THE VARIATIONAL PRINCIPLE FOR PRODUCTS OF
NON-NEGATIVE MATRICES

DE-JUN FENG

Abstract. Let (X4, 0) be a subshift of finite type and let M (z) be a continuous function
on X 4 taking values in the set of non-negative matrices. We set up the variational principle
between the pressure function, entropy and Lyapunov exponent for M on 4. We also
present some properties about equilibrium states.

1. INTRODUCTION

Let o be the shift map on ¥ = {1,2,--- ,m}Y, m > 2. As usual ¥ is endowed
with the metric d(z,y) = m™" where x = (x}), y = (yx) and n is the smallest of the
k such that xp # y,. Given an m x m matrix A with entries 0 or 1, we consider the
subshift of finite type (X4,0) (see [1]). We shall always assume that A is primitive.

Suppose M is a continuous function on X4 taking values in the set of all non-
negative d x d matrices. Here a matrix A = (4;,)1<i j<q is said to be non-negative
if A;; > 0forall 1 <4,7 <d. Similarily we say A is strictly positive if A;; > 0 for
all 1 <1i,j <d. For ¢ € R, the pressure function P(q) of M is defined by

P(q) := P(M,q) = nlin;o%log Z sup |[M(zx)M (o) ... M(c" 2|9,

- Jesy, PEl] (1.1)
where ¥ 4, denotes the set of all admissible indices of length n over {1,... ,m}; for
J =7j1Jn € Xan, [J] denotes the cylinder set {x = (z;) € ¥4 : x; =7;, 1 <i <
n}, || - || denotes the matrix norm defined by ||B]| := 1*B1, 1* = (1,1,... ,1). By

using a sub-additive argument, it is easy to show that for ¢ > 0, the limit in the
above definition exists. With some additional conditions on the matrices (e.g. M is
strictly positive), the limit exists for ¢ € R.

The pressure function of a matrix-valued function is a natural generalization of
that of the scalar case (i.e., M (z) = e®?®) where ¢(x) is a real valued function called
the potential of the subshift). The reader is referred to [1, 8, 13, 14] for the pressure
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and variational principle in the classical scalar case. In [5], Feng and Lau considered
the pressure functions and Gibbs measures for the products of matrices, where the
matrix function was assumed to be either strictly positive and Hoélder continuous,
or local non-negative constant satisfying an irreducibility assumption. For instance
in the former setting, they proved

Theorem A. Suppose that M is a Holder continuous function on Y4 taking values
in the set of strictly positive d x d matrices. Then for any q € R, there is a unique
o-invariant, ergodic probability measure ji, on ¥ 4 for which one can find constants
C7 > 0, Cy > 0 such that

pal[7)
= (P @) - M @)M (o) - Mo )~ (1.2

for anyn >0, J € ¥4, and x € [J].

In [3], the author used the pressure function to analyze the multifractal structure
of the Lyapunov exponents for the products of matrices, and proved

Theorem B. Suppose M is a continuous function on Y4 taking values in the set of
strictly positive d x d matrices. For any a € R, if the set {z € ¥4 : Ay(z) = a} is
not empty, then

1

dimpg{r € ¥4: Ay(z) =a} = Tog (izrellg{—ozq + P(q)}
1
= 1Ogmsup{h(u) D€ M(24,0), M(p) = a},

where dimy denotes the Hausdorff dimension, Ay;(x) is the upper Lyapunov expo-
nent of M at x defined by

1
M(z) = lim —log |M(x)M(oz) ... M(c" )| (1.3)
n—oo M,
when the limit exists, M(X 4, 0) denotes the collection of all o-invariant Borel prob-
ability measures on Y4, and

M.() = Tim = log [ M(y)M{ay) ... M(o™'y)|du(y). (1.4)

Theorem B was also proved in [5] under an additional condition that M is Holder
continuous. For y € M(X4,0), M,(u) is often called the upper Lyapunov exponent
of p associated with M. It was first proved by Furstenberg and Kesten [7] that

() exists for p almost all z and [ Ay (z)du(x) = M. ().
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The main purpose of this paper is to set up the variational principle for the non-
negative matrix-valued functions. We prove the following general theorem, which
does not need any additional smoothness condition or the strict positivity of M.

Theorem 1.1. Suppose that M is a continuous function on %4 taking values in the
set of non-negative d x d matrices. Then for any q > 0, we have

P(q) = sup{hu(o) + ¢M. (1) : p € M(Z4,0)}, (1.5)
and this supremum is attained.

If furthermore M s strictly positive, then (1.5) holds for any q € R, and the
corresponding supremum 1S attained.

When d = 1, M(z) = e*® becomes a scarlar function; and in this case (1.5) is
just the classical variational principal formula for the potential q¢(z) (see, e.g., [8,
Theorem 4.4.11], where ¢ may takes the value —00).

A member p of M(X4,0) is called an equilibrium state for M with respect to q if
P(q) = hyu(o) + ¢M.(p).

Let Z(M, q) denotes the collection of all equilibrium states of M with respect to g.
It is interesting to consider under what condition Z(M, g) contains only one element
((in this case we say that M has a unique equilibrium state with respect to ¢). The
following theorem establishes the derivative formula of the pressure function which
is an extension of the classical Ruelle formula to matrix-valued function (for the
classical Ruelle formula, see [13, Ex. 5, p. 99], [11, Lemma 4] and [8, Theorem
4.3.5])

Theorem 1.2. Suppose that M s a continuous function on X4 taking values in the
set of non-negative d X d matrices with P(q) # —oo for all ¢ > 0. Then

P(q+¢€) — P(q)

P'(g+) »=lim ; = sup{M.(n) : p€I(M,q)} (1.6)
Py =i PO PO s pezrg) )
for any q > 0.

If furthermore M is strictly positive, then (1.6) and (1.7) hold for any q € R.

We remark that there are examples of M # 0 satisfying P(M,q) = —oo. For
instance, take ¥ = {1,2}" and define f € C(X) by

f(l’) . 0 if 1Ty = 00 or 11,
- 27" if T1...Top+1 — (Ol)nl or (10)”0,
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where z = (x;)2, € 3. Take M(z) = f(x)l;, where I; denotes the d x d identity
matrix. Then P(M, q) = —oo. We point out that the condition P(q) # —oo for all
q > 0 is equivalent to P(q) # —oo for some ¢ > 0. A sufficient condition insuring
P(q) # —oo is that there exists = € ¥4 such that

Tur(2) 1= lim sup % log || M (2) M(0%) ... M(0™ )| £ —o.

n—oo

We also remark that for any fixed M and g, the pressure P(e®?®) M, q) is a convex
function of ¢ € C(X4). It can be derived directly by Theorem 1.1 and the fact
(e¢(I)M)* (1) = [ ¢dp + M*(p). Anyway we don’t know whether there is any kind
of convexity of P(M,q) on M.

As a direct corollary of Theorem 1.2, we have

Corollary 1.3. Let M be a continuous function on X4 taking values in the set of
non-negative ( strictly positive resp.) d X d matrices. A necessary condition for M
having a unique equilibrium state with respect to some q¢ > 0 (q € R resp.), is that
P(q) is differentiable at q.

Under some additional assumptions, we can show the existence of unique equilib-
rium state for M (see Theorem 3.1, Corollary 3.2).

As we have seen from Theorem A and Theorem B, the pressure function P(q)
is an important term in studying the Gibbs measures of M (z) and the Hausdorff
dimension of level sets of A\y/(x). We should point out that P(q) has also appeared
naturally in the study of multifractal phenomena about measures. In [4] the author
studied the multifractal structure of a class of self-similar measures with overlaps
(namely, self-similar measures satisfying the finite type condition). He proved that
these measures locally can be expressed as the product of a finite family of non-
negative matrices, and their L%-spectra 7(q) (one of the basic ingredients in the
study of multifractal phenomena, see [2, 12]) differ from P(q) only by a factor (see
[4, Lemma 4.1 and Theorem 5.2]). The readers are referred to [4, 6, 9, 10] and the
references therein for the multifractal theory for self-similar measures with overlaps.

A first thought of proving Theorem 1.1 is to re-express the pressure function P(q)
of M as the classical pressure Py for some scalar function f. However this thought
seems only possible for the case that ¢ = 1 and M is strictly positive. In this case
we may enlarge the symbolic set {1,2,... ,m} to S ={(4,j): i=1,...,d, j =
1,...,m} and define the 0-1 matrix A= Agys by

1, ifA;=1

Aoy —
(4:9),(#",3") { 0, otherwise.
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One may check by definition that P(1) equals P for a scalar function f on the
subshift space SE defined by

[ (i1, 51), (2, J2), - -+ »)) = log Mi, 4, (G1j2 - -+ )

Even in this case we still have some difficulty to pull back the variational result from
SE to X A-

Our proof of Theorem 1.1 is essentially based on the existence of “Gibbs” measures
(see Theorem A). In fact, by Theorem A and a standard argument we prove Theorem
1.1 immediately in the special case where M is Holder continuous and takes values
in the set of strictly positive d x d matrices. The original part of our proof is the
generalization of this result to functions which are continuous and with values in
d x d non-negative matrices. We do this with two approximation steps: of continuous
maps by Holder continuous ones and of non-negative matrices by strictly positive
ones.

We organize the paper as follows. In Section 2, we prove Theorem 1.1 (see Propo-
sitions 2.6-2.8). In section 3, we consider the equilibrium states of M, and give a
proof of Theorem 1.2.

2. THE PROOF OF THEOREM 1.1

For convenience, we use I'y. ( I' resp.) to denote the collection of all continuous
functions on ¥4 taking values in the set of all strictly positive (non-negative resp.)
dxd matrices. For M € T', we write m, M (z) for the product M (z)M (oz)--- M (o™ 'x).

Lemma 2.1. Let M € I'. We have
[T seM () || < [lmn M () l[|meM (c"z)|[,  Vn,L €N, z€Xa.
Moreover if M € T'y, then there exists a constant C' > 0 (depending on M ) such

that
|TnseM ()| > Cl|m M (x)]||||meM ("), VnteN, xedy.

Proof. The first inequality is trivial. The second one was proved in [5]. However

for the reader’s convenience, we include the detailed proof. Since M € I' |, there is
a constant C' > 0 such that

mlnw M’L,] (:E)

M ;()

which implies that M (z) > CEM(x) (here and afterwards we write B > B® for

two matrices BY, B if Bi(’lj) > Bi? for each index (i, 7)), here E = (E;;)1<i<d
5
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is the matrix whose entries are all equal to 1. Let 1 be the d-dimensional column
vector each coordinate of which is 1. Then using M (0"z) > CEM (0"x), we have

[T eM ()| = | (mn M (2)) CE (M (0" 2)) ||
= Ol (muM(2)) 11 (meM (")) ||
= Cllm M (@)|[[xeM(c"2)].

Lemma 2.2. (i) If M € T, then for ¢ > 0 the limit

exists and equals inf, 210g Y ;os  sup,epy ||ma M (z)]|9.
(ii) If M € T, then for any p € M(X4,0),

.1 1
M.(p) = lim — 10g||7TnM($)||du(x)=12f5/10g||WnM(I)Hdu(x)-

n—oo M,

(iii) If M € Ty, then for any q € R the limit (2.1) exists. Moreover let C' be the
constant as in Lemma 2.1, then

plg) = | Minu 108 Xien, , Stbacy M@, if 420,
inf, % log ZJezA,n Y supgepy) | M () ||, if g <O.

Proof. Suppose I € X4, J € X4, with IJ € ¥ 4,4, By Lemma 2.1, we have for
M el and g > 0,

sup || M(z)|| < sup ([lmn M (2)][*||meM (0" 2)||)

z€[1J] z€[1J]
< sup ||m, M ()] - sup [lmeM (y)]|*.
z€(I] y€[J]

While for M € I'; and ¢ < 0,

z€[1J] z€[I] yelJ]

C sup |[mn M (2)[|* < <Cq sup !I?TnM(JJ)l!q) <Cq sup HWM(y)Hq> :
Using a sub-additive argument, we obtain (i) and (iii). The statement (ii) is obtained
similarly by using the fact |7, M (x)| < |7, M (2)||||meM (0" x)]|. O

Lemma 2.3. Let M € I'y.. For any p € M(X4,0) and n € N, we have

[ Bl ) By o [l

where C is the constant in Lemma 2.1.



Proof. Take any u € M(X4,0). By Lemma 2.1 and the invariance of p, we have
for any n,m € N,

/ log [[Tnse M (2) | dux) < / log [ M () | dpa(z) + / log || M (0"2) | du(x)
— /log|]7rnM(x)|]du(x) —i—/logHmM(w)Hdu(m).

A sub-additive argument yields the second desired inequality. Similarly we have
/log (CllmnseM (2)|]) dp(z) = /10g (Cllmn M (z)]]) dp()
+ [ 1og (CllmM @) ) du(o),

which proves the first inequality by a super-additive argument. O

As a corollary, we have

Corollary 2.4. Suppose pp € M(X4,0) converges to u in the weak-star topology.
Then for any M € 'y,

lim M, (p) = M. (). (2.2)

k—o0

Proof. By Lemma 2.3, for any n € N we have

1.0~ - [ 1og 7 b (o) g < B2

n

and | log C|
0g
()~ 1o H%M(x)Hduk(ﬂf)’ < [lo8 €,

Since limy_.o [log ||m, M (z)||dps(x) = [log ||, M (x)||dp(z), we have

. 2l log C
i sup [M, (1) — M. )] < Alos ]

Letting n — 0o, we obtain the desired result. O

Lemma 2.5. (¢f. [14, Lemma 9.9]) Let aq,--- ,ax be given real numbers. If p; > 0
and Zlepi =1 then

k
sz a; —logp;) < log (Z )

=1
Proposition 2.6. For any M € T'y and ¢ € R (resp., for any M € I" and g > 0),

P(q) = sup {hy(o) +qM.(p) : p € M(X4,0)}.
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Proof. The following argument is classical. Let y € M(X4,0). By Lemma 2.5, for
any n € N,

o 32 s m M (o)1
> ¥ [—u([f])logu([f])+u([f})10g§2[1;] HmM(x)Hq]
> 3 i logulla) + [ 1ogImd(@)]du(a)

- Z (~nll)1og (1) +a [ 1ogllm M (@) du(z).

Dividing the both sides by n, and letting n — oo, we have

P(q) = hu(o) + gM. ().

O

Proposition 2.7. For any M € T'y and q € R, there exists p € M(34,0) such
that

P(q) = hu(o) + qM. ().

Proof. Fix q € R, we divide the proof into two steps.

Step 1. Assume M is Holder continuous. In this case let u = p, be the Gibbs
measure in Theorem A. Then for eachn € N, I € ¥4, and = € [1],

log Cy < nP(q) + log pu([I]) — qlog||m, M ()| < log Cs.

Integrating by u, and dividing both sides by n, we have
10g 01

n

SP(Q)""% Z u([f])logu([l])—q/wdu(@ S 1Og02.

n
IEEAJL

Letting n — oo we have P(q) = h,(0) + M. (p).

Step 2. Now let us consider M without the Hélder continuity assumption. For
each k € N, define a matrix-valued function M®* on ¥, by

M® ()= sup Mi(y), 1<ij<d,

27-]
yEli(z)

where Ij.(x) = [x129 - - - 2] for z = (x;).
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By the definition M *) depends only on the first k coordinates of z, and thus it is
Holder continuous. As we proved in Step 1, there exists pu, € M(X4,0) such that

P(M®, q) = hy, (o) +q (M®)_ ().

Since M is strictly positive and continuous, there exists a sequence of positive num-
bers ¢, such that limy ¢, = 0 and

M(z) < MP(2) < (1+e)M(z),  Voe Xy,
From which we deduce that
|P(q) — P(M™, q)| < |q|log(1 + e)

and
log ||m, M (z)||  log |lm M™ ()]
n n

<log(l+e€), VreXy.

By the above two inequalities, we have

Plg) = [lim P(M®Y,q) = lim [, (o) +q (M), ()]
= [lim [hy, (o) + g M. ()] - (2.3)

Since M(X 4, 0) is compact in the weak-star topology, there exists a subsequence
{p,} of {ux} such that py, converges to some u € M(X4,0).

By the upper semi-continuity of the measure-theoretic entropy on M (¥4, 0) (cf.
[14, Theorem 8.2]), we have

limsup hy, (o) < hy(0). (2.4)

On the other hand, by Corollary 2.4 we have
lim M. () = M. (). (2.5)

1—00

Combining (2.3)-(2.5) yields

P(q) < hy(o) + gM.(p),
and thus P(q) = h,(0) + ¢M.(p) by Proposition 2.6. O

By Propositions 2.6-2.7, to finish the proof of Theorem 1.1, we only need to prove

Proposition 2.8. For any M € T and q > 0, there exists p € M(X 4, 0) such that

P(q) = hu(0) + gM. ().
9



Now fix M € T'. For any € > 0, define a matrix-valued function M, on ¥4 by
M. (x) = M(z) + €F,

where F is the d x d matrix of which each entry equals 1. It is clear that M, is
continuous and strictly positive. Note that since |7, M.(z)|| is a polynomial of €
with continuous coefficients, we have

Lemma 2.9. For a fired n € N, there exist a > 0 and ¢y > 0 such that
| M () || < [|[mnM ()| + ae, Vo € ¥4, € < €. (2.6)

To prove Proposition 2.8, we still need the following simple lemma.

Lemma 2.10. For any q > 0, P(q) = lim._o P(M,,q).

Proof. Fix ¢ > 0. It is clear that P(M.,q) > P(q) for any € > 0. Let 6 > 0. By
Lemma 2.2, there exists nyg € N such that

1
P(q) = —log > sup |[m,M(x)]? —
0 JES 4 ng z€[J

Since

hm—log Z sup || 7o M. ()Hq:—log Z SU[P |70 M () ||%,

e—0n,
0 JeS A JES A

it follows from Lemma 2.2 that

thUPP(Me,q)<hm—10g > sup [|mn, Me(2)[ < P(g) + 3,

e—0 JES A ny z€e[J]
which implies the desired result. O

Proof of Proposition 2.8. Fix ¢ > 0. For any k£ € N, the matrix-valued function

M, i, is continuous and strictly positive. Therefore by Proposition 2.7, there exists
pr € M(X4,0) such that

P(Myji, q) = i (0) + ¢ (M), (1) (2.7)

Let {ug, } be a weak-star convergent subsequence of {y} and g the limit point. We
show below that P(q) = h,(0) + ¢M.,(1). To see this we first show that

limsup (M), (k) < M) (2.8)

Fix n € N. For any integer N > 0, define gn(x) = max{—N, +log ||, M(z)||}. By
Lemma 2.9, for any 6 > 0, there exists iy (depending on N) such that

1
- log ||mn Mk, (2)]] < gn () + 6, Vo € X4, @ > 1.
10



Therefore
1 . .
(M), () < /ﬁlog |70 Mk, () || dpag, () < /QN(Z’)dei(CU) + 9, Vi > ig.

Letting ¢ — oo and then 0 — 0, we have

timsup (M), (s,) < / gn(@)du(z), VN € N. (2.9)
Note that {gn(z)}n>1 is a sequence of continuous functions on ¥ 4 having a uniform
upper bound. By Fatou theorem,

lim sup / g () dp(r) < / lim sup g («)du(z) = / " log I M () dur).

N—oo N—o0

This combining (2.9) yields

. 1

iimsup (Miye), () < [ S logmM(@)duta), ¥ N
Letting n — oo, we obtain (2.8). By the upper semi-continuity of the measure-
theoretic entropy on M (X4, 0), we have

limsup hy,, (o) < hy(0). (2.10)

Combining (2.10), (2.8) and (2.7) yields
P(q) = lim P(Myy, q) < hy(0) + ¢M.(p),

and thus P(q) = h,(0) + ¢M.(p) by Proposition 2.6. O

3. THE PROOF OF THEOREM 1.2

In this section, we first give a proof of Theorem 1.2, then we give the existence
result for the unique equilibrium state in some cases.

Proof of Theorem 1.2. First assume that M is a continuous function on X4
satisfying P(q) # —oo for all ¢ > 0. Then P(q) is a convex continuous function.
Therefore P'(q+) and P'(q—) exist for any ¢ > 0.

Fix ¢ > 0. By Theorem 1.1, Z(M,q) # (). For any p € Z(M,q) and € > 0, we
have

Pg+e€) = hu(o) + (g + €)M (), Plq) = hu(o) + ¢M.(p).
It follows that P’(¢+) > M,(u) and thus

P'(q+) = sup{M.(p) : p€I(M,q)}. (3.1)
11



Similarly we have

P'(q—) < inf{M.(n): p€Z(M,q)}. (3.2)
By (3.1) and (3.2), we know
M. (p) = P'(q),  VueI(M,q) (3.3)

if P'(q) exists.

Since P(-) is convex, there exists a sequence of real numbers g, | ¢ such that
P'(qx) exist and P'(q+) = limg_o P'(qx). Take pp € Z(M,q;). Without loss of
generality, we assume p; — p in the weak-star topology. We claim that

pw€Z(M,q) and M, (p) = limsup M, (puy). (3.4)
k—o0
To prove the claim, note that
. . 1 1
imsup M. () < Jim [ - logllm, M (@) |dpr(e) = [ 1 1og [, ) (o)
for any n € N. Thus we have
lim sup M, (ux) < M, (). (3.5)

k—o0

This combining lim sup,,_, . h,, (0) < h,(0) yields
P(q) = lim P(gy) = lim (hy, (0) + @M. () < hy(0) + gM (1),

which implies (3.4) (here we have used the positivity of ¢). By (3.3) and (3.4) we
have

P(g+) = lim P'(gy) = lim M. () = M. (1),
which combining (3.1) yields (1.6). An analogous argument proves (1.7).

Now assume M is strictly positive. The above argument (in which we use (2.2)
to replace (3.5)) can prove (1.6) and (1.7) for ¢ < 0. O

In the following we give two cases for which M has a unique equilibrium state with
respect to q. Recall we have mentioned in Theorem A the existence and uniqueness
of Gibbs measures under the assumption that M is strictly positive and Holder
continuous. In [5], Feng and Lau also proved the existence and uniqueness of Gibbs
measures when M is a function taking values in the set of non-negative d x d matrices
satisfying the following assumptions:

(H1) M(x)=M, ifxeli, i=1,---,m;

(H2) M is irreducible in the following sense: there exists 7 > 0 such that
12



for any i,j € {1,2,... ,m},

Y Mg>0 (3.6)

k=1 KGEA’]Q;,L'J‘

where ¥4 1.;; denotes the set of all K € ¥4 such that 1Kj € Y4 j10.

More precisely they proved

Theorem C. Suppose M is a function on X4 taking values in the set of all d x d
non-negative matrices and satisfies (H1) and (H2). Then for any q > 0, there is a
unique Gibbs measure fi, on X4 as in Theorem A.

Now we can formulate our result about the existence of the unique equilibrium
state:

Theorem 3.1. (i). Suppose M satisfies the condition of Theorem A, then Z(M, q)
contains only one element for any q € R;

(ii). Suppose M satisfies the condition of Theorem C, then Z(M,q) contains only
one element for any q > 0.

We remark that Theorem 3.1 follows from the uniqueness of Gibbs measures, by
a proof much similar to that given in [1, Theorem 1.22] for showing the uniqueness
of the equilibrium states in the Holder continuous real-valued functions case. The
only one slight modification is to replace S,¢(x) therein by log |7, M (z)].

Combining Corollary 1.3 and Theorem 3.1, we have

Corollary 3.2. (i) Suppose M satisfies the condition of Theorem A, then P'(q)
exists for any q € R;
(ii) Suppose M satisfies the condition of Theorem C, then P'(q) exists for any q > 0.

We remark Corollary 3.2 (not including the existence of P’(0) in (i) ) was also
proved in [5] by a different method.

Acknowledgment. The author would like to thank the referees for their helpful
comments and suggestions that led to the improvement of the manuscript.
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