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Abstract. For each 0 < s < 1, define

P*(E)
E 5 (B)

)

c(s) =

where P*, H® denote respectively the s—dimensional packing measure and Hausdorff measure, and
the infimum is taken over all the sets E C R with 0 < H*(E) < oco. In this paper we give a

S

nontrivial estimation of c¢(s), namely, 25 (1 +v(s))® < ¢(s) < 28 (2% — 1) for each 0 < s < 1,

1
where v(s) = min {IG_E, 8 (1-9)? } As an application, we obtain a lower density theorem for

Hausdorff measures.

1. Introduction

In this paper, we will compare packing measures to Hausdorff measures on the line.
For given E C R", a d—packing of the set F is a countable family of disjoint closed
balls of radii at most § and with centers in F. For s > 0, the s—dimensional packing
premeasure of E is defined as

PS(E) = inf {P;(E)},

where P§(E) = sup { Y 5 . |Bil* : R is a d-packing of E} and |B;| denotes the
diameter of B;. The s—dimensional packing measure of E is defined as

PYE) = inf{ > P(E): EC|JE:
i=1 1=1
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The packing dimension dimp is induced by packing measures by
dimp(E) = inf{s>0: P*(E) =0} = sup{s>0: P°(E)=o0}.

The packing measure and packing dimension were introduced by TRICOT [13], TAY-
LOR and TRICOT [11, 12] and SULLIVAN [10]. As parameters to describe non—-smooth
sets, the packing measure and packing dimension play an important role in the study
of fractal geometry in a manner dual to the Hausdorff measure and Hausdorff dimen-
sion (see [3, 8] for the definitions of Hausdorff measure and Hausdorff dimension).
Let H*(E) and dimg(E) denote the s—dimensional Hausdorff measure and Hausdorft
dimension respectively. It was proved in [9, 12] that P*(E) > H*(E) for each E C R"
and s > 0. The condition 0 < P*(E) = H*(E) < oo is a strong restriction: it implies
that s must be an integer and H*—almost all of E can be covered with countably many
s-dimensional C'!' submanifolds.

A natural question arises: if s < m is not an integer, then what is the infimum of
ratios P*(F)/H*(E) where E runs over the subsets of R" with 0 < H*(E) < co?
Denote by ¢(s,n) this infimum. In this paper, we consider the case n = 1 where we
write for simplicity ¢(s) = ¢(s,1). The main result is the following.

Theorem 1.1. For 0 < s < 1, we have
1 S
29 (1 +v(s))* < c(s) < 28(23 - 1) :
where v(s) = min {16_ﬁ, 8 =97 }

As an application, we obtain a lower density theorem for Hausdorff measures on the
line as follows:

Theorem 1.2. Given 0 < s < 1, let F C R be a Borel set such that H*(F) < co.
Then for H®—almost all x € F,

. H(EN (o tr)) -1 s s
hr}}llonf @ < ¢(s) < 2751 +w(s) %,

where v(s) is defined as in Theorem 1.1.

It is well known that under the condition of Theorem 1.2,

1imian (FNn(x—r,z+7))
rl0 (27‘)8

< 27° for H°-almost all z € F;

indeed this was first proved by BEscoviTcH [1] (it follows immediately from his es-
timates for one-sided upper and lower densities of Hausdorff measures). A similar
estimate in a more general setting was obtained by MATTILA [7].
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2. Proof of the main results

Fix 0 < s < 1. First we give an elementary lemma.

Lemma 2.1. Let E C [a,b]. Suppose I < b_T“ s a positive number such that
ENI#0 for any subinterval I of [a,b] with |I| > 1. Then there exists a sequence of
disjoint subintervals {I;}1" of [a,b] with centers in E, such that

s 1
LIS > = (b—a)l* !,
=1 3

Proof. Let [ be a number satisfying the condition of the lemma, and M the unique

integer such that =% € (2M — 1,2M]. The condition 252 > 6 implies M — 1 > 2=2,
S 7 7 30

For each positive integer 1 < ¢ < M —1, pick one point z; from EN(a+(2i—1)I, a+2il).
The intervals I; = [x; — /2, x; + 1/2] are disjoint subintervals of [a, b], satisfying
1

X X b—a 1
|5 = — e > s — — s .
> L] (M—1)- 1% > ——1 5 (b—a)l -

7

Define u = 8 ™= and v = min {16_ﬁ, 8 (1-9)2 } It is easily checked that

1
(2.1) 3L -min{us, 5} > 8.

Proposition 2.2. Suppose K C [a,b] is a Borel set with 0 < H*(K) < +o0o. Then
there exists a finite sequence of disjoint subintervals {I;}7, of [a,b] with centers in
K, such that

. 1
(1) ; |IIL|6 > E’UJ’UHS(K)

() D ILT > 2 (1 +0)* - Y HU(KN ).

i=1 i=1

Proof. Take € > 0 so that
16 —s
14+e < min{ﬁ, (1—1)2) 6/2}.

We shall first prove a version of the proposition under an extra assumption, that, in
addition to the hypotheses of the proposition,

(2.2) H(KNT) < (146 lI°

for each interval I C [a,b]. We will prove that under this assumption there exists a

finite sequence of disjoint subintervals {I;}", of [a, b] with centers in K, such that
m

(iii) Z|Ii|s > %uvHs(K).
(V) YOILI > 1+ e2°(L+v)* - Y H(ENT).

i=1 i=1
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Define i1 = u - (b — a). There are two possible cases:
(a) KNI #( for any subinterval I of [a, b] with || > I;.
(b) there exists (¢,d) C [a,b] with d — ¢ >[5 so that K N (¢,d) =0 and ¢,d € K.
For the case (a), by Lemma 2.1 and (2.2), there exists a finite sequence of disjoint
subintervals {I;}/, of [a, b] with centers in K, such that
¢ 1 1 8 5
S = 20-a) - we-al T = Se-a W = Z(b-a) > SH(K)

i=1

from which (iii) and (iv) follow immediately.
For the case (b), we may assume without loss of generality that H*(K N [a,c]) >
1 H*(K). Thus by (2.2),

1 1
—a) > — H(K —
(c—a)® > 1+6H( Nla,d) > 0+
Let h = min{d — ¢, ¢ — a}. Noting that d — ¢ > l; = u - (b — a), we have
h* = min{(d—c)* (c—a)’}

> min{us(b— a)®, 2(11“) H“’(K)}

(2.3) ) s 1 s 1 s
> mm{u -(1+6)H (K), m?‘( (K)}

3 S 1 1 S
mm{u ,2} : 1+6H (K).
Define l; = vh. There are again two possible cases:

(bl) KNI # { for every subinterval I of [c — h, ¢| with |I| > l5.

(b2) there exists (e, f) C [c — h,¢] with f —e > I3 so that K N (e, f) = () and
e, feK.
For the case (bl), by Lemma 2.1, (2.2) and (2.3), there exists a finite sequence of
disjoint subintervals {I;}7*, of [c — h, ¢] with centers in K, such that

H(K).

Y

m

§ s 1 s—1 _ 1 s,5—1
- |I’L| > gh(’()h) = gh’U
1 1
> ot omin g | o e
(2.4) 2f3(1+e) (K)
8
> ——H(K
- 3(1+6)H( )
5 s

from which (iii) and (iv) follow immediately. For the case (b2), let I; = [e, 2c—e]. Then
the center of I is ¢ which is contained in K, and KNI; = KNle,c] = (K N[f,c])u{e}.
By (2.3),

1 1
|[L]° > (f—e)® > v°h® > gvsusHS(K) > guvHS(K)
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from which (iii) follows. Note also that
c—f =c—e—(f—-e) <c—e—hv < (c—€e)(1—-v),

so by (2.2), we have

HY(KNI) = HY(KNI[f c])
< (L+e)(e—f)7
< (1+€)(c—e)(1—v)®
= 27°|LI°(1+e)(1 —v)°
< 2L !

(1+e€e)(14wv)s

from which (iv) follows.
We have proved the stronger results (iii) and (iv) under the assumption (2.2), and
we now get rid of this extra assumption. For each positive integer n, define

1
K, = {xe K: H(KNI)<(1+4e¢)l|I|° for all intervals I 5 x with |I]| < ﬁ}

Then {K,} is a sequence of Borel sets with K,, C K1, and lim, ., H*(K,) =
H*(K) (see Theorem 2.3 of [2] for a proof).
For a fixed positive integer n, choose an integer M > n(b—a). Foreach 1 < j < M,
if
. . b—a .b—a
then Proposition 2.2 (with the stronger conclusions (iii) and (iv)) remains true when
K and [a, b] are replaced by

b—a b—a
K;hj = Knﬂ[a—i—(]—l)v, a+] Wi :|

and

b—a b—a
/ / = —1 _— 1
[a”b] |:G/+(j ) 7‘[ aa/+.7 7‘[ :|

respectively, since K;L j satisfies (2.2). Denote by A,,_; a collection of disjoint subinter-
vals I; of [a’, 0] with centers in K7, ; such that (iii) and (iv) hold, where K is replaced
by K, ;. Let

An=JA4n,;
J

where j is taken so that H*® (Kn N [a +(G-1) }’_7“, a+j b_—“]) >0. It is clear that the
intervals in A,, satisfy (iii) and (iv) where K is replaced by K,,. Set o = %_FE Take a
large n so that

H(K) —H*(K,) < %uv(l —a)27%(14v)"H(K).
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It is clear the intervals in A, satisfy (i); in what follows we show that they also satisfy
(ii). To see this, we note that

ST > (- a) s wH (K, +a(l +2 (1 +0)° 3 H(K, )
I€A, feAn
(1-a) %UUHS(K) +2(1+0)" Y H(KNT)
IeA,
— 25(1 +0)* (H*(K) — H*(K,))
2°(140)° Y HY(KENT),
IeA,

Y

Y

which concludes the proof. O

Remark 2.3. It is clear that Proposition 2.2 remains true if the interval [a, b]
therein is replaced by any set U which is the union of finitely many intervals.

Proposition 2.4. Suppose K C [a,b] is a Borel set with 0 < H*(K) < +o0o0. Then
there exists a finite or infinite sequence of disjoint subintervals {I;}; of [a,b] with
centers in K, such that

STILE > 2714 o) H(K).

Proof. Write for simplicity r = %uv and d = 2°(1 + v)®. Assume the conclusion is
not true, that is, for each sequence of disjoint intervals {I;}; of [a, b] with centers in
K, >, |L]* < dH*(K); in the following this will lead to a contradiction.

By Proposition 2.2, we can construct a collection Ay of finitely many disjoint subin-
tervals of [a,b] with centers in K, such that >, 4 [I|° > rH*(K) and » ;. 4 [1]° >
dH* (KN (Ujea, 1)) Define Vi = U;cy, I and Uy = [a,b]\V4. Since 5,4, [I]° <
dH?(K) by the assumption, we conclude that H*(K NU;y) > 0.

By Proposition 2.2 and Remark 2.3, we can construct a collection Ay of finitely
many disjoint subintervals of U; with centers in K N Uy, such that Y, , [I]° >
rHA(K N Uy and Y c 4, [1® > dH* (K N (Upeu, I))- Define Vo = J;c 4, I and
Us = [a,b]\(V1 U V2). Since > ;4 4, [1|° < dH*(K) by the assumption, and
Y ored,ua, 17> dH(K N (Vi UVy)), we conclude H*(K N Uz) > 0.

Continuing the above procedure, we obtain a sequence of collections A,, and sets V,
and U,. For each n, U, = [a,b]\(U;—, Vi), and A, 1 is a collection of finitely many
disjoint subintervals of Uy such that 3, , . |[I|° > rH* (KNU,) and Drean, HI°>
dHS(Kﬂ (UAW+1 I)) and V11 = UAW+1 I.

Since U, +1 C U, for each n, it follows that the limit lim, o, H* (K N Un) exists. If
this limit is 0, then ZIeUfil 4, 11° > dH (K N (U2, Vi) = dH*(K) which contra-

dicts the assumption. If the limit is positive, then

S > H(KNT,) > ¢ lim H(KNU,) > 0, for all n

n—oo
I€A, 11
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from which we have } ;¢ j~ A |[7|* = oo, which also contradicts the assumption. 0O

Corollary 2.5. For each set E C R, we have
(2.5) PS(E) > 2°(1 +v)*H*(E),
where P§ denotes the s—dimensional packing premeasure.

Proof. Denote by E the closure of E. Since P§(E) = P§(E) > H*(E), we may
assume 0 < HS(E) < oo.

Let n be a positive integer. By Proposition 2.4, we know that for each integer [,
either H*® (E N [%, HTI]) = 0 or there exists a sequence (finite or infinite) of disjoint

subintervals {I;}; of [£, XL] with centers in E such that

_ 1
SOl > 201 —i—U)sHs(Eﬂ FZLD
3 n n

Letting ! run through Z, we deduce that there exists a sequence (finite or infinite) of
disjoint intervals {J;}; of length less than % and with centers in E such that
Z |LiI° > 2°(1+0v)"H (E);

7

this implies that Py, (E) = Py, (E)>2°(14v)*H*(E). Letting n tends to infinity

we get the desired result. O

From the above Corollary and the definition of packing measure, we have immedi-
ately the following

Corollary 2.6. For each set E C R,
PHE) > 2°(1+v)*H(E).

Proof of Theorem 1.1. By Corollary 2.6, ¢(s) > 2°(1 + v)®. Now let E; denote the
unique self-similar set generated by the iterated function system % x, % T+ #}
where =1 — 21-%. The set Fj is termed as the (—center Cantor set for which the
packing dimension and Hausdorff dimension coincide with the common value s. It is
well known that H*(E;) =1 (see e. g. page 15 of [2] for a proof). On the other hand,
FENG [5] showed recently that P*(E;) = 2° (2% —1)°. Thus ¢(s) < 2° (2% -1)°. O

To prove Theorem 1.2, we need the following lemma. For a proof, see Proposition 2.2
of [4] or Theorem 6.11 of [8].

Lemma 2.7. Let K C R be a Borel set, u a finite Borel measure on R and 0 < t <
oo. If liminf, o p((x — r,x+1))/(2r)* > t for all x € K then P*(K) < p(K)/t.

Proof of Theorem 1.2. Assume the theorem is false, then there exists a real number
d > c(s)™! and Borel set F C R with 0 < H*(E) < oo such that there is a Borel set
F C E with H*(F) > 0,

1imian (ENn(x—r,x+1)) >
rl0 (27‘)8
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for all z € F. Let p = H®|g, i.e, u(B) = H*(E N B) for all B C R. Then by
Lemma 2.7, we have P*(F) < p(F)/d = H*(F)/d < ¢(s)H*(F), which contradicts the
definition of ¢(s). O

We end this section by an unsolved question.

Question. Is it true that c(s) = 2° (2% - 1)8 forall0 <s <17
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