Kahane established their results for Bernoulli convolutions,
but with some technical twisting we may extend their results to the more general setting,
see Appendix.) In the positive direction, Garsia [9] proved that the Bernoulli convolution
f(x) of (1.2) is in L*°, if the dilation X is an algebraic integer whose algebraic conjugates are
all outside the unit circle and the constant term for its minimal polynomial is +2. Garsia’s
result remains today as the only explicitly known class of Bernoulli convolutions that are
in L'. Feng and Wang [7] explicitly constructed a large class of algebraic integer dilations
X for which the corresponding Bernoulli convolutions are not in L2. In the generic setting
Solomyak [19] proved that for almost all dilations A € (1,2) the corresponding Bernoulli
convolution is in L!, and more recently, Peres and Schlag [16] proved that the Fourier
transform of the Bernoulli convolution has uniform decay at infinity for almost all dilations
A € (1,2). It is not clear whether the latter result holds for almost all A € (1,00). Our

results in this paper can be viewed as an extension of the aforementioned studies.

When the dilations and translations are both integers and the weights are nonnegative,

the uniform decay property can be characterized completely:

Theorem 1.1. Let f(x) be the distribution solution to the refinement equation
m m
f@)=> cfQx—d;), > ¢j=|A
=0 =0

where A € Z and ¢; > 0, d; € Z for all j. Then the following are equivalent:
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(A) f has uniform decay at co.

(B) f € L(R).

(C) f € L'(R).

(D) limg) oo GE

E) ( )—OforallnGZ\{O}.

F) For any n € 7\ {0} there exists a k = k(n) > 0 such that P(\"Fn) = 0, where
P(¢) = W > i cie(—d;€) with e(t) := e2mit,

(
(

The trigonometric polynomial P(§) is called the symbol of the refinement equation. Note

that Theorem 1.1 can be partially extended to the case of rational dilations.

Theorem 1.2. Let f(x) be the distribution solution to the refinement equation

=> ¢ —dy), > e =1l
j=0 j=0

where A € Q, [A| > 1 and ¢; > 0, dj € Z for all j. Suppose that for any n € Z \ {0} there
exists a k = k(n) > 0 such that P(A\™"n) = 0, where P(€) is the symbol of the refinement
equation. Then the following hold:

(A) f has uniform decay at co.
(B) f e L>(R).
(C) f(n) =0 for alln € Z\ {0}.

We remark that both Theorem 1.1 and Thereom 1.2 hold under the weaker assumption
that |P(£)| < 1 for all £ € R\ Z. This is rather easy to see from the proof. Also, Theorem
1.2 holds for any dilation A, but unless \* € Q for some k > 0 there exists no refinement

equations satisfying the hypotheses of the theorem.

One of the well known questions concerning refinable functions is whether one can con-
struct arbitrarily smooth refinable functions for rational dilations such as A = 3/2. Here we

answer this question.

Corollary 1.3. Let A = p/q where p > |q| are integers and (p,q) = 1. Then the refinable

distribution satisfying

1p_1 P
”:mgﬂq
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is in L>°(R), and fhas uniform decay at co. As a consequence, for any k > 0 there exists a
compactly supported X-refinable function f with integer translations and nonnegative weights

such that f is in C*.

In Section 2 we shall explicitly construct a differentiable 3/2-refinable function.

Theorem 1.4. Let A € R with || > 1 and ¢; > 0 for all j. Let f = f; be the distribution

solution of the refinement equation
(1.3) fla)=)_efOa—dy), Y =1,
§=0 §=0

where dy, dy are fized and distinct, and d,, =t with t being a paramenter. Then there exists
a E = E) C R independent of {c;}.y with dimy(E) = 0, such that fi has uniform decay
at infinity for eacht € R\ E.

Here dimpy denotes the Hausdorff dimension (see e.g., [8] for a definition). Obviously the
set E has Lebesgue measure 0. By taking convolution of f;(z) with itself repeatedly we

easily obtain:

Corollary 1.5. Let A\ € R with |A\| > 1. Then for any k > 0 there exists a compactly

supported A-refinable function with nonnegative weights that is in C*.

Note that in the language of self-similar measures the above corollary states that for any
A with |A] > 1 there exists a self-similar measure with contraction A~! whose density can

be arbitrarily smooth. Our next theorem is an extension of Garsia [9].

Theorem 1.6. Let p(z) =37, ajx’ € Z[z] be irreducible (but not necessarily monic) such
that all roots of p(z) are outside the unit circle. Let X\ be a real root of p(x) and f(x) be the

distribution solution to

NS
(1.4) fe) = > e —j).
j=0

Then f has uniform decay at infinity. Furthermore, f € L*°.

Garsia [9] proved that f is L* in the case a, = 1 and a9 = +2. No uniform decay

property was established in [9], however.



[§ XIN-RONG DAI, DE-JUN FENG, AND YANG WANG

2. PROOF OF THEOREM 1.1 AND THEOREM 1.2

We consider in this section refinable distributions with integer translations and integer
or rational dilations. First we introduce a notation. For any x € R we let ||z||z denote
the distance of x to the integers Z. Thus ||z||z < 1/2. We may without loss of generality

consider the refinement equation

m m

(2.1) @)= cfe—d;), D =)

j=0 =0
where A€ Zor A€ Q, ¢;j >0 forall j and 0 =dy < dy <--- < dy, are in Z. Furthermore,
we assume that ged(dy, da, ..., dp) = 1.

Lemma 2.1. Let A\ = p/q € Q with p > |q| and (p,q) = 1. Let Q(t) be a trigonometric
polynomial with Q(0) = 1 and |Q(t)| < 1 for any t & Z. Furthermore, Q(t) has the property
that for any n € Z\ {0} there exists a k > 0 such that Q(A\™%n) = 0. Fiz an e > 0. Suppose
that |t| > & and ||t|z < e. Then there exists an £ € N such that |g(t)| < Ce|\|"¢|g(A~t)],
where g(t) = [[32, QA7) and C = max |Q'(t)|. In particular, g has uniform decay at
mfinity.

Proof. Write ¢t = n+ 0 where n € Z and |0| = ||¢|z. Note that |t| > ¢, so n # 0. Therefore
there exists an £ > 0 such that Q(A~*n) = 0. This means that

QDI = 1R ) — QA n)| < CIA™16] < Ce|A[ ™.
Therefore
901 = [T IO <O [TIROT NI < Ce]r~g(A 1)1
j=1 j=¢

The decay property of g can now be established. Let M = sup{|Q(¢)| : ||t|lz > ¢} < 1.
For any ¢t € R with [¢t| > ||, we can uniquely write ¢ = AVs for some s with [s| € [1, |A[]
and N € N. Now g is an analytic function, and so it is bounded on [—|A|, |\|], say by
the constant K > 0. Suppose that |[A\~'t||z > e. Then |Q(\7't)| < M. Hence |g(t)| =
lg(ANVs)| < M|g(AN=1s)|. On the other hand, suppose that [|A~'¢||z < €. Then
(2.2) g()] < lgA~)] < Cel A~ g9,

Take p € (M, 1) such that p*+1 > Ce|\|7F for all k € N. This p clearly exists if we take
¢ to be small enough. Then (2.2) becomes |g(t)| < p*Ttg(AN~¢"1s)|. Combining with the
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case ||A7't||z > ¢ we now have |g(t)| = |[g(\Vs)| < pV K. The uniform decay property is
now established by taking v = log p~/log ||, and |g(AVs)| < K |A|77V. |

Proof of Theorem 1.1. It is clear that (B) = (C) = (D).

~ ~ ~ ~

(D) = (E). We have f(¢) = J(0) [I32, P(A¢). Tn particular F(5€) = F(€) TT2) P(VE).
This implies that f(/\kn) = f(n). By letting k—oo we have f(n) =0 for all n € Z \ {0}.

~ ~ ~

(E) = (F). Again we invoke the property f(&) = f(A7F¢) H§:1 P(A7I€). Since f(0) # 0
and f(¢) is analytic, it follows from f(n) = 0 that H§:1 P(A™7n) = 0 when k is large

enough. (F) now follows.

~

(F) = (B). By our convention it is assumed that f(0) = 1. It is known that f is in
fact a probability measure, see e.g. Falconer [8]. Now f is compactly supported. Define
F(x) = >, cz f(x —n). Then F is a Radon measure, and hence a distribution. We
have F' = f x 6z where 07 := >, ., 0(x —n). The Poisson Summation Formula yields
F = f (5AZ = f 67. Therefore F = d, and hence F' = 1. This implies that f € L*°.

(A) = (D). This is clear.
(F)= (A). P(§) satisfies the hypotheses of Lemma 2.1. By the lemma f(f) =112, P(\TI¢)

has uniform decay at infinity. [ |
Proof of Theorem 1.2. The proof is identical to the proof of Theorem 1.1, and we only give
a brief explanation. Clearly, the hypotheses of the theorem implies (C), that is, f(n) =0
for all n € Z \ {0}. The argument used to prove (F) = (B) in Theorem 1.1 now applies to

prove that f € L°°. The uniform decay of fis established by Lemma 2.1. [ |

Proof of Corollary 1.3. Let P(§) = %25;(1) e(—j&) be the symbol of the refinement
equation. P(&) clearly satisfies the hypotheses of Theorem 1.2. Hence fhas uniform decay
at infinity, and f € L°°. Convolving f with itself sufficiently many times yields a A-refinable

function that can be made arbitrarily smooth. [ |

Example 2.1. We consider the compactly supported refinable function f(z) given by
1.3 1.3 1.3
=—fCER) +=fCr+ 1)+ —f(Cz—1).
fl@) = 5 fGa) + 5 f et 1)+ 3G —1)

f is in L*® by Corollary 1.3, and fhas uniform decay. We prove that ]/"\(5) = O(|¢]71) as

|¢]—o00. This immediately implies that f*" is (n — 2)-times differentiable.
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To prove this, observe that the symbol of the refinement equation is P(§) = %5(27@

Let A = 3/2 and & = AVs where |s| € [1,A). We prove that |f(¢)] < KA ™Y for K =
Y 1.05

max|s <y [f(s)]- A simple check with Maple shows that by taking e = %> we have M =

max|, > | P(t)] < A~! =2/3. Furthermore, another check with Maple shows that |P(% +
t)| < C|t| for some C with Ce < A\™! = 2/3, as long as n # 3k and |t| < . As a result, by

the estimations used to prove Lemma 2.1, we obtain | f(ANs)| < KA™N = K(3)V.

3. PROOF OF THEOREM 1.4

Without loss of generality we may assume that (1.3) is normalized so that dy = 0 and
dy = 1. Let P,(§) = ﬁ >oitocie(—d;€). We have

[y

m

PUE) = o7 (0 + 1e(=) + 1) + 3 eje(=ds9)).

=2
and ﬁ(ﬁ ) =117 P,(A\77¢). To prove Theorem 1.4 we establish a series of lemmas.

Lemma 3.1. Let A\ > 1. For a fized t assume that ft has mo uniform decay at infinity.
Then for any €,6 > 0 and N € N, there exist a € [1,\) and n > N such that both
{0<ji<n—1: |[aN]|z>6} and {0 < j<n—1: ||atV|z > 6} have cardinality less than

en.

Proof. Assume the lemma is false. Then there exist £,0 and N such that {0 < j <
n—1: |laN]|z >6}or {0<j<n-—1: |latN|z >} have cardinality at least en for all
a €[l,)\] and n > N. Let

M = My = max{|P(€)| : [I€]lz = 6 or [[€]z > o).
It is clear 0 < M < 1. Let

Ay ={0<ji<n—1: |laN|z > 6 or ||atN]|z > §}.

log(1/M
Set h = 18QAD,
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Now any £ > 0 can be uniquely written as £ = A\"s for some s € [1,\) and n € Z. For

n > N we have

(O] = H|Pt (Xs)| - [ fuls)]

< ¢ I InWVs)
]E-An

S CME?’I

= ox

where C' = max ¢ |ﬁ(s)] This shows decay in ft(f) for £ > 0. However, ft(—f) = ﬁ(f),
which also yields decay in ﬁ(ﬁ) for £ < 0. Hence ﬁ(f) has uniform decay at oo. This is a

contradiction. [ |

Let A > 1. For any 6 > 0 and n € N define As,(a) := {0 < j <n: ||Nalz > 6}.
Introduce the sets
Ej\(n,e,0) = {aeR: |Asp(a)] <en} and
Fi(n,e,0) = {z/y: x,y € Ex(n,£,0),1 <y < A}.

Lemma 3.2. For anye,§d >0 and £ € N, ifﬁ does not have uniform decay at infinity then
t€ Mooy Uty Fre(n,e,9).

Proof. Assume that f; has no uniform decay at infinity. Set ¢ = &/(2¢). Then by Lemma
3.1, for any N € N there exist a € [1,A] and n > N such that |A;,(a)] < &'n and
|Asn(at)| < e'n. Define m = [n/{], where [z] denotes the integral part of z. Observe that

{o <j<m: [|aX9|z > 5} cl{o<j<n: [laN|z > 6} = Asn(a).
It follows that the cardinality of {0 <j < m: [aA]]z > 6} is not exceeding e'n < em.
Thus a € Ey(m,¢€,d). An identical argument shows at € Ey¢(m,e€,0). Since a € [1, )],
we have t € Fy¢(m,e,d). Noting that m can take infintely many integers, we obtain ¢ €

ﬂioﬂ U;j:k F)\e<m,€, 5)' L

Proposition 3.3. Let A > 16. There exist 0,99 > 0 (depending on \) such that the set
Nre1 Une . Fa(n, 0, 00) N [1,00) has the Hausdorff dimension not exceeding log 16/ log A.

This proposition is the key ingredient in, and forms the bulk of, the proof of Theorem
1.4. We shall prove Proposition 3.3 later.
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Proof of Theorem 1.4. First we consider the case A > 1. Pick ¢ € N so that \¢ >
16. By Proposition 3.3, for any integer j > /, there exist ¢;, J; > 0 such that the set
Mrey Une s Fri(n,e5,05)N[1, 00) has the Hausdorff dimension not exceeding log 16/(j log A).
Denote
00 oo
FE = ﬂ (ﬂ U F)\j(n,aj,éj) N [1,00)) .

§>0 \k=1n=k
Then dimpy £ = 0 and it is independent of {¢;}. For any t > 1 and ¢t ¢ Ej, ﬁ has uniform
decay at co by Lemma 3.2.

We still need to prove that J?t has uniform decay at oo for all t < 1 except for a set of
zero Hausdorff dimension. For 0 < t < 1 consider g(z) := gi(z) = f(tz). Then g satisfies
the refinement equation

n
g(x) =Y cjg(he —dit™),
j=0
which contains the translations {0,1,£7}. Let ¢; = ¢t~!. Then g has unform decay at oo
for all ¢; > 1 except for a set of zero Hausdorff dimension. Hence there exists a Eo C (0,1)
with dimpy (E2) = 0 such that f: has uniform decay for all ¢ € (0,1) \ Eo. Finally, for t <0
we let h(z) := hy(x) = f(—tz + v17). Then h = hy satisfies

n
h(z) = Z cih(\x +djt ™t — 1),
j=0
which has {0,1,1 —¢t~1} among the translations. Set t = 1 —¢~!, and the same argument
now yields the existence of F3 C (—00,0) with zero Hausdorff dimension such that ﬁ
has uniform decay for all ¢ € (—o00,0) \ E5. The theorem is now proved by letting E =
E1UE,U Es. E is independent of {c¢;}.

Next, for dilation A with A < —1, we may iterate the refinement equation (1.3) 2 times
to obtain a new refinement equation with the same solution, which now has A2 > 1 as its
dilation factor. Note that {0,1,¢} remain part of the translation set for the new refinement
equation. Hence ﬁ has uniform decay for almost all ¢ except for a set of zero Hausdorff

dimension. [ |

The remaining part of this section is devoted to the proof of Proposition 3.3. For z € R,

let {z} denote the fractional part of .
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Lemma 3.4. Let A\ > 2 and x,y € R. Suppose that \™""! <z —y < A\™! for some n € N.
Then there exists an integer k with 0 < k <n — 1 such that |{\*z} — {\Fy}| > A\~2.

Proof. Write 2 — y = aA™* for a € [\"2,A71) and k € Z. From the condition A\~(*+1) <
r—y < AL we obtain 0 < k < n — 1. Since )\kx—)\ky —awithO<a< 1< %, we have
{Nez} — {\y} = a +1 for some | € Z. Thus |[{N\z} — {Ney}| > a > 172 |

Now for any integer M > A2 and k = (ko, k1, ..., kn—1) € 2%, where Zp := {0,1,..., M~
1}, denote

Trar(k) = {a e[LT): {aX} e[ Bty fr0<j<n— 1}.

It is clear that the collection {I'r ar(k) : k € Z},} is a Borel partition of the interval [1,T7.

Lemma 3.5. Let A > 2. For each n € N and k € Z};, the set I'r (k) can be covered by
at most 4XT + 2 intervals of length A™"1.

Proof. By the definition of I'z ps(k), for any z,y € I'r (k) we have
. . 1
[V} =V} < 57 < A3 Vo< ji<n—1.
Thus by Lemma 3.4 either |z —y| > A~! or |z — y| < A=+,

Now define a set A := {z € [1,7] : dist (z,I'r,p(k)) < A7""1/2}. Then A can be written

n+1) for any

as |J; Ii, where I;’s are disjoint intervals. Since |z —y| > A7 or |z — y| < A~(
z,y € I'r p(k), each interval I; has length not exceeding 22~ (1) "and the gap between any
two intervals I;, I;; has length greater than %)\*1. Thus the number of different intervals
I;’s is less than 2)\T 4 1. Since each I; can be covered by at most two intervals of length

A~ (1) we obtain the desired result. [ |

Lemma 3.6. Let A > 16. There exist g, 0 > 0 such that for any sufficiently large n € N
and any T > 1, the set Ex(n,eq,00)N[1,T] can be covered by at most 4™ (ANT+2) subintervals
of [1,T) of length A~(+1),

Proof. Pick an integer M > A2. For any n € N the collection of sets I'r p(k) where k runs
through Z%, is a Borel partition of the interval [1,T]. Take & = 7;. Notice that ||z[|z < &
if and only if {z} € [0, ) or {z} € [#72,1). Assume that 0 < e < 1/4. It follows from
the definition that for Ex(n,e,1/M)NT7 (k) # 0 we must have

(3.3) {0<j<n—1:k ¢{0,M—1}} <en
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Denote by [z] the integral part of z. Let B,, . denote the collection of all k € Z}, satisfying

(3.3). Then an easy combinatorial argument yields

B.o| = [Ef (Z) (M — 2)k2n=F < [en] <[;]>M[5”] o+l

k=0

By the Stirling formula,
( n _ 6n(ﬂsloge*(lfs) log(1—¢)+o0(1))
[ .

en|
It follows that
’Bn 6’ < [gn]Man2n+1en(—aloga—(l—a) log(l—a)—&-o(l))'

Let € = ¢¢ be small enough so that

MEOe—€0 logeg—(1—¢eg) log(1—ep) < 9.

Then |B,,¢,| < 4" for sufficiently large n. Since
Ex(n,e0,1/M)N[LTIC | Trm(k),
KEBn o
by Lemma 3.5 Eyx(n,c0,1/M) N [1,T] can be covered by at most 4™ (4\T" + 2) subintervals
of [1,T] of length A="~!. This proves the lemma. |

Lemma 3.7. Let A > 16. Let 9,09 > 0 be as in Lemma 3.6. Then for any T > X\ the set
Fy(n,0,50) N[1,\"1T] can be covered by at most 42" (4\T + 2)? subintervals of [, \"*T] of
length 2T A~"1.

Proof. Observe that
F)\(n’ €0, 50) N [17 )‘_IT] C (E)\(Tl, €0, 50) N [17 T])/(E)\(TL, €0, 50) N [17 )‘])

By Lemma 3.6, for any large enough n the set E)(n, g, dp)N[1,T] can be covered by at most
4"(4\T + 2) subintervals of [1, 7] of length A"+, Denote these intervals by I;, 1 <i < p,
where p is an integer not exceeding 4™ (4T + 2). Set B;; = {z/y : z € I;,y € I;} for
1 <14,j <p. Then B;; is an interval. It is not hard to check that each B;; has length less
than 2TA~""1. Now F\(n,e0,d0) N [1,A\"1T] C Ui<i j<p Bi,j- This completes the proof of
the lemma. [ |
Proof of Proposition 3.3. By Lemma 3.7, there exist g,y > 0 such that for any fixed

T > X and sufficiently large n € N, the set F\(n,0,d9) N [1, \"1T] can be covered by at
most 42" (4\T +2)? subintervals of [1, \™1T] of length 2T'A~"~1. It implies immediately that
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the Hausdorff dimension of (3=, US>, Fa(n, €0, d0) N [1, AT does not exceed log 16/ log \.

The proposition follows since T' can be taken arbitrarily large. [ |

4. PROOF OF THEOREM 1.6

In this section we prove Theorem 1.6 by proving several results concerning the dilation
factor A, where A is an algebraic number that is the root of the irreducible polynomial
p(z) = >0 g a;z', which has the property that all other roots of p(x) are outside the unit

circle. For convenience we denote K = |ayp|.

We divide the proof into two parts. In the first part we prove that f € L. In the second

part we prove fhas uniform decay at oo.

To prove the first part we consider the self-similar measure p associated with the re-
finement equation, which is the unique Borel probability measure satisfying the following

self-similar relation:
1 K—1
_ -1
=0

where S;(z) = A7 (z+7). It is well known that if p is absolutely continuous then its density
is precisely f. Thus to prove f € L* we only need to prove that p has a uniformly bounded
density.

Lemma 4.1. Let A:=Zx—Zxg ={j € Z:|j| < K}. Then Z;nzosj)\j =0 foreg,...,em €
A if and only if e; =0 for all j.

Proof. Let g(z) = >, g;zd. Since g(A) = 0 and p(z) = > i—0 a;z’ is the minimal
polynomial for A, it follows that p(x)|g(x). Thus ag|eg. This yields g = 0. Factoring out x
in g(x) and repeating the argument yield £; = 0 for all j. |

Lemma 4.2. Let P(x) be a polynomial of degree m with integer coefficients. For any d € N
and variables x1,x9,...,xq, set

Y = Z Tj %y, k=1,2,...,d.
1< <. <jr<d

Then there is an integral polynomial U(y1,ya,...,yq) of degree not exceeding m such that

d
HP(HZ'J) = U(y17y27' . '7yd)'
7=1
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Proof. Note that H;l:l P(x;) is a symmetric polynomial with integer coefficients. It is well

known (see e.g. Jacobson [10], Theorem 2.20) that it can be expressed as U(y1,y2,---,Yd)

for some integer polynomial U. It remains to prove that deg(U) < m. To do so we show

that H;lzl P(x;) = Ui(y1,v2, - - -,yaq) for some complex polynomial U; with deg(U;) < m.

Then the uniqueness of the polynomial implies that U = U; (see again [10], Theorem 2.20).
Now let P(z) = a(z —ay) -+ ( — ayy,). Then

m d

d d m
HP(xj) = a? H l_I(mJ —ay) = a? H H(xj — ag).
j=1 j=1k=1

k=1j=1
It is clear that H?Zl (xj—ay) is a polynomial of y1, yo, . . ., y4 of degree 1. Hence H;-lzl P(z;) =

Ur(y1, Y2, - - -, yq) for some complex polynomial of degree < m. This proves the lemma. W

Lemma 4.3. There ezists a constant C > 0 such that for any m € N,

(4.2) inf{‘isj)\j‘ £0: g5 € Ab = CA"ET™,
j=0

Proof. Let \; = XA and As,..., A\, be the algebraic conjugates of A\. For any g,...,e;, € A
set P(z) = E;‘n:() e;z/. By Lemma 4.2, H?:l P(x;) can be written as U(y1,¥2,...,Yn) for
some integral polynomial U of degree not exceeding m, where y;, are given in Lemma 4.2.
Now set x; = Aj. Then elementary algebra tells us that y, € iZ for all k, so we have
P(M\1)P(X2)...P(\,) € 10

(an)™
Now assume that P(A1) # 0. Then P()\;) # 0 for all 2 < k < n. Thus
1
(4.3) [P(A1)P(A2) ... P(An)| = i

Notice that for any j we have
PO < (K — DA+ Y]+ 4+ ™) < D™

for a constant D > 0. It follows from (4.3) and the fact |[[/_; A\j| = |ao/an| that
1
|an|™ D" Hj:2 Az
AT
jan|™ DTy (A1
AT
Dn—1|a0‘m
= CI\N"K™™.

|[P(M)]




REFINABLE FUNCTIONS WITH NON-INTEGER DILATIONS 15

Proposition 4.4. The self-similar measure p is absolutely continuous with a bounded den-

sity function.

Proof. Let A be the support of u. It suffices to prove that there exists a constant M > 0
such that p(I) < M|I| for any subinterval I of A, where |I| denotes the length of I. To do
so we write B = {0,1,..., K — 1} and let B,, denote the set of all words of length m over
B. For simplicity, we write S; = Sj, 05}, ...0S5;,._, for j = joji...Jm-1 € Bm.

Now iterating (4.1) m times yields
1 _
u(I) = Km Z Mosjl(f)-
J€Bm

for any interval I = [a,b] C A. Since p is supported on A, it follows that
(4.4) W) < K™ (€ B s S(A)NT 40},

Note that Sj(A) has diameter |A|7"|A| where |A denotes the diameter of A. Thus Sj(A)N
I # 0 implies Sj(0) € [a — [\ "™|A[,b 4+ [A|7™|A]}, where S;(0) = S_7°! jxA~*. Hence by
Lemma 4.3, |S;(0) — Sy (0)] > CK~™ for differents indices j,j’ € B,,. Thus for any large

integer m we must have
{5 € B S(A)YNT #0} <O K™(|I|+ 2|\ "™ A]) +1 < 2C T K™|I).

Combining it with (4.4) yields p(I) < 2C~YI|. This completes the proof of the proposition.
|

We now turn to the proof of the second part of Theorem 1.6, namely fhas uniform decay

at infinity.

Lemma 4.5. Let H(&) = %ZJK:_OI e(—j&). Suppose & € R satisfies ||£]|lz > 1/(2K) and
K&z < 1/4. Then |H(E)| < 4] K¢]|z.

Proof. Clearly we can write K& = g + ||K¢||z for some ¢ € Z, and since |||z > 1/(2K)
we have & = p + % + %||K¢||z for some p € Z and j € {1,...,K — 1}. Notice that

[H(&)] = (ST Thus
_ |sin(x|| K€]1z))|

O = R sn(alel)]
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The lemma is proved from the inequalities | sin(7||K¢||z)| < || K&||z and K|sin(7||€||z)| >
Krje=1%. |

Lemma 4.6. There ezist { € N and integers b, by, ..., by with |bo| > Zgzl bj|, such that

A is a root of the polynomial Z?:o bjmj.

Proof. The lemma is obviously true when the degree of p(x), the minimal polynomial of

A, is equal to one. So we assume that the degree of X is larger than 1.

Denote A1 = A and let \o,..., A, be the algebraic conjugates of A. Then for any m € N,
A (j =1,...,n) are roots of an integral polynomial P (z) = >_"_, ajm®’. Since [\;| > 1
for all 7, for sufficiently large k we have |\;|¥ > 2" for all j. For such a k we have

n n—1
=] X X
j=1 u=1 1<j;<..<ju<n
The above inequality implies [aox| > >°7_;[ajk|. Since A is a root of the polynomial

Py (z%) = > =0 a;xx™ | we obtain the desired result. |

The following proposition is the key to complete the proof of our theorem.

Proposition 4.7. There exist 0 < e < 1/(4K), 0 < p <1 and N € N such that for any
€ e R with [£] > | NV, if |[N¢||z < e forj=1,...,N, then there exists an integer m > N
such that

m

_ 1 _ 0
4. m — Kx™™ < —.
) Al > e and KA <

Proof. Recall that X is a root of the irreducible integral polynomial Z?:o ajxj . By Lemma
4.6, it is also a root of an integral polynomial Z?:o bjz? with |by| > Z§:1 |bj|. Without

loss of generality we assume that ag > 0 and by > 0. Clearly,

n V4
1 . 1 .
—1=— a; N and —-1=— b,

Now for any z € R let [x] denote the integer that is closest to x (especially let [n+1/2] =n
for n € Z), and let |z[= x — [z]. Clearly we have |Jz[| = ||z||z. Thus for any x € R and
k € N, we have

1 ¢ : 1 :
ko N—kti, b Tkt 1 Ty—k+
(4.6) A" = w ]Ezl a N F iy = ~ ]Ezl aj[N" "] + o ;:1 a; ] ]
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and

1< 1< 1<
4.7 AP =N o N = N 0 I TR 4+ =Y b AR
( ) bO ]2 J bO J; ][[ ]] bO J; ]]] [[

For convenience, we write

n n

M) = =S, By(a) :alg > A el

do j=1 7j=1
and
1< . 1< .
Ci(@) = 3= 3 bl Diw) = -3 bl
j=1 Jj=1

It is clear that Ag(z) € %Z, Ci(z) € %Z and (4.6), (4.7) can be rewritten as

(4.8) —)\_kx = Ak<l‘) + Bk(l‘) = Ck(.%') + Dk($>

Denote 7, = % > i—1lai| and ny = % ?:1 |bj|. Then 0 < 12 < 1. We shall choose an

€ > 0 that is sufficiently small.

Now fix £ € R so that [¢] > |A]® and |\ 7€||z < e for all 1 < j < £. In the following
we prove that there exist a p € (0,1) (independent of £) and an integer m > ¢ such that
NNz > 555 and [laoA ™"l < p™ /4.

We first claim that there exists an integer m > ¢ such that C,,(x) ¢ Z. Assume on the
contrary that the claim is not true. Then Cy(§) € Z for any integer k > ¢. By (4.8), for all
k> ¢4+ 1 we have

¢
_ 1 s
INTEelz < |DR(€)] < b*ZV?j\H)\ Mgz
0=
(4.9) < mmax{|INFelz s 1< < ¢,

Since |\ 7¢||z < e for 1 < j < £, by (4.9) and an inductive argument we have ||\ 7%¢||z < ¢
for all k > ¢+1. However since |£| > |\|*, there exists some integer kg > £ such that |\ ~*0¢| €
[[A]72,|A|71). Therefore with ¢ small we have |A\=%¢||z > min{||A72||z, |A"!||z} > €, which

leads to a contradiction. This finishes the claim.

Now assume without loss of generality that m is the smallest integer so that m > £ and

Cm(§) € Z. We consider the following two cases separately.

Case 1. m = /¢ + 1.
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In this case we have
[Dea ()] < moma{ A1z 2 1< 5 < 0} <moe,
and with ¢ small enough,

—e— 1 1
NIz > 1Ce(©)llz — 1D (§)lz > 5= —m2e > o
bo 2bg

Case 2. m > £+ 2.

Write m = 2+pl+q, where p € Nand 0 < ¢ < /—1. Since Ci(§) € Zfor (+1 < k <m—1,
as with (4.9) we have

(4.10)  [IATRelz < me max{|])\_k+j§||z L 1< < z} forall (+1<k<m— L
Using (4.10) and induction we have
IN*Elz < mbe
for any integers t,j such that 1 <t <p, 1 <j </ and tf+ j <m — 1. Particularly
N <mh e, j=1,2,. 0
Thus
D)) < mmax { I\ el 1< < e} <afe <niie

and with € small enough,

ANz 2 1Cm(E)llz — [ Pm(E)lz = TS

1
Take p = n3°. We have proved that in each case there always exists an integer m > ¢+ 1
such that ||A""¢|lz > ﬁ, |boA™™€||lz < bop™e and |[A"™TE|z < e forall 1 < j < £.

Observe that
[Bu(©)] < mmax { I\ " Delz: 1< <t} <me.
From the fact A, (&) + B (&) = Cin(§) + Din(§) we have

1
[Amn(§) = Cn(&)| = |Bm(§) — Dm(§] < (m +1)e < by’
It implies that A,,(§) — C, (&) = 0 since A, (§) € %Z and Cp, (&) € %Z. Hence B,,(§) =
D,,(&). By making e small it follows that
pm

laoA™"¢l|z < lao B (§)] = |aoDm(§)] < agp™e < R
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Since Cp(€) € Z, so does A,,(€). Hence || Ap(€)]|z > 2

ag’

1 1
—-m > o > - )
IX"ellz = Az = 1Bu(©)lz 2 o —me > 5

This finishes the proof of the proposition. [ |

Proof of Theorem 1.6. Let f be the unique compactly supported distribution of (1.4)
with f (0) = 1. Let ,p and N be given in Proposition 4.7. To prove that f has a uniform
decay at infinity, we only need to show that there exists a § > 0 such that for any £ € R
with €] > |A|"V, there exists an £ € N such that

1£(©)] < A9 F (A ).

Now f(€) = f(£/A)H(€/)), where H(€) is defined as in Lemma 4.5. For any k € N, iterating
the above equality k times yields f(&) = fF(\FE)H(ATLE) ... HAF¢). Using the inequality
|H(z)| <1 we have

(4.11) FOI<IFAROIHOATFE,  VEER, keN.

Now set C' := max{|H(&)|: ||&|lz > €}. It is clear 0 < C' < 1. According to Proposition
4.7, for any ¢ € R with || > |A|Y, either |A77¢||z > € for some 1 < j < N, or there
exists m > N such that [A™™¢|z > 5% and [|[KA™™¢[|z < p™/4. By Lemma 4.5, either
|[H(AI€)| < O for some 1 < j < N, or [HA™E)| < 4|KA"™¢||z < p™ for some m > N.
Define

_ . [log(1/C) log(1/p)
5‘“““{ Nlogh ' logh |-

Then for any ¢ € R with || > AV, there exist £ € N such that H(A™%¢) < A%, The

theorem now follows from (4.11). |

APPENDIX: OPEN QUESTIONS AND RESULTS OF ERDOS AND KAHANE

In this section we prove that compactly supported refinable distributions with integer
translations do not have uniform decay at infinity if the dilations are Pisot or Salem num-
bers. This result was established in the case of Bernoulli convolutions by Erdés ([6], Pisot
numbers) and Kahane ([11], Salem numbers). The general case stated here is proved using

Kahane’s technique, although some nontrivial technical details had to be overcome.
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Proposition 5.1. Let f(x) be the refinable distribution given by
(5.1) fl@) =) cfOx—dy), ) ¢j=1)
§=0 §=0

where X is a Pisot number or Salem number with |\ > 1 and A € Z, ¢; # 0 and d; € Z for
all j. Then f does not have uniform decay at infinity.

To prove this proposition, we need the following result, which was first proved by Pisot

(the reader may see [15] for a proof).

Theorem 5.2 (Pisot [14]). Let A be an arbitrary algebraic integer. Then there exists a

Pisot number in Z[\] having the same degree as A.

Corollary 5.3. Let A be a Pisot or Salem number. Then there exists a sequence {umy} in
Z[N] such that |Nup|lz < L for all m,k € N. Furthermore, if X is a Pisot number then
we may toke Uy, = mAY™ for some o, € N. If X is a Salem number then we may take

Uy, = W™ for some oy, € N, where w € Z[A] is a Pisot number independent of m.

Proof. Assume that A is of degree d. Let A1,...,Aj—1 be the algebraic conjugates of
. Observe that if f(z) € Z[z] then f(X) + Y9_1 f(%;) € Z. In particular |f(\)]z <
Yo

If X is a Pisot number. Then |);| < 1. Choose a,;, > 0 so that Z;-l;% m|Aj|*m < L. Then

k _ k+om = |om+k 1
A |z = [[mA™ "z < ;m\%! <
If X is a Salem number. Let w = f(\) be a Pisot number of the same degree as A, where
f(x) € Z[z]. Then the algebraic conjugates of w are w; := f(A;). Let ay, > 0 such that
S ILF(A)[em < L. Tt follows from the property that |;| < 1 that
d—1

INumllz = 1IN0 Iz < DI FIF )]0 <
j=1

1
m
|

Proof of Proposition 5.1. Assume that Proposition 5.1 is not true. Then f has a -
uniform decay for some 7 > 0. Let P({) be the symbol of the refinement equation (5.1).

Since P(n) = 1 for any integer n, we may choose mq sufficiently large so that |P(A\u,,)| >
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IA|="/2 for all m > mg and k > 0, where w,, is as in Corollary 5.3. We claim that f(u,,) = 0

for all m > mg. Assume it is false, i.e. f(um) # 0 for some m > mg. Then for any N € N,
N—1

FONum)| = 1f )| TT 1PV )| 2 AN f ().

§=0
However the above inequality contradicts the fact that f has a y-uniform decay. This proves

the claim.

Now f(ty,) = 0 implies that there exists a j,, € N such that P(u,A™m) = 0. We now
consider the case that A is a Pisot number. In this case u,, = mA®™. Set kp, = jm — Q.
Then P(mA~%m) = 0 for all m > mg. Let K be an integer such that A~! € +Z[)]. Then
A"hm ¢ K—Fm7[)]. Write

)‘_km = K_km (pm,(] + pm,l)\ + -+ pm,dfl)\d_l)7
where d is the degree of A and p,,; € Z for all 7. This expression is unique since {Ai:0<
i < d} are linearly independent over Q. Hence
mAikm = Kﬁkm (mpm,() + mpm,l)\ +- mpm,d—l)\dil)-

Since A™*m ¢ Q, at least one of py,; # 0 for some 1 < i < d—1. Now P(£) is a trigonometric
polynomial, so {mA~*" (mod 1) : m > mg} is a finite set. Thus again by the linear

independence of {\": 0 <i < d} over Q we know that the set
{(K_kmmpm,l, .. ,K_kmmpmyd_l) Com > mo}

is a finite set. But this is not true, because we may take m sufficiently large and coprime with
K so that the nonzero numerators in (K~*mmp,, 1,..., K _kmmpmd_l) become arbitrarily

large. This yields a contradiction.

Next we consider the case that A is a Salem number. In this case, u,, = w®" where
w = f()\) € Z[)\] is a Pisot number. Hence for each m > mgo we have P(A\~/mwm) = 0 for
some jp, > 0. Again, {\/mw® (mod 1) : m > mg} is a finite set. Choose m,n such that

am # oy, are sufficiently large and
ATImpm — \TIntn = 4 € 7.
Without loss of generality assume that j,, > j,. Then w®m — Mm=Iny%n = ¢\im  However,

this is a contradiction because for sufficiently large «,,, o, the left hand side is a Pisot

number but the right hand side isn’t. This completes the proof of the proposition. [ |
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There are a number of interesting open questions. We list some of them here.

(18]
(19]

(1) Is it true that uniform decay in f (assuming integer translations) can always be
achieved for dilations that are not Pisot or Salem numbers? A related questions is
whether Pisot numbers are the only ones that give singular Bernoulli convolutions.
This question is known to be hard.

(2) Can one find another family of dilations for which refinable functions with uniform
decay property in fcan be constructed explicitly?

(3) Fix the translations and weights (nonnegative) of a refinement equation, is it true
that by varying the dilation A the resulting refinable distribution has uniform decay
in ffor almost all A > 17
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