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Let & be the classical middle-third Cantor set and let u, be the Cantor
measure. Set s = log2/log3. We will determine by an explicit formula for every
point x € € the upper and lower s-densities ©®*°(ug, x), ©%(ug, x) of the
Cantor measure at the point x, in terms of the 3-adic expansion of x. We show that
there exists a countable set F C & such that 9(O**(ug, x) 1S + (@5 (ug,
x))~1/¢ = 16 holds for x € @\ F. Furthermore, for u. almost all x, ®*°(ug, x)
=2-47% and O%(ug, x) = 47°. As an application, we will show that the s-dimen-
sional packing measure of the middle-third Cantor set & is 4°.  © 2000 Academic
Press
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1. INTRODUCTION

In this paper, we adopt the following terminologies and notations:
Let 0 <t < and let v be a measure on R". The upper and lower
t-densities of v at a € R" are defined respectively by

0*'(v,a) = limsup (2r) 'v(B(a,r)),
ri0

0. (v,a) = liminf(2r) 'v(B(a,r)),
rl0

where B(a, r) denotes the closed ball with diameter 2r and center a.

We denote by & the middle-third Cantor set. That is, & = {x =

Z x37:Vi>1, x;, =0 or 2}. Let #' and ' denote respectively the
t-dimensional Hausdorff measure and packing measure; dim, E and
dim, E denote respectively the Hausdorff and packing dimension of E.

It is known that dim, & = dim, € = s where s = log2/log3. In what
follows, we always assume s = log2/log 3.

For the above definitions and related properties, we refer to [3].

Now consider similarity contractions ¢, ¢;: R = R defined by ¢, (x)
=% and ¢,(x) = 2 + %. By [4] there exists a unique Borel probability
measure ug such that

pe(A) = %l’«g((bgl(/l)) + %Mc(‘ﬁl_l(A)) (*)

for all Borel set A.

The measure w, is a self-similar measure which we call a Cantor
measure.

We summarize some properties of the Cantor measure u, used later
which can be found in Falconer [4].

1°.  The support of p, is &, ¢(F) U $(%) = &.
22, 1=2%(%) <P (%) < .

3. pg =72°lg, where #°lz is the restriction of the Hausdorff
measure Z° over the set & (defined by 7°|z(A4) =#7°(A4 N &) for all
A C R).

4°. There exist 0 < d, <d* < 1 such that for pg-almost all x € &,
0% (e, x) =d, and O (g, x) = d*.

Notice that d, < d* means that the ratio uz(B(x,r))/(2r)* oscillates
between d, and d* when r is small. It is natural to try and describe this
oscillation: the size of this oscillation, in particular, the exact value of these
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densities. Even if for the Cantor measure, the simplest self-similar mea-
sure, to our knowledge, the above questions are still open.

Bedford and Fisher [2] introduced another way, the average densities of
a measure, to describe the oscillation by an average number; as an
particular case, u, was studied by Bedford and Fisher [2], Patzschke and
Zihle [10], and Falconer [5]. Graf [7] and Krieg and Moerters [8] dealt with
generalizations of average density approach.

Another type of density of w,, maximum density, was introduced and
studied by Strichartz et al. [11] and Ayer and Strichartz [1].

In this paper, we will determine d ., d*, and the values of @%( g, Xx),
O**( g, x) for any x € €. As an application, we will prove that the
s-dimensional packing measure of # is equal to 4°.

For xe @, let x=X7_,x,37" (x;,=0 or 2) be the 3-adic decimal
expansion of x. We say that x is a finite 3-adic decimal if x, = 0 or x; = 2
for all large enough i. Define 7(x) = liminf, , X7_,x,,,3 " and 7(x) =
min{7(x), 7(1 — x)}. Then we can formulate our results as follows:

THEOREM 1.1. (i) Foranyx € &,
0% (pe, x) = (4= 67(x)) .
(i) Foranyx €@
27 if x is a finite 3-adic decimal,
4+ 27(x)
—

0% (g, x) = N
(e, x) ) otherwise

(iii) Ifx € € is not a finite 3-adic decimal, then
9O (,x)) """ + (04 (1)) = 16.

(i) sup{®@**(ug, x) — O%(ugy, x):x € €} = 47° = 041701, where
the supremum can be attained at {x € € : 7(x) = 0}, and inf{®@*°(u,, x) —
05 (e, x):x €&y = ()" — (3)~° = 0.21333, where the infimum can be
attained at {x € ¢ : 7(x) = 1/4}.

) For pg-almost all x € 7,
OL(pg,x) =477, O (g, x) =2-47°.
THEOREM 1.2. #*(%) = 4°.

We should point out that our method can be used to determine the
upper and lower densities of the center Cantor-type measure u, (0 < p <
1/3) at every point x € [0, 1], where u, satisfies the equation

po(A) = 30, ( b0, (A)) + 3, (d1,(A4)), VA c[0,1],
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where ¢, ,, ¢, ,; R —> R are defined by ¢, ,(x) = px, and ¢, ,(x) = px
+1 - p).

2. PROOF OF THEOREM 1.1

At first we prove some lemmas.

LEMMA 2.1. For any Borel set A c (—1,2), and iy,...,i, €{0,1}, we
have

M%(d’il" e (vbik(A)) = 2_kl’*%(A)a

where u, ¢, ¢, are defined as in Section 1:

Proof. Since A € (—1,2), ¢y(A) € (F,32), ¢,(A) € (5,3). So ¢y(A)
N ¢(%) = T and ¢(A) N ¢,(&) = . Therefore ¢, ' (p(A)) N E =T
and ¢, '(¢,(A) N & = J. By (), we see that

Mg(‘bo(A)) = %(:U«%(A) + Mg((bl_](d’o(A)))) = %/‘L?(A)a

Mg(qsl(A)) = %(M%(A) + P«g((ﬁal((bl(/l)))) = %M%(A)Q

then by induction, we get the conclusion of the lemma. ||
LEMMA 2.2. Forany 0 <t < 1, we have u, ([0,t]) > 3t°.
Proof. (1) By (%), u ([0, 3] = 3; thus if 1 > ¢ > 1, then

/"Li;’([ost]) = ,ug([O,%]) = % > %ts.

(2) If0 <t < 1, take k € Nsuch that 37%~! < ¢ < 37%; then [0, 3%¢]
c (—1,2). Notice that ¢X([0,3%¢]) = [0,¢]; by Lemma 2.1, u.([0,t]) =
27%4..([0, 3*¢]). We get thus, from (1) and the fact that 3%¢ > 1,

e (10, 61) = 27, ([0,3¢¢]) = 27571 (340)” = Les.
|
LEMMA 2.3. Forany 0 <t <1, p([0,¢]D < ¢°.

Proof.  Since . is supported by #, we only need to prove the above
inequality holds for ¢t € . In fact, if t & &, let t* = sup{x € &, x < 1}.
Then t* € &; thus u ([0,¢]) = p ([0, %D < r*° <¢°.

Let t € &; take k € N such that 37% 7! <1 <37%

(1) If t = 37¥71 by a simple calculation, we have u,([0,¢]) = ¢°.
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Now assume 3 ¥~! <t < 37%; by the construction of &, t > 2-37%~1,
We have thus

we([0,0]) = pe([0.377]) + pe([2-375 111
= M%([0’3_k_1]) + /J,g([()’t —2. 3—k—1])
= 3(-k=Ds 4 ,U“g([o,t —2. 3—k—1]).

Let t; =t — 2-30%" D, we have £° > 3%~ D + (+ — 2- 3¢ kD)% (in gen-
eral, if x >y > 0, then 2x + y)* > x* + y® holds); thus ¢°* — p.([0,¢] >
tls - Mg([O, tl])-

(2) Since t € @, t, € #. Take k; € N such that 375171 <, <375,
Clearly k, > k.

By the same discussion as in (1), we see that, if ¢, = 3 X171  then
u([0,¢,D = ¢ and in this case #{ — u (0,4, =0. If £, > 37571 et
t,=1t, —2-37%71; then

= :U“‘E([O?t]) = lls - M%([O’ tl]) = t; - /“"i;”([oatz])'

(3) Repeat the above discussions. We see that either #* — u ([0, 2]
> 0 or, for any m € N,

¢ = e ([0.01) = 6 = e ([0.6,1) =~ ([0.1, ).

Since ¢,, = 0, w.([0,¢,]) = 0 when m — o, we get finally ¢* — u ([0, ]
>0 1

LEMMA 2.4. For any x € [0,3] and a > 0, define

1 +at’
fea(t) =

(%—x+t)S.

Then
(1) On the interval [0, 3], the function f, (t) attains its minimum at
t =0 ort = 3. In particular, f, (t) attains its minimum at t = 0 ifa > 27°.
(2) If a =1, the function f, (t) increases strictly on the interval [0, 5].
(3 Ifx=0 and a > 3, the function f, (t) increases strictly on the
interval [0, 1].

Proof. The conclusions of the lemma can be obtained by an elementary
discussion. |
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LEMMA 2.5. Forany r € [0,1], u([0,r]D > 27°F".
Proof. (DIf +<r <2 wu (07D = u (0, 3]) = 3; consequently
pe([0,7]) T2V
L ) e
re 213
(@ Ifi<r<l,lett=r— 2% then0 <t < 1. Thus
M%([Oar]) _ :%/([O’%]) + :%/([%a% + t])
r (5+1)
,U«%([O’ %]) + pe ([0, 2])
(G +1) '

By Lemmas 2.2 and 2.4(3), we have
pe([0,7]) 3+ 32 1(2)_S _
> > 5,

P T Gy 2

(3) If 37 ! <r <37* holds for some positive integer k, then by
Lemma 2.1, we have

3

pe([0,7]) e (10,37])
r (3*r)’

2

thus by (1), (2), we get

pe0r)

LEMMA 2.6. Let x € [0,1/3]; then for any r with max{x, 5 —x} <r <1
— X, we have

pe([x —r,x +r])
(2r)’

where the equality holds at r = % — x.

> (4 —6x) ",

Proof. (1) If max{x,+ —x} <r<2 —x, then [0,2]C[x—r,x +7]C
[— %, 3] so ua((x — r,x + 7D = u (0, 5D = 3; hence
pe([x —r,x +r]) 1

o 5 T =6 = (-6

where the equality holds at r = 3 — x.
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@ Iff2—-x<r<1-xletr—(3—x);then 0<t< 1 ByLem-
mas 2.5 and 2.4(1), we have

M%([x_r’x+r]) _ %+ M%([O’t])

(2r)’ 2 —x+1)
L4275 3
> — - > —————— —(4-6x) "
25(5 —x+t) 25(; —x)
1
DEFINITION 2.7. Define T: € — & by
3x ifo<x<?
T(x) = e 2
3x —2 if5 <x<1.

For any x € &, define #(x) = liminf, _, , T*(x) and 7 := min{#(x), 7(1 —
x)}, where T* is the kth iteration of T.

Remark 2.8. Since any x € € can be written as x = X7_,x,37" (x;
=0 or 2), it follows that under the above definition, we have T(x) =
i=1%i4137"

PROPOSITION 2.9. Foranyx € #,0 < 7(x) < 1/4, and 7(y) = 1/4 for
y €V, where

V={x= Y x3"€@:3>0,x,,,=0,%,,., =2 foranyk >0}.
i-1

Proof. By the definition of T and a direct check, 7(y) =1/4 for
y eV

If x =X7 ,x,37" &V (x; = 0 or 2), then there exist finitely many blocks
00 or 22 in the sequence (x,). Suppose that x;, x;,, = 0 for some j > 1; by
Remark 2.8,

TN x)= Y x,;437"'< }»2:37"=1/9.
i=1 i=3

Similarly, 7/-'(1 —x) <1/9 if x;,x;., =2 for some j > 1. Therefore,
T(x) <1/9when x & V. |

PROPOSITION 2.10.  For pg-almost all x € €, 7(x) = 0.

We remark that this proposition follows easily by using the law of large
numbers. In the following we will prove it in another direct way.



THE DENSITIES OF THE CANTOR MEASURE 699

Proof. Let | > 2be an integer. For any iy,...,i, € {0,1}, denote S, ...,
= ¢; oy Itisclear that S; ..., is a contracting similarity with ratio
37!, Moreover, these 2/ contracting similarities satisfy the open set condi-
tion (in fact, they generate the Cantor set ).

Set

i

Bi={x= Y x3"€Z:Ym>=0,x,,,1 " Xpsiy#* 00

i=1 >

[
then B, C € is the self-similar set generated by 2/ — 1 contracting similari-
ties S; ...; 2@y -+ i; # 0--- 0. Thus, by [3], the Hausdorff dimension of the

set B, is
log(2' —1)  log2
— < =3,
log(3") log3
from which it follows that Z°(B,) = 0. Thus u,(B) =7Z°(B,N %) = 0;
consequently u,(U,.,B;) = 0. On the other hand, for any x

#\U,., B,, x € &, it is ready to verify liminf, _, . T%(x) = 0; thus 7(x) =
0. We thus finish the proof of the proposition. [

Proof of Theorem 1.1(). Given x € € and 0 < r < 3, then there exists
a sequence {i,}, ., taking the values 0 and 1 such that

x = lim ¢ o ooy ([0.1]).

Choose the positive integer k& such that [x —r,x + r] contains the
interval ¢, © -+ ° ¢, ([0,1]), but does not contain the interval ¢, o - o

¢;, ([0,1]). Thus (¢; o -~ o qS,-kil)_]([x —r,x + r]) contains the interval
(l)ik([O, 1]), but does not contain [0, 1]; therefore

(08, ) ([x=rx+r]) € (~12).
Let y = (¢ o o ¢, )~ '(x); then by the definition of T, y = T*~'(x).
Let ' = 3 !r; then 0 < ' < 1. Moreover
1 ! !
(oo 1) ([x=rix+r]) =[y—-r,y+r]

By Lemma 2.1, pu . (x —r,x+rD) =3"% "Dy _(y -7,y +r]; conse-
quently

pe(lx—rx+r])  pe(ly=r'y +r)
(2r)s (2r’)s

1) Ifye]o, 3] then the interval [y — #/, y + '] contains ¢, ([O 1D
= [0, 1], but does not contain [0,1], so max{y, 3 —y<r<1-y. By

(1)
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Lemma 2.6, we have

pe([y =7,y +711])
(2r’)x

> (4-6y) (2)

where the equality holds if » =  —y.

(2) If y € [3,1], by the symmetry of &, we have always
pe(ly =7y +r]) = pe([1 -y =11 =y +r]);
thus by the inequality (2), we have
pe([y =1’y +7'])
(2r)

where the equality holds if 7 = 2 — (1 — y).
Notice that in both cases (1) and (2), y = T*"(x) and 1 —y = T*~ (1
— x); thus from (1), (2), and (3),

>(4-6(1-y) ", (3)

o Be([x—rx+r])
lim inf 5
r—0 (21’)

> @1—-6nnn{nnnnf7*(x),nnnnf7*(1-—x)})
k— oo k— oo

=(4-67(x)) .
Since the equalities can hold in (2) and (3), we get finally
X—r,x+r s
iming P2y
r—0 (ZV)

which implies immediately the conclusion of Theorem 1.1G). |

Now we are going to prove Theorem 1.1(Gi). We first prove some
lemmas.

LEmMMA 2.11. Givenx € [0, %], then on the interval [max{x, % —x},1 —x],

the function py([x —r,x +r)Q2r)~* attains its maximum either at r =
max{x, % —x} oratr =1 — x. Moreover, the maximum is

1 1
max 5 N *
2*(max{3x,1 — 3x})  2°(1 —x)

Proof. (1) If max{x,% —x}<r< % —x, we have p ((x —r,x +r)
= ([0, %]) = 1, thus the function pe([x —r,x + rD2r)~* decreases
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strictly on the interval [max{x,+ — x}, % — x], so the function attains its
maximum at r = max{x, + — x} with maximum (2*(max{3x,1 — 3x})*)~ L

@ If 2—x<r<l-x,let t=r—(—x); then 0 <t<4. By

Lemma 2.3, we have

pe([x —r,x+r]) = M%([O’%]) + ue([0,1]) < 5 + 1%

thus by Lemma 2.4(2), we have

pe([x —r,x +r]) 3+ 3+3°
2r)’ S2C —xtt) 2 -xtl)
1
S 2(1-x)”

where the equality holds at r = 1 — x.
From (1) and (2), we get the lemma. |
DEFINITION 2.12. We define the function p: & — R by

1 1
2¢(max{3x,1 — 3x})" " 2*(max{x,1 — x})’

p(x) = max

if x €[0,1/3], and p(x) = p(1 — x) if x € [3,1].
LEMMA 2.13.  For any x € €, ©**(u,, x) = limsup, _, . p(T*x).

Proof. Given x € € and 0 < r < 1, choose k € N such that [x —r, x
+ r] contains an interval R ¢>,-k([0, 1]), but does not contain the in-

terval ¢; o = o, ([0,1]). Then (¢, o © ¢ik,1)71([x —r,x +r]) con-
tains <;bik([0, 1]) and does not contain [0, 1], which implies that

( ;0o gbikil)_l([x —-r,x+r]) c(-1,2).

Let y = (¢, oo, ) '(x)and 7' = 3*"'r; then y = T*"'(x) and 0 <
r' < 1. By Lemma 2.1 and a direct calculation, we have

pe(lx—rx+r])  we(ly—ry+r])

(2r)s (2r’)s

(1) If y €[0,5], then [y — 7/, y + r'] contains ¢7,-k([0, 1D = [0, 1], but
does not contain [0, 1], so max{y,  —y} <7 <1 —y. By Lemma 2.11 and




702 FENG, HUA, AND WEN
the definition of the function p(-), we have

pe([y =r'sy +r'])
(2r')’

<p(y); (4)

where the equality holds for ' = max{y,+ —y}or 1 —y.
(2) If y €[3,1], by the symmetry of &, we have always
pe(ly =ry +7r]) = pne([1 =y =1, 1 =y +7r]);
thus by the inequality (4), we have

pe(ly =1y +7r'])
(2r')’

where the equality holds at 7' = max{1 —y,+ — (1 — y)} or y.

<p(1-y)=p(y), (5)

From (1), (2), and the fact that y = T*(x) we get the conclusion of the
lemma. |

Proof of Theorem 1.1(Gi). (1) If x € € is a finite 3-adic decimal, then
there exists / € N such that T¥(x) = 0 or 1 when k > [; consequently
p(T*(x)) = 27 when k > [, so by Lemma 2.13, we have ©®**( ., x) = 27°.

(2) 1In the other case, there exist infinitely many k € N such that
T*(x) €[0,1/3], and infinitely many / € N such that T'(x) € [2/3,1].
From the definition of p(x), we have

1
limsup p(T*(x lim su -
kﬁxpp( () i 2*(max{T*(x), T*(1 — x)})

Z*S(Iim inf max{T*(x),T*(1 - x)})

k— o

Let
Q, = {keN:T¥x) €[0,}]}, O,={keN:T*x) e [35,1]};
then

lim inf max{T*(x),T*(1 —x)}

k— o

=min{ liminf T*(1 —x), liminf Tk(x)}.
keQ o

keQ, k> 0, k—
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Notice that T*(1 —x) = 2 + 1T**'(1 —x) if k€ Q,, and T*(x) = 2
+ 1Tk (%) if k € Q,; thus

+3

liminf T*(1 — 1(1 £ TR — )
cdiminf T7(1=x) =5{ liminf 757(1=x)

= %(hmlnf T*(1 —x)) Z.

k— o

By the same way, we have

k 1 i o Tk 2
kelgrzlll?ixT (x) = 3(1111111;1fT (x)) +

We get therefore

min{ liminf T%(1 —x), hmlnf Tk(x)}
keQ, k—» €Oy, k—>»

= 3mm{hmmf Tk (x), 11m1nf Tk(1 —x)} 2

k— oo

= imin{#(x),7(1 —x)} + 3 = 37(x) + 3.
By the above discussions, we get

S(T(x) +2

- S

limsup p(T*(x) =2

k— o

3 3

_ (ZT(x) +4

which yields finally from Lemma 2.13

4+ 231-(x) )

®*S( Mg x) =

Proof of Theorem 1.1(ii), (iv), (v). It is clear that part (iii) of Theorem
1.1 is the direct corollary of the parts (i) and (ii), and part (iv) is the
corollary of Proposition 2.9, parts (i) and (ii); part (v) is the corollary of
Proposition 2.10, parts (i) and Gi). |

3. PROOF OF THEOREM 1.2

LEMMA 3.1.  For any Borel set A C R, we have

Ple(A) =7 (F) pe(A).
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Proof. Let & ={Borel set A C % : P°|z(A) =P (F)u,(A)}. From
the scaling property of &° and #* (that is, for any A > 0 and E Cc R",
P(AE) = XP(E), Z°(AE) = X7°(E)), and the facts p, =2"°lg,
we(%) = 1, it is easy to prove that for any k € N and i,,...,i, € {0, 1},

oo ¢ ([0,1]) N & ew.
Now set
&={Jy v {the finite union of sets of form
b oo ¢ ([0,1]) N &k e N},

Then & has finite intersection property; that is, A, B€ & = ANB <€ &.
Moreover, the least o-algebra generated by &, denoted by o (&), contains
all Borel subsets of #.

On the other hand, it is easy to verify that .o/ is a A-class (i.e., 4, B €.,
BcA=A\Be«,and A, €, A;T Aor A; | A = A €). Thus from
the monotone class theorem (see, for example, Feller [6]), 4 D o(&).
Since o (&) D, we get & = o (&), which contains all Borel subsets of #.

LEMMA 3.2 [9]. Let A € R" be a Borel set. If #'(A) < o, then for
P'| 4-almost all x € R", we have @' (#'| 4, x) = 1.

Proof of Theorem 1.2. From Lemma 3.1, for any x € &,
0% (F'le, x) =7°(2) 05 (g X);
thus from Theorem 1.1(v), for u_-almost all x € R, we have
OL(P'lg, x) = 47°P( 7).
Consequently for &°|g-almost all x € R,
OL(P'lg, x) = 47°P(7).
On the other hand, since %°(%) < «, by Lemma 3.2, we have for

PS|g-almost all x € R, O%(FP°|¢, x) = 1; thus 47°2*(¥) = 1, which yields
the conclusion of the theorem. [
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