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IN fractal geometry, two classes of sets play important roles. One is the regular set (the set
Hausdorff and packing dimension coincide), the other is the set whose Bouligand dimension
exists. A natural question is how to measure “the size” of these sets mentioned above. In this
note, by using category, we answer this question. The main result is Theorem 1.

Suppose that ECR%. We denote by dimyE, dim E, dimgE and dimgE, respectively,
the Hausdorff dimension, packing dimension, upper Bouligand dimension and lower Bouligand
dimension of E. If dimgE = dimgE, we say that the Bouligand dimension of E exists. For the
details of definitions and properties of the above dimensions, see reference [1].

Given € >0,let V.(E)={x€R*:d(x, E)<e!, where d(z,E)=inf{ | z -y :»
€ El, |l - || denotes Euclidean metric. Let N;(E) denote the minimum number of balls of
radius & needed to cover E.

Since every set and its closure have the same upper, lower Bouligand dimension, we only
consider the compact sets. Suppose that A is the collection of nonempty compact sets in R?
endowed with the Hausdorff metric p, then (%%, p) is a complete metric space. A subset of
(A%, p) is said to be of first category if it can be represented as a countable union of nowhere
dense sets. If a property holds except for a set of first category, we say that it holds almost
all.

Lemma 1. Let E, FE A7, If p(E,F)<&, then

47N, (F) < Ny(E) < 4N;(F).

Proof. Since p(E,F)<$8, Vo(F)DE. Let B;, **, BNG(F) denote N;(F) balls with ra-
dius & that cover F. For any 1<Xi<CNG(F), let B, be the ball of radius 28 with the same
center as B;. Then 1<;<L,J~z (F)B{:) V5(F). Notice that every B; can be covered by 4¢ balls with

radius 6. Thus V;(F) can be covered by 4°N;(F) balls with radius §. Therefore
Ns;(E) << Ny(V5(F)) <4°Ny(F).

In a similar way , we can prove N;(F)<(4‘N,;(E).

Lemma 2. For almost all FE€X4?, dimgF =0.

Proof . Let Q denote the rational numbers in R! and let Q¥ = QX - x QCR?. Let J%=

—

{ACQ?: # A< |. Then J?is countable and dense in #¢. In fact, since Q@ is dense in R?,
we have for any E € 4“ and € >0 the open balls with center in Q* V.(E) and radius ¢ that
cover E. By the compactness of E, there exists FC J¢ such that V,(F)DE. Noticing that
FCV.(E), we have p(E, F)<e.

For any K € J¢, define the double sequence {68;(K)},>; such that

i, _log# K -
O< 61(K)<2 ’ —logB,(K)<2 ,121.
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For any j=1, define W, = {FEX": there exists K € J¥ such that p(F, K)< 8;(K)t.

Since Wj:)]d, W, is dense in 4%, On the other hand, if FE€ W, then there exists K&
J%such that p(F, K)<8;(K). Let e = §,(K) — p(F, K). Then for any E in #* with
o(F,E)<e, we have p(E, K)<8;(K). Therefore W, is an open set of (4%, p).

Let W= Ol W;. By Theorem 1.3 and 1.4 of ref. [2], we know that H4\ W is of first
category. :

If FE W, then for any j==1, F &€ W,. By the definition of W, there exists K; € Jé
such that

o(F,K;) < 8,(K,).
By LLemma 1, we have
Ny oy (F) < 44N, ) (K;) < 49(# K,).
By the definition of §;(K;), we have
lOgNa](K],)(F) log(4'# K) < 2d
— logd;(K;) — —logd;(K;) ~ j
By Proposition 4.1 of ref. {1] and (1), we have
. o 1OgNaj(K].)(F)
dimpgF << hrjri;nf m =

Remark 1. For any FEA?, dimyF<<dimgF. By lemma 2, we have dimyF =0 for al-
most all F &€ x4,

Lemma 3. Ler x € R4, r>0. Then for almost all K € 4,

KN B,(z) = & or dimg(K N By, (x)) = d,
where B, (x) denotes the open ball with center x and radius r.
Proof. Let
Ji=1A:AC Q*\ B(2), #A < !, and J§ = J*\ J§.

For any FE J$, we have FN B,(x)# & . Choose any z € FN B, (x). There exists &
>0 such that B;(2)CB,(z). For any i=>1, let F,(F)=F,=B, 3(z)UF. Itis easy to
see that p(F;, F)<X2775.

Define 7= {F,(F); FE J4,i>=1}. Then for any EE %, (ENB,(x))°# <. Thus
dimg(ENB,(z))=d.

For any E € %, define the double sequence {8,(E)} EcF, i>>1 such that
logNax(E)(E N B,(x))

— logd;(E)

+277, (1)

0< 6,(E)<27%and

>d - 27 (2)

For any j==1, define
VD ={GEA; there exist X € J{ such that p(G, X) <27/},
V® =1GEA; there exist E € F such that p(G, E)< §(E)}.
v,=viPUvP.
It is obvious that V;DJ 4UF and V, is dense in A, Similar to Lemma 2, we can show

that V, is open in (A%, p). Let V= _Dl V,. Then #4\ V is of first category.

Now for any K€ V, if KN B, (x)# &, choose y€E KMNB,(x). Let ri=lz— 31 .
Then 0<<r;< r. Choose I € N large enough such that » — »;>27*. Then for any j > and
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X€J§, since X B,(x) =, we have p(X, {y})=r—r;>27". Therefore p(X, K)>
277, thus K& Vi, so K€ V{». By the definition of V{?). There exists E € # such that

Va’_(E)(K) DEDB(zx)NE.

From the discussion above, we see that for any « € B,(x) [\ E, there exists v€ K such that
| u—vll <8;(E). Therefore

[o-zl <Hv-wull +lu-zl <§E)+r<2r.
So v& KN By, (x), Vip)(KNB,, (2))DENB,(2).

By lemma 1, we have
Nc?,_(E)(K N B, (x)) >4ﬁdN3i(E)(Vaj(E)(K N B, (x)))
24_‘11\76,,(5)(5‘ N B,(z)). (3)

By (2) and (3),

IOgNa](E)(K N By, (x)) . -2d logNaj(E)(E N B,(x))

- logd;(E) = M - logé;(E)

>—sz+d—2‘j. (4)

By an analogous argument as in Lemma 2, we have
dimg(K ) By, () > lim(~—2% + d =27) = d.
Proposition 1.  For almost all K€ A, we have
dim,K = dimpK = d.

Proof. Considering the open ball sequence B;(I), i€ Q*, I€EQ®. By Lemma 3, for
any i€ Q*, I€QY, there exists U, | such that #\ U, ; is of first category and for any FE€
U, ;, either FNB;(I)= or dimg( FN B,,(I))=d.

Let

U = ﬂ Ui, I

i€q’, 1€ g’
Then A%\ U is of first category. For any K € U and any open set G in R? such that KN G
# &, there exist i€ Q*, 1€ Q%such that KN B,(I)#J and B,;(I)CG. Thus
dimg(K N G) = dimg(K N By, (I)) = d.
Therefore, for any K € U and any open set G in R such that K\ G# &, we have
dimgK = dimg(K N G) = d.
By Corollary 3.9 of ref {1], we have
dimp(K) = dimg(K) = d.

Combining Lemma 2 with Proposition 1, we have the following theorem.

Theorem 1. For almost all K € A9,

(i) dimyK =dimgK =0, dim,K = dimgK =d;

(i ) the Bouligand dimension of K does not exist;

(§i) K is not a regular set;

(iv) K is not an s-set .

Remark 2. let h:R"—>R" satisfy lziilolh(t) =0, h(t)>0if t>0. Let #* denote h-
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Hausdorff measure!!!. Then for almost all K€ 44, #(K)=0.

In fact, for any E € J9, we can construct a sequence {8;(E)};>; such that 0< 8,(E)<
27 %and h(2t)<(HE) 1277 if 0<+<§,(E).

For any j==1, let

V; = {F € A% there exists E € J%such that p(E, F) < §;(E)}, V =leV]-.
Then #4\ V is of first category.

For any K€ V, jE N, there exists E € J¢such that

p(K,E) < §;(E).
Therefore {Bai();)(x) E:eE is a 268;(E)-cover of K. Thus
%ﬁi(s)(K) < (#E)RQ20,(E)) <27,

Letting i—>00, we have #*(K)=0.
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