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On a Statistical Framework for Estimation from
Random Set Observations
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Using the theory of random closed sets, we extend the statistical framework
introduced by Schreiber! for inference based on set-valued observations from
the case of finite sample spaces to compact metric spaces with continuous dis-
tributions.
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1. INTRODUCTION

This paper is about a theoretical framework for statistical inference based
on imprecise observations. Let X be a random vector with unknown prob-
ability law u, corresponding to the cumulative distribution function F
on R”, and X, X,,..., X,, an i.i.d. F random sample. If the observations
X, X,,..., X, are observable, then the empirical dF, based on this sample
will be a good estimator of u, (= dF) for sufficiently large n. The inference
problem about u, becomes more delicate when we can only observe an
iid. random sample S, S,,..., S, of a random set S such that X;eS,,
almost surely, i =1,...,n. A statistical model for such imprecise observa-
tions was developed by Schreiber.!” He only treated the case of finite
sample spaces, i.e., when X takes values in a finite subset of R™. In this
work, we shall elaborate and extend his work to continuous random vectors.
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Statistical inference based on set-valued observations is best known in
the statistical literature in coarse data situations such as missing data in
multivariate analysis, censoring data in survival analysis, and grouped data
in general. See, e.g., Heitjan and Rubin,® Gill et al.,® and van der Vaart
and Wellner." Though these works were concerned with statistical infer-
ence based on set-valued observations, their focus was on some special
models where only observed data, namely the set-observations, are needed
but not the distribution of the random set model. These models are called
coarsening at random (CAR). The CAR model was introduced by Heitjan
and Rubin® to describe a reasonable form of randomly grouped, censored,
or missing data. The CAR assumption is popular, and applications abound.
In the coarsening model that Heitjan and Rubin proposed, observations
are not made in the sample space of the random vector of interest, but
rather in its power set. The following is the definition of CAR (see, e.g.,
Heitjan and Rubin® or Gill ez al.®®). Suppose X is a random vector taking
values in a finite set E. Let & denote the set of all subsets of E, and let .S
denote a random nonempty subset of E, i.e., S takes values in & \ {}. The
random set S is a coarsening of X if, with probability 1, X € S. Moreover,
a coarsening S of X is called a coarsening at random (CAR) if the condi-
tional distribution of S given X = x satisfies the following coarsened at
random (CAR) assumption:

P(S=A|XeAd)=P(S=A4|X=x), VAe&\{&}, xeAd.

The basic existence result for the CAR model is the following (cf.
Ref. 3): let S be a random nonempty set with distribution f on &\ {J}.
Then there exist CAR probabilities 7: &\ {f} — [0, 1] and a probability
distribution p on E such that f(4)= p(4)n(4) for any Ae &\ {J}.
Furthermore, the above p(4) and n(A4) are uniquely determined if f(A4)
> 0. We remark that these CAR models are proved to exist only in the case
of finite populations.

Another approach for statistical inference based on set-valued obser-
vations relies on the concept of selectors for random sets (see, e.g.,
Molchanov,” Scheiber,™” and Norberg®), where a random vector X is
said to be a selector of a random set S if X € S almost surely. Note that S is
a coarsening of X iff X is a selector of the random set S.

Given a random set S, it is important to characterize the class of all its
possible selectors, which corresponds to the class of all the possible distri-
butions of the true outcome of the experiment.

Since the existence result for CAR models has so far only been estab-
lished in the case of finite populations, in order to develop a framework for
inference based on set-valued observations in the continuous case, we must
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elaborate the second approach, which is based on the theory of random
sets developed by Matheron.©

Our statistical setup is a generalization of a statistical model in which
the data provide only a sequence of empirical capacity functionals T,, rather
than a sequence of empirical measures. We shall view the random vector X
as an almost sure selector of a random set S, which gives rise to the obser-
vations S, S,,...,S,. To analyze the unknown distribution u, of X, we
shall study the core of T™. In the process we shall establish some conver-
gence theorems for 7™, which will permit us in some cases to estimate u,
by a sequence u, € T™. We shall also provide large deviation and central
limit theorem type results about the rate of convergence of T™. The reader
may find all the definitions and formulated theorems in Section 3.

2. THE STATISTICAL PROBLEM

The statistical inference problem based on set-valued observations is as
follows.

Let X be a random vector defined on some probability space
(2, o, P) with values in R™. The probability law u, of X is the probability
measure PX ~! on #(R™), the collection of all Borel subsets of R™.

Let X, X,,..., X, be an iid. random sample drawn from X. The
Glivenko—Cantelli theorem asserts that u, can be estimated consistently by
the empirical measures dF,, where

F(x)="

=-#{I<i<n:X,<x}
n

1

is the empirical distribution based on the sample X, X,,..., X,, and #
denotes the cardinality. In other words, with probability 1, for any € >0
for all n sufficiently large, y, is in the e-neighborhood of dF, defined by the
supremum norm taken over an appropriate subset of the Borel subsets. See
van der Vaart and Wellner"® for details.

Suppose that we cannot observe the X;’s directly, but instead, we
observe random sets S;, S,,..., S, with X; € S;, i =1, 2,..., n. In this situa-
tion, it is clear that in order to construct an estimator of u, based on
S, S,,..., S,, we must have an appropriate model. Schreiber? assumed
that the observed sets S, S,,..., S, are an i.i.d. sample from a random set .S
and the random vector X is an almost sure selector of S. We are going to
extend Schreiber’s work from finite sample spaces to compact metric spaces
with a continuous distribution. In future work, we shall investigate the
more general case of locally compact spaces like RY.



88 Feng and Feng

Thus, we consider now a random vector X taking values in a compact
metric space (Y, d), such as [0, 1] with the usual Euclidean metric, i.e.,
X is o/-2(Y)-measurable, where #(Y) is the Borel-o-field on Y generated
by the metric d.

By a random set S, we mean a random closed set in Y in the sense of
Matheron.® In fact for our statistical situation here, S will be a nonempty
random closed set. Also since Y is compact, S is a compact random set. In
view of Choquet’s theorem (see Matheron®) the random evolution of § is
characterized by its capacity functional 7.

Recall that the core of T is defined by

core(T)={ue MY): u<xT},

where . (Y) is the collection of all Borel probability measures on Y, and
we write u X T if w(K) <T(K) for all K € #". Here 4" denotes the collec-
tion of all nonempty compact subsets of Y. In Section 3 the reader may
find some examples of capacity functionals and their cores.

It is well known that core(T) # J if Y is compact metric space (see,
e.g., p. 102 of Molchanov(”). Combining this with a result of Norberg®
(see Proposition 6.1), we know that for every random set S, there exists a
random vector X such that P(X € S)=1. This X is said to be an almost
sure selector of S. Let us elaborate a little more on this. Probabilistic
models are proposed to model observed data when uncertainty is present.
Depending on the type of observed data, statistical procedures are derived
in order to make inference about the random phenomenon under study. In
the foreword to the pioneering work on random sets of G. Matheron,®
G. Watson wrote “Modern statistics might well be defined as the applica-
tion of computers and mathematics to data analysis. It must grow as new
types of data are considered and as computing technology advances.” Set-
valued observations are an example of a new type of data, generalizing
point-valued observations in standard statistical applications. They arise
in several different contexts. Traditionally, statistics of random sets was
investigated to study random patterns of objects such as the Boolean model
(Matheron,® Molchanov®). Here, random closed sets in Euclidean spaces
are used to model observed sets (as a generalization of point processes),
and the associated statistics is concerned with the inference about various
parameters of the random patterns under study such as the expected area,
the expected perimeter, and the distribution of the random set model. Note
that random set data can arise even in the standard framework of multi-
variate statistics. This is exemplified by the problem of probability density
estimation using Hartigan’s excess mass approach (Hartigan,® Polonik?),
where random sets are used to estimate a-level sets of the unknown density
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function. In Biostatistics, set-valued observations arise as coarse data
(Heitjan and Rubin® and Gill ez al.®). Here, the random vector of interest
X is not observable, but instead, one observes the values of some random
set S containing X almost surely. From a modeling point of view, X is an
almost sure selector of S, i.e., P(X € S)=1. In the above cited works in
Biostatistics, the emphasis is on models of S which make inference about
X feasible. This is the essence of the CAR model. In a related direction,
Schreiber!) set out to investigate a general framework for inference with
set-valued observations. His result were for the case when the random
vector of interest X takes a finite number of values. Our present work is an
extension of Schreiber’s framework to the continuous case. As in Schreiber’s
work, our emphasis is on models based upon the capacity functional 7" of
the observed random set S. In Section 3, we shall give some examples illus-
trating capacity functionals and their cores.

Now, back to our general framework, the empirical capacity func-
tional T®™ based on the ii.d. random set sample S, S,...., S, is defined
on A

1
TO(K)=-#{1<i<n:S,nK# J}.
n

Clearly by the strong law of large numbers, T™(K) — T(K) almost surely
as n — oo for any K € . Note that dF, € core(T™) a.s. for any #.

The counterpart of the empirical measure dF, is the core(T™), which
is a subset of .#Z(Y). Since u, € core(T') our basic result concerning the
estimation of u, based on S, S,,..., S, relies on the approximation of
core(T) by core(T™). We shall show that the rate of convergence of
core(T™) to core(T) is exponential.

For statistical considerations, we assume, as in Schreiber,!? that the
unknown y, belongs to an a priori known class = of probability measures
on #(Y). In the special case when & n core(T) = {4}, our analysis of the
approximation of core(7") by core(7,) will lead to a consistent estimator
of ug.

3. NOTATIONS AND MAIN RESULTS

Let (Y,d) be a compact metric space. For any € >0 and Ec Y, let
B_(E) denote the e-neighborhood of E in Y. That is,

B.(E):={yeY :3x e E with d(x, y) <e€}.

For simplicity, we denote B.(y) = B.({y}) for ye Y.
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Let o := 4 (Y) be the collection of all nonempty compact subsets
of Y. Endow ¢ with the Hausdorff metric p, defined by

pE,F)=inf{e >0: B.(F)< E, B.(E) = F}, VE,FeX.

By Blaschke selection theorem, (4, p,) is also a compact metric space (see,
e.g., Falconer,® Theorem 3.16). Let #(Y) and #(X4") denote the collec-
tions of Borel sets in (Y, d) and (4, p,), respectively.

Let #(Y) be the collection of all Borel probability measures on Y,
and C(Y) the space of all continuous real functions on ¥ endowed with the
uniform topology. Since Y is compact, there exists a sequence {f;} of con-
tinuous real functions dense in C(Y'). Define a metric 4 on .#(Y) by

“ \[ f,du—{ f,d
A =2, iz 2/f||fs-||f !

where || f|| :=max, .y [ f(y)|. It is well known that the metric 4 on .Z(Y)
gives the weak-star topology, and (.#(Y), 4) is a compact space (see, e.g.,
Walters, !> Theorems 6.4 and 6.5).

Let ' (#(Y)) be the collection of all nonempty compact subsets of
A (Y). Endow S (#(Y)) with the Hausdorff metric p,. (The definition of
p4 1s analogous to that of p,.) Again, (A4 (#(Y)), p,) is a compact metric
space. Similarly we use (4 (#(Y))) denote the collection of all Borel sets
in A (M(Y)).

Denote by «Z(Y) the class of all nonempty sets £ = Y such that

3.1)

{(KeA :KNE+# J}eB(X).

We shall see that the class «/(Y) contains all the nonempty compact sets
and open sets in (Y,d) (sce Lemma 4.1). However, we don’t know if
A (Y) 2 %(Y) in this general setting.

A random set S is a map defined on a probability space (2, %, P)
taking values in 2, and measurable with respect to #-%#(4"). The capa-
city functional of S, denoted as T, or simply 7, is defined by

T(E)=P{weR:S(w)nE#J}, VEe A(Y).
The core of T is defined as
core(T)={ue MXY): u<xT},

where we write 4 <X T if u(K) <T(K) for all K € /. The concept of capa-
city functional is a natural generalization of probability measures. Taking .S
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to be singleton-valued, we know that every probability measure on Y is just
a capacity functional, whose core just consists of the measure itself.

Let us first give two examples illustrating the capacity functionals and
their cores.

Example 3.1. Take Y = {0, 1}. Let S be a random set with the dis-
tribution

P(S={0})=P(S={1})=P(S={0,1}) =15
Let T be the capacity functional of S. Then we can check that
T{OH=2/3 T({1})=2/3% and T({0,1})=1.
The core of T is given by

core(T) = {u: 1/3 < u({0}) <2/3, u({1}) = 1 — u({O})}.

Example 3.2. Take Y =[0, M], where M is a fixed positive number.
Let X and V be two independent random vectors taking values in Y.
Define a random set S by

[0,7], if X<V
B [v, M], otherwise.

This is a simple version of the model studied in van der Vaart and
Wellner."” Now let T be the capacity functional of S, and uy, u;, be the
distributions of X, V, i.e., uy = PX ' and u, = PV ~'. For any nonempty
compact set E = Y, we have

T(E)=P(SNnE+#J)
=PSnNE#, X<V)+PSNE#JF, X>V)
=P[O, VInE#Z, X<V)+P([V.M]InE#J, X>V)
=Pmin ESV, X<V)+Pmax E=V,X >V)

= L::E ux ([0, 2]) dpuy (2) + LmaXE Ux((t, M) duy (2).

It is interesting to see that 7T'(E) depends only on min E and max E. The
core of T, is just

p(La, b]) < ¥ px ([0, 11) dpy (2) }

(T)= { MY):
core ue + (b ux((t, M]) dpyy (1), V[a, b] = Y
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Especially we have uyecore(T). To see this, we have for all
[a,b] <= [0, M],

[ w00 D) ity 0+ [ a0, M) iy (1)

= [ et MY ity 0+ 1 iy O+ [ (10, 1) it (0

> px([a, b]).

It is well known that in our general setting, core(7") is a nonempty
compact subset of .Z(Y). In this paper we shall focus on the study of the
perturbation property of core(7'). We first define a pseudo-metric on the
space of all capacity functionals on ./(Y). Then we prove that core(7")
depends continuously upon 7. This result has some applications. Espe-
cially, we can use it to prove a convergence property of the empirical
capacity functional, which generalizes a result of Schreiber.

Now let us first define a pseudo-metric on the space of all capacity
functionals on /(Y). A set EcY is called a e-spanning set of Y if
B.(E)=Y. By the compactness of Y, for each €>0 there exists a
e-spanning set consisting of finitely many points. For n > 1, we choose a
L_spanning set H, of Y such that H, is a finite set. Define

0,={B.(E): Ec H,}, n>=1. 3.2
For two capacity functionals 7" and 7", define

AT, T)=Y 27"* N |T(W)=T'(W)|. 3.3)

n>1 Weo,

It is easy to show that A is a pseudo-metric. Furthermore we can show (see
Proposition 4.5).

AT, T)=0=T(K)=T'(K), VKeX.

This means that A is a metric restricted on .

Remark. As we have previously mentioned, any probability measure
on Y can be viewed as a capacity functional. Restricted to .#(Y), (3.3)
becomes

A )=y, 27770 5 (W)= (W)

n=1 Weo,
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It is not hard to check that if A(u,, u) — 0, then p,(u,, x) — 0; but the
converse is not true.
Now, we can formulate one of our main results:

Theorem 3.3. Suppose Y is an arbitrary compact space. Let 7; and 7,
be two capacity functionals on /(Y). Then for any n > 1,

p(core(Ty), core(T))

o C ) (§)
< #H, - 4% . max [T,(W)—T,(W)|+2 Lol
max |T,(W)~T; 2 207

where 0, is defined as in (3.2), the sequence {f;} is given as in (3.1), and
Cy(€) = sup{|f(x)— f(»)|: d(x, y) <€}

The proof of the above theorem will be given in Section 6. As a direct
corollary, we have

(3.4)

Corollary 3.4. Suppose Y is an arbitrary compact space. Let
T, (k=1,2,..) and T be capacity functionals on /(YY) satisfying
lim,_ , A(T,, T)=0. Then

lim p,(core(7;,), core(T)) =0.
k— o0

Remark. Under the condition of Corollary 3.4, we deduce from the
definition of the Hausdorff metric that, for any u € core(7"), there exists a
sequence 4, € core(7;) such that A(u,, ) — 0 and thus u, converges to u
in the weak-star topology.

The above results have an important application in the analysis of the
convergence property of empirical capacity functionals.

Now suppose T is the capacity functional on /(YY) of a random set
S:Q > A" Let {S,} be a sequence of i.i.d. random sets with the same dis-
tribution as S. For each w € 2, define a sequence of set functions y;(w,-)
on «/(Y) by

1, if S;(w)nE#J,
xi(w, E) = (. : g VE e oA(Y), (3.5)
0, otherwise.

and define 7% (ne N) on .«/(Y) by

T@(E)%i 1:(c, E)=%#{1<i<n, S(w)NE#Z}. (3.6
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T is called the nth empirical capacity functional based on {S;}. In fact,
for each w, T is really the capacity functional of a random set. To see
this, define a probability space (2,, 2%, P,) by 2, = {1, 2,...,n} and

PE)="E  vEca,
n

The random set V,,: 2, —» 2 is defined by V,, (i) = S;(w), Vi € 2,. One may
check that

TO(E)=P{i:V,(i))nE#J}, VEeAY).

That is, T is the capacity functional of V,. The following result gives
a natural relation between empirical measures and empirical capacity
functions.

Theorem 3.5. Suppose T is the capacity functional on «/(Y) of a
random set S: Q - #". Let X be a random vector satisfying P(X € S) = 1.
Let {S,} be a sequence of ii.d. random sets with the same distribution
as S, and X, a sequence of i.i.d. random vectors with the same distribution
as X satisfying P(X; € S;) = 1. Let 4 denote the empirical measure based
on X,(®),..., X,(w), and T® the empirical capacity functional based on
Si(w),..., S,(w). Then

u e core(TP), as. w.

Proof. Let (2,,2%, P,) and V,, defined as in the last paragraph. It is
clear that

1 n
(n _ — )
@ n i;l ()2
where 6, denotes the Dirac measure at y. Set

v, (i) =X (w), Vie®,.

Then v, is a random variable on ©, which has the distribution x”. Note
that v, € V,, for a.s. w. We have

u® ecore(T™), as. w.

This finishes the proof of the theorem. O
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In the following theorem we give a rate estimate of the convergence of
empirical capacity functionals.

Theorem 3.6. Suppose Y is an arbitrary compact metric space, T is
the capacity functional on /(Y) of a random set S: Q —» 2, and {T?},.,
is a sequence of empirical capacity functionals generated by a sequence
of iid. random sets {S,},>, (with the same distribution as S). Then
lim,, p,(core(T™), core(T')) =0 almost surely. Moreover, for any € >0,
there exist n, and L, > 0 such that

P{we Q: p,(core(T?), core(T)) > e} <e

foralln>=n,.

The proof of Theorem 3.6 will be given in Section 7. We remark that
under the conditions of this theorem, for any u, € core(7") and for almost
all w € Q, there exists a sequence u,(w) € core(T™), n> 1, such that u,(w)
converges to u in the weak-star topology. Moreover, the above u,(w) can
clearly be constructed using the steps in the proofs of Lemmas 6.3 and 6.4.

Let = be a nonempty subset of .#(Y) considered as a statistical model
in Schreiber."” For any capacity functional T on .«/(Y'), define

AT | E) = inf{A(u, v): pecore(T),ve E}.
For two capacity functionals 7; and 7, it is easy to check that
|A(T, | 5)— A(T; | £)| < pa(core(T), core(T)).

Thus we have

Corollary 3.7. Under the conditions of Theorem 3.6, we have for any
F#EcMY), lim, AT?|E)=A(T|E) almost surely. Moreover, for
any € > 0, there exist n. and L, > 0 such that

P(weQ:|ATP|E)—A(T | E)|>e) <e
foralln>n,.

We remark that Corollary 3.7 has been proved by Schreiber” in the
case that Y consists of finitely many points. This result could be used
to test certain assumptions about the coarsening mechanism, when we
consider the random set .S as a coarsening of some random vector X with
P(X € S) = 1. For example, if we have a model & < .#(Y) for the distribution
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of X, then under this model assumption we must have for the capacity
functional 7" of S

A(T|E)=0.

Then we could use Corollary 3.7 to test this hypothesis.

As suggested by one of the referees, the central limit theorem can be
used to give a further characterization of the convergence rate of empirical
capacity functionals. Let M(Y") denote the dual of C(Y"). The metric p, can
be passed over to M(Y) by

o (G —G)( /)l
pu(G, Gy) =y, S BRI
AT ,;1 25041

where f; is given as in (3.1). This metric generates the weak-star topology
on M(Y). The measure space .#(Y) is just a convex subspace of M(Y).
Combining the central limit theorem and Theorem 3.5, we have

Theorem 3.8. Under the conditions of Theorem 3.6, for every ue
core(7") and every € >0, there exist N and n, such that with probability
greater than 1 —e, for every n > n, we can find u, € core(T™) with

pa(/n(pt,— 1), 0) <N.

The proof of this theorem will be given in Section 7. As a direct
corollary we have

Corollary 3.9. Under the conditions of Theorem 3.6, for every ue
core(T), every o < 1/2, every € > 0 and every ¢ > 0, there exist n, such that
with probability greater than 1—e, for every n>n, we can find y, €
core(T™) with

pa(n*(u, —p), 0) <9.

4. SOME PROPERTIES OF CAPACITY FUNCTIONALS

In this section, we present some necessary properties of /(YY) and
capacity functionals. Most of them are already known.

Lemma 4.1.

(i If {E,} is an increasing sequence of sets in /(Y), then
lim, E, € (Y).
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(i) EeA(Y)forany Ee A .
(iii)) E e o/ (Y) for each open subset E of Y.

Proof. Note that if {E,} is an increasing sequence of sets in /(Y),
then

{KeA :Knlim E, # Z}=lim {(Ke A :KnE,#J}, (4.1)

from which (i) follows. For (ii) and (iii), see Sections 1.1, 1.2, and 2.1 of
Matheron.® O

Now suppose 7 is the capacity functional of a random set S. We begin
with an elementary lemma.

Lemma 4.2.

(i) If {E,} is an increasing sequence of sets in ./(Y), then
T(lim, E,) =1lim, T(E,).

(i) If {E,} is a decreasing sequence of sets in ", then T(lim, E,)
=lim, T(E,).

Proof. To see (i), note that if {E,} is an increasing sequence of sets in
A(Y),

T(lim E,)= P(S"'({K € # : K nlim E, # &5}))

=P<U S'({Ke X :KNE, #QD)
= liin P(S7'{KeA :KNnE,#J}))
= liin T(E),).
For (ii), see Sections 1.1 and 1.2 of Molchanov.?”
As a corollary of Lemma 4.2, we have
Corollary 4.3. For any E € /', we have

lim T(B.(E)) = lim T(B.(E)) = T(E),

where B,(FE) denotes the closure of B.(E).
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Proof. It suffices to show lim,_,, T(Bi(E))=T(E). To see this,
note that {B% (E)} is a decreasing sequence of compact sets in ¥ with
lim, Bi(E) =E. It follows from Lemma 4.2 that lim, T(B.(E)) =T(E).
This completes the proof. |

The following fact should be mentioned.
Proposition 4.4. If uecore(T), then for any E € #(Y), there exists
F < E with F € &/(Y) such that u(E) < T(F).

Proof. Since Y is compact, 4 is a Radon measure. Thus for any
E € B(Y), there exists an increasing sequence of compact sets K, = E with
MWE)=1lim, u(K,) = u(lim, K,). Denote by K =1lim, K,. By Lemma 4.1,
we have K € &/(Y). By Lemma 4.2, we have

T(K) =lim T(K,) > lim u(K,) = u(E). O

Proposition 4.5. AT, T)=0<T(K)=T'(K),VKe A .

Proof. First we prove “<=.” Assume 7(K)=T'(K) for all Ke xA".
For any W € 0,, there exists an increasing sequence of sets K; € A  such
that W =lim,; K;. By Lemma 4.2,

T(W)=1lim T(K,) = lim T'(K,) = T'(W),

from which A(T, T") = 0 follows.

Now we prove “=>." Assume A(T,7T')=0, that is, T(W)=T'(W)
for any n and W € 0,. For any K € A" define E, = Bi(K) N H, and W, =
Bi(E,). It can be checked that W, € ¢, and W, > K. Moreover the sequen-
ces {W,} and {W,} are decreasing and they converge to K. Therefore

T(K)=1lim T(W,)=lim T(W)=1lim T'(W) =1lim T'(W,) = T'(K).
This finishes the proof. |

5. A USEFUL PROPOSITION

The main result of this section is the following proposition.

Proposition 5.1. Suppose (L, o/, P) is a probability space, and
S$S:Q->H, y:Q2->Y are o/-H(A") and o/-%(Y) measurable respectively.
Assume there exists € > 0 such that

d(y(w), S(w)) <e, Yw € Q.
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Then there exists a .&/—%(Y) measurable map x from Q to Y such that
x(w) e S(w) and d(x(w), y(w)) < 6e, Yo € Q.

We shall develop a technical tool to prove the above result. This tool
will also be applied later in the proof of Theorem 3.3. Also, at the end of
this section we shall use it to provide a new proof of the non-emptiness of
core(T).

Let us first introduce some notations. For any n> 1, let H, be the
finite :-spanning set of Y defined as in Section 3. Define n,: 2¥ — 2% by

1
n,,(E)={ern :dy € E with d(x, y)<;}, VEcCY. 5.1

The set 7, (E) may be considered as the projection of E onto H,. Since H,
is a finite set, there exists a map 6, from 2% (the class of all subsets of H,)
to H, such that 6,(E) € E for any & # Ec H,.

Lemma 5.2. Foreachn>1,

(1) 7,|4 (the restriction of 7, on J£") is measurable from 4" to H,,.
(ii) 6, is continuous from 2% to H,.

(ili) For any E < H, and € >0, the set {xeY : 7, (B.(x))=E} is a
measurable subset of Y.

Proof. To see part (i), note that for each nonempty subset £ = H,,

1
Tl (K)=FE<d(x, K)<- forany xeFE and
n

1
d(y,K)=-  forany yeH,\E.
n

Therefore

(7)™ (E) =( N {Ke A d(x, K) <}1}>

xeE

1

m( N {Ke]/:d(y,K);—}).
yeH,\E n

Note that for each x e H,, the set {Ke # :d(x,K) <%} is an open set

in o, while {Ke A :d(x,K)>;} is closed in . Thus (z,|,)" (E) is

A(A") measurable.
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Part(ii) is obvious. The proof of part (iii) is similar to that of part (i).
To be more precise, note that

(xe¥:n,(B.(0) = E}
=<ﬂ {xeY:d(y,Be(x))<%}>m< N {xeY:d(z,BE(x))>%}>_
yeE ze H\E

Observing that {xeY:d(y,B.(x))<;} is open in Y and {xeY:
d(z, B.(x)) > 1} are closed in Y, we obtain the desired result. O

Proof of Proposition 5.1. Let k, be the integer so that e <27 < 2e.
We construct a sequence of maps {gy }., from 2 to Y by

4, (@) = y(®),
‘Ik0+1(50) = Oyro+1 (T2t +1 (S(@) N ko +1(By o (Qko (0)))),

and
Gi(@) = 04(m2+(S(0) N 14 (By -1 (gy_1 (@))))
for any k > k, + 1. It can be checked that
d(Gi1 (), qu(@)) <3-27€D, d(gi(w), S(@)) <27° (5.2)

for any k > k.
Take g(w) =lim; g,(®). By (5.2), g(w) € S(w) and

d(q(w), y(®)) < Z;c d(g1(@), gi(@)) <3-27% < 6e.

By Lemma 5.2, ¢, is &/—%(Y) measurable for any k > 1, which implies that
q is &/-2%(Y) measurable. O

By using Lemma 5.2 we give a short proof of the following known
result (see, Molchanov,? p. 102):

Proposition 5.3. Let Y be an arbitrary compact metric space. Then

(i) there exists a map ¢g: #” — Y such that g is 4(#")-%(Y) measur-
able and

q(K)eK, VK e A

(ii) core(T') is a nonempty compact convex subset of .#(Y) for each
capacity functional 7" on «/(Y).
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Proof. Define a sequence of maps g,: # — Y by

4 (K) = 06(n24(K) N 1ot (By-¢-0(gi—1(K)))), k=2

Letting ¢ =1lim,_, ., g;, we obtain (i). The proof of part (ii) is divided into
the following two steps:

Step 1. We prove that core(7T") is compact and convex. The con-
vexity is trivial. To see the compactness, suppose u, € core(7') and u, con-
verges to u. It suffices to show u € core(7T"). Note that for each K € 4" and
€e>0

MK) < p(B.(K)) < lim sup p,(B.(K)) <lim sup u,(B.(K)) <T(B.(K)).

Letting € | 0, by Corollary 4.3 we have u(K) < T(K). Thus u € core(T).

Step 2. We prove that core(7") is nonempty. Let ¢ be defined as in
part (). Then ¢(S(w)) is a random vector taking values in Y. Denote by u
the distribution of ¢(S(w)) on Y, that is

MWE) =P(w: q¢(S(w)) € E), VE e #(Y).

By the definition of 7" one can check directly that u € core(T). O

6. PERTURBATION PROPERTIES OF core(T)

Let us begin with a result of Norberg.®

Proposition 6.1 (Theorem 4.6 of Ref. 9). Let T be the capacity func-
tional of a random set S: 2 — . Then u e core(T") if and only if there
exists a probability space (£2,,S;, P;), a random set S,: 2, > ¢ and a
random vector x,: 2, — Y such that S; has the same distribution of S,
x, has the distribution x4 and moreover x, € S, almost surely.

Using this result we can give a complete characterization of core(7")

whenever Y is a finite set.

Proposition 6.2. Suppose Y is a finite set and 7 is the capacity func-
tional of a random set S: 2 — 2"\ {F}. Denote by

$E):=Y (=D*E\D(1—T(Y\F)), VEe2'\{g}. (6.1

FcE
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Then u € core(T') if only if there is a map p: 2"\ {F} x Y - R* satisfying:

(i) pE,x)=0ifx¢E;
(i) X.cp p(E,x)=1forany E € 2"\ {J}. such that

xD =Y p(E,x)§(E), VxeY.

E>x

Proof. 1t is not hard to check that ¢(E) = P({w: S(w) = E}) for any
E 2"\ {}. We divide the proof into the following two steps.

Step 1. Sufficiency. Construct a probability space (2"\{}xY,
22\M@IXY ) by

V((E, x)) = ¢(E) p(E, x).
Define Z: 2"\ {} xY - 2"\ {Z} and z: 2"\ {F} xY > Y by
Z(E,x)=E and z(E,x)=x, V(E, x)e2"\{Q} xY.

One can check directly that the random set Z has the same distribution
as S, and z has the distribution u. Moreover z € Z almost surely. Thus
uecore(T).

Step 2. Necessity. Suppose ue core(T). By Proposition 6.1, there
exists a probability space (2,, S, P,), a random set S,: 2, -» 4, and a
random vector x;: 2, —» Y such that S; has the same distribution as S,
x, has the distribution 4 and moreover x, € S; almost surely. Define a map
p:2"\{&} xY —> R* in the following way: set p(E, x) =0 if x ¢ E; other-
wise if x € £ and ¢(E) > 0, define

p(E, x) = Pl({wl Si(w) =E, xl(a)l)_x})

¢(E)
and if ¢(E) =0, we define p(E, x) =z for x € E. It is clear that p satisfies
(i), (il) and moreover u({x}) =>z., p(E, x) ¢(E) for any x€ Y. d

Now we need to study the perturbation of core(7), i.e., the way in
which the core(7") depends on 7, in the finite case.

Lemma 6.3. Suppose Y is a finite set. Let 7; and 7, be two capacity
functionals on 2. Assume

IT,(E)—T,E)| <, VEcY. (6.2)
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Then
p4(core(Ty), core(Tr)) < #Y -4%7.§.

Proof. Define

$(E)= ) (=D**\P(A-T(Y\F)), VEe2"\{g}, i=12

By (6.2),
|61 (E)—¢,(E)| < #(2F)-d < #(27)-6 =2""-4.

Let p, € core(T}). By Proposition 6.2, there is a map p: 2"\ {} xY - R*
satisfying

(i) pE,x)=0ifx¢E;
(i) X.cp p(E,x)=1forany E € 2"\ {J}, such that

m({x}) = Z P(E, x) ¢,(E), VxeY.

Esx

Now define a probability measure u, on Y by

m({x}) =Y p(E,x)$,(E), VxeY.

E>x

Using Proposition 6.2 again, we know that u, € core(7,). Furthermore for
any xeY,

I (XD — (DI Y 191(E) — o (E) < 272776 = 4%,

E>x

By (3.1),

Ay 1) < Y, | (fxh) — (X))l S #Y 4776,

xeY

This implies that
core(T}) = B.(core(T)),
where € = #Y -4*" - 4. In a similar way, we can prove
core(T;) < B.(core(T})).

Therefore we have p,(core(T;), core(T;)) < #Y -4%7.§. O
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To study the perturbation of core(7") in the case where Y is an arbi-
trary compact space, we use a technique to approximate core(7") in the
following way.

Suppose Y is an arbitrary compact space. T is the capacity functional
of a random set S: Q —» . Let H,, &, and 6, be defined as in the first part
of Section 5. Define a capacity @,(T) on 2%~ as follows:

O0,(T)E)=P{weQ:7,(S(w)) nE+# I}, VEe H,. (6.3)
It is clear that
0,(T)(E) =T(Bi(E)), VE e H,. (6.4

As we know, O,(T) is the capacity functional of the random set x,S,
taking values in the finite collection of all subsets of H,, and core(®,(T"))
is a set of probability measures on H,. Since every probability measure
on H, can be viewed as a Borel probability measure on Y, core(@,(7")) can
be treated as a compact subset of .#Z(Y). In the following we consider the
distance between core(@,(T)) and core(7") in the Hausdorff metric p.

Lemma 6.4. Suppose Y is an arbitrary compact space. Let {f;} be
defined as in (3.1). T and @,(T") are given as above. Then

© C. g
p4(core(0,(T)), core(T')) < ,Zl Zifil;ﬁ’

(6.5)

where C;(€) = sup{|f(x) — f(»)|: d(x, y) <€}.

Proof. The proof will be divided into two steps.
cr(m
2507

Step 1. core(T') = Bs(core(®,(T))) withd =",

To show this, pick any u e core(7'). By Proposition 6.1 there exists
a probability space (2,, S,, P,), a random set S;: 2, - 4 and a random
vector x;: 2, »Y such that S, has the same distribution as S, x; has
the distribution g and moreover x; €S, almost surely. Now define
S,: 2, = 2% and x,: Q, > H, by

Sy () =7,(S (@) and x() = 0,(n,(x;(,)).

Let u, denote the distribution of x,. Since @,(T") is the capacity functional
of S, and x, € S, almost surely, u, € core(®,(T)). By (3.1), we have
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i Uf;(xz(wl)) dPl(wl)_s Sfi(x1(w,)) dPy(w,)]

A )= 2, 2T
< § G~ ()] B @)
<2 2
_a o
<2 T

from which we get the desired result.
3
2f0

Step 2. core(0,(T)) = Bs(core(T)) withd =",
To show this, assume u € core(®,(T))). Define ¢ by
HE)=P{weR:7,(S(w))=E}, VEcH,.
By Proposition 6.2, there exists a map p: 27\ { &} x H, > R” satisfying
i) pE,x)=0if x ¢ E;

(i) X.cr P(E,x)=1forany E € 27\ { ¥}, such that

u({x}) =Y p(E,x)$(E), VxeH,

Esx
For any (J # E < H,, define
Qp={weQ:rn,(S(w))=E}.
By Lemma 5.2, Q. € #. Construct

Q= |J Qx{(E x):x€eE}.

B#EcH,

Define a o-algebra S; such that each element of S; is the finite union of
elements of following form:

A x{(E, x)}, EcH, xeE, A,cQ;, A;e€%.

By Kolmogorov’s consistency theorem, there is a unique probability
measure on the measurable space (2, S,) such that

PI(AE X {(Ea x)}) =P(AE) p(Ea x)s ECHn: XEE, AE C‘QEs AE € ‘9—;'
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Define S,: 2, —» A, S,: 2, » 2% and x,: Q, — H, respectively by
Sl(w’ E9 X)ZS(CO)5 SZ(w’ Ea X)=E, XZ(CO’ Ea X)=X.

One can check that S| has the same distribution as S, S, has the same dis-
tribution as x,S and that S, induces the capacity @,(7). Furthermore,

x, has the distribution u. Moreover for each (w, E, x) € ©,,

x € E=mn,(S(w)),

hence d(x,(w, E, x), S;(w, E, x)) <. By Proposition 5.1, there exists a
S,—%(Y) measurable map y: Q; — Y such that

6
y(a)a E5 X)ESI(CO, E: X), d(y(a)a E’ x): XZ(CO’ E, x))sz

for any (w, E, x) e 2,. Let u, denote the distribution of y, then u, €
core(7T'). Furthermore

0 . 2 5 , d | — ; , , d 1
Ay, 1) = Z || f,(x:(w, E, x)) ;Ilf-jllf(y(w E, x)) dP|

|fi(x2(w9 Ea x))—f,(y(a), Es X))l dPl
2 £

z Cr(D)
= 20AI0

<

(N

from which we get the desired result.

Proofs of Theorem 3.3. Fix an integer n. Let ©,(7}) and 6,(T;) be
defined as in (6.4). By Lemma 6.4, we have
0 C : g
p(core(®,(T)), core(T) < 3. 42
= 20
In Lemma 6.3, replacing Y, T, T, respectively by H,, ©,(T;), and 0,(T;) we
obtain that

j=1,2. (6.6)

pa(core(0,(T1)), core(0,(T5))) < #H, - 4™ -max |6,(T))(E) —6,(1)(E)|

= #H, 4" -max [T, (W) —L(W)|.
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Combining this with (6.6), we have
2
pa(core(T), core(Ty)) < 3. p4(core(6,(Ty)), core(T;))
j=1
+ pa(core(0,(T)), core(0,(T)))

Cr, ()
2040

< #H, -4%Hn. -max |T1(W) TLW)|+2 z
This finishes the proof. O

7. PROOFS OF THEOREMS 3.6 AND 3.8

We first prove the following lemma using the classical Cramer Prin-
ciple in large deviation theory (cf. Dupuis and Ellis).

Lemma 7.1. Fix an integer m > 1. For any J > 0, there exists N; and
R; > 0 such that

P {w €eQ: ) [TYW)—-TW)|*> 52} <e™Rs

We0,,

for all n > N;.

Proof. For any i > 1, let y,(w, W) be defined as in (3.3). Denote by
Y,(w) the #0,, dimensional vector (x;(@, W))y .o indexed by W e 0,,. It is
clear that {Y;} is a sequence of i.i.d random vector taking values in R*,
with a distribution supported on finitely many points. Note that

B

K(CO) = (T((:)(W))WGQma E(le) = (T(W))We@m'

i=1

S |-

Applying the classical Cramer Principle to the i.i.d random vector {Y;}
(see, e.g., Theorem 3.5.1 of Dupuis and Ellis,"" p. 87), we get the desired
result. O

Proof of Theorem 3.6. Fix € > 0. Choose a large integer m such that

3 Cf,() €

,Zl 2141
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Set 0 = m. By Lemma 7.1, there exists n; and R; > 0 such that

P {w €Q: ) [TOW)-TW)|*> 52} <e™Rs

weo,

for all n = n;.
By Theorem 3.3,

p4(core(T™, core(T)) > € = max [TPW)—-TW)|=4.
weo,,

Therefore
P{lweQ: p,(core(TY, core(T)) > e} <e™

for all n = n;. Define n, = N; and L, = R;. Then the above fact implies the
desired result. |

Proof of Theorem 3.8. Let pecore(T). By Proposition 6.1, there
exist a probability space (2, #, P), a random set S: Q — " and a random
vector X: 2 — Y such that S has the same distribution of S, X has distri-
bution x and P(X € S) =1. Let {S,} be a sequence of independent copies
of S, {X,} a sequence of independent copies of X with P(X, € S;)=1. Let
T be the empirical capacity functional based on {S;(®)};_,, and g2’ be
the empirical measure based on {X,(®)};_, given by

(”)(K)——#{1<1<n X.(®) e K}.

By P(X, €S;) =1 and Proposition 6.1, we have i (K) < T®(K) as.
for any given K € . Note that 7™ has the same distribution as 7™, and
thus the set of probability measures core(T™) is the same set as core(T'™).
Therefore we only need to prove the approximation result for f (% —p).

Now for any f e C(Y), using the central limit theorem to the i.i.d.
random variables f(X,()) we obtain

i P< " f(X(@)—n| f(X)dP <Z>
f \/§f(X)dP ([ 7(X) dP)>?

n— oo

1 r:z
=3 j_z e 12 dx, Vz>0.
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Denote G& :=/n(a% — ). Then

Y ST @) =n [ f(D)dP=/n G )

Since /[ fA(X) dP— ([ f(X) dP)><||f |, we have

lim PGS (f ) <z >—7= e 1dx,  V¥z>0. (7.1)

>l

For any € > 0, choose an integer k such that 27 <¢€/2, and pick a
large N such

1 N 2 €
- —x/2 1——
\/ﬂ LN e dx > %
Let {f;} be given as in (3.1). Then by (7.1),

lim P(GL(f)I<NIfl) > 1—§€, i=1,..k

Note that
k
{@:ps(GD,00>N} = | {@: IGP ()= NIfill}
i=1
‘We have
lim P(p,(G®,0)> N)<e.

Thus
lim P(p,(GY,0)<N)>1—e.

This finishes the proof. O
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