THE SMOOTHNESS OF L¢-SPECTRUM OF SELF-SIMILAR
MEASURES WITH OVERLAPS

DE-JUN FENG

Abstract. Let u be the self-similar measure for a linear function system
Sjr = pr+b; (j =1,2,... ,m) on the real line with the probability weight {p;}7,.
Under the condition that {S;}7, satisfies the finite type condition, the L?-spectrum
7(q) of u is shown to be differentiable on (0,00); as an application, p is exact

dimensional and satisfies the multifractal formalism.

1. INTRODUCTION

Let v be a finite Borel measure on R"™ with compact support. For ¢ € R, the
Li-spectrum of v is defined by

log (sup >, v(Bs(z:))?)
log ¢

7(q) = 7(v, q) = liminfso

I

where the supremum is taken over all the families of disjoint balls Bs(z;) of radius

9 and center z; € supp(v).

The L4-spectrum of a measure is one of the basic ingredients in the study of
multifractal phenomena. It is well known that if x4 is the self-similar measure defined
by a family of contractive similitudes {S;}72, which satisfies the open set condition
[8], 7(q) can be calculated by an explicit formula and it is analytic on R ([2, 18]).
Moreover, the Legender transform of 7(q) (i.e., 7°(a) = inf{ga — 7(q) : ¢ € R})
equals the Hausdorff dimension of the set

K(a) = {:B € supp(p) : %EW = a}.
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The relationship between 7(¢) and the dimension of K («) as above is the well-known
multifractal formalism. One may refer to [3, 18, 21, 22] for some further properties

of L4-spectrum and multifractal formalism.

Following the terminology of Barnsley [1], we call the above family of contractive
similitudes {S;}7L, an iterated function system (IFS). If the family does not satisfy
the open set condition, it is much harder to obtain a formula for 7(¢) and it is not
known whether the multifractal formalism will hold in general. Nevertheless, Lau
and Ngai proved in [13] that the multifractal formalism holds if the TFS {S;}7,
satisfies the weak separation condition and in the mean time 7(q) is differentiable
for 0 < ¢ < oo. That is, dimy K(a) = 7"(a) for any a« = 7'(¢) with ¢ > 0.
The weak separation condition is strictly weaker than the open set condition and
is satisfied by many interesting overlap cases. A question arises naturally whether
or not 7(q) is differentiable on (0,00) for every self-similar measure. To our best
knowledge, except for a few examples (e.g. [12, 14, 23]), there is no general theorem

to guarantee the differentiability of 7(q) for self-similar measures with overlaps.

In this paper, we provide a rigorous proof of the smoothness of 7(¢) on (0, c0) for

a class of self-similar measures with overlaps. We say that a family of similitudes
Sj($):pl’+bj, 0<p<1, bjER, jzl,...,m

satisfies the finite type condition if there is a finite set I' such that for each integer

n > 0 and any two indices J = j;...j, and J = j] ... 7,

either ~ p7"|S;(0) = S;(0)| >c  or p "S;(0) = Sp(0)] €T,
(1.1)

where S; denotes the composition S;, o...0.S; and

e=(=p" (e b - mip ).

Denotes by K the self-similar set generated by {S;}7., (see [8]). It is not hard to
see ¢ = diam(K). The finite type condition defined under the present setting is
equivalent to the more general definition introduced in [16] where the contraction
ratios p; can be different for different S; and the domain of S; is R?. It was proved by

Nguyen [17] that an IF'S of finite type always satisfies the weak separation condition.
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Under the finite type condition, the Hausdorff dimension of K has been studied in
[7, 9, 16, 24, 26, 28].

For a given probability weight {p;}7_,, it is well known (see [8]) that there is a

unique one probability measure p on R satisfying the relation
p=>Y pjnos;* (1.2)
j=1
This measure is often called the self-similar measure generated by {S;}7;.

Now we can formulate our main results as follows:

Theorem 1.1. Let p be the self-similar measure on R generated by an IFS
Six = pr+b; (j =1,2...,m) satisfying the finite type condition with the probability
weight {p;}jL,. Then the Li-spectrum 7(q) of p is differentiable on (0, 00).

This combining with the result of Lau and Ngai (Theorem B of [13]) or a recent
result of Feng and Lau (Theorem 3.4 of [5]) yields immediately

Theorem 1.2. Under the condition of Theorem 1.1, the multifractal formalism holds
for . That is,

dimy K(a) = inf{at —7(t) : t € R} =aq—1(q), Va = 1'(q) for ¢ > 0.

Recall a Borel measure p on R" is called exact dimensional (or more precisely d
exact dimensional) if there exists a constant d such that
T
for p almost all z € R™. In [15] Ngai proved that if p is a compactly supported
probability Borel measure on R" and the L? spectrum of u is differentiable at 1,

then p is exact dimensional and
dimg p = dim, p = 7/(1),

where dimg ¢ denotes the Hausdorff dimension of 1 and dim, ¢ denotes the entropy
dimension of 4 (see [22, 27| for the definitions of different dimensions of a measure).
The above result has also been obtained (in generalized form) by Heurteaux [6] and

Olsen [19]. This combining with Theorem 1.1 yields
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Theorem 1.3. Under the condition of Theorem 1.1, p is exact dimensional with

dimpy p = dim, p = 7'(1).

The above results can be applied directly to the classical Bernoulli convolutions

associated with Pisot numbers. Let p be the self-similar measure generated by
Si(x) = pz, So(z) = pxr + (1 — p)

with probability weight {1/2,1/2}, where 1/2 < p < 1. Such measures are known
as the classical Bernoulli convolutions and have been studied for a long time (see
[11, 20] and references therein). It is known that if p~! is a Pisot number, the
corresponding maps {57, Sy} satisfies the finite type condition (see e.g. [7, 16]).
Recall that § > 1 is called a Pisot number if 3 is an algebraic integer and all its

conjugates have moduli less than 1.

Theorem 1.3 generalizes a result of Lalley. In [10] Lalley showed that the Bernoulli
convolutions associated with Pisot numbers are exact dimensional, and dimy p can

be expressed as the top Lyapunov exponent of certain random matrix products.

We remark that under the condition of Theorem 1.1, the function 7(¢) may be

not differentiable for some ¢ < 0. In [4], the author gave a complete explicit formula

_ V5

5 and showed

of 7(¢) (¢ € R) for the Bernoulli convolution associated with p
that 7(q) is not differentiable at one point gg < 0.

Let us give a brief description of our idea in the proof of Theorem 1.1. First we
define a family of so-called basic net intervals which has a net structure. Using the
finite type condition, we construct a symbolic space with finite states and a family
of transition matrices (maybe not squared) on these states, so that each basic net
interval can be identified as an admissible string in the symbolic space, and the
distribution of the measure p (written in a vector form) on each basic net interval
can be expressed as a product of these matrices. Using an additional technique, we
construct a family of non-negative squared matrices so that their sum is irreducible,
and the measure p can be re-expressed as a product of these squared matrices on
a subclass of basic net intervals. In this way we can show that 7(q) = % for
q > 0, where P(q) is the pressure function for these squared matrices (see Section

5 for the definition). A recent result of Feng and Lau [5] shows that P(q) is always
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differentiable on (0, co) under the irreducible condition. This leads to our differential

result for 7(q).

The method used above for constructing the symbolic space and corresponding
transition matrices extends an idea in [4], and it is different from that of Lalley in
[10]. In fact, it seems hard to set up completely the relationship between 7(¢q) and

the pressure function for the matrices derived from Lalley’s method.

We organize the paper as follows. In Section 2, we study the structure of basic
net intervals and give the symbolic expressions (i.e. Markov strings in a subshift
space) for them. In section 3, we express the distribution of p (written in a vector
form) on each basic net interval as a product of some non-negative matrices (maybe
not squared). In Section 4, we re-express it as a product of some squared matrices,
and prove the irreducibility of the sum of these matrices. In Section 5, we set up

the relationship between 7(q) and P(q), which completes the proof of Theorem 1.1.

2. BASIC NET INTERVALS AND THEIR SYMBOLIC EXPRESSIONS

Let Sjx = pr +b; (j =1,2,... ,m) be an IFS satisfying the finite type condition
and f the self-similar measure generated by {S5;}7, with the probability weight

{p;}7L,. Without loss of generality, here and afterwards we always assume
O:bl<b2<...<bm:1—p.

Under this assumption, the convex hull of K is just the interval [0, 1], where K is
the self-similar set generated by {S;}72,. And also the constant ¢ in (1.1) equals 1.

In what follows we will define basic net intervals and their symbolic expressions.

Write A = {1,... ,m}. For n > 0 denote by A, the collection of all indices j; ... j,
of length n over A. We define two families of sets P2, P} (n > 0) in the following
way: PY = {0}, Py = {1}, and P> ={S5,(0): c € A,}, P! ={S,(1): o0 € A,} for
n > 1. Define P, = P°|JP! for n > 0. Let hy,... ,hs, be all the elements of P,

ranked in the increasing order. Define
Fo=A{lhjshj1]: 1 <5 < sn, (hj,hjp) VK # 0}

Each element in F,, is called a n-th basic net interval.
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The following facts about basic net intervals can be checked easily: (i) (Jper, A D
K for any n > 0; (ii) For any Ay, Ay € F,, with Ay # Ay, int(A;) Nint(As) = 0;
(iii) For any A € F, (n > 1), there is a unique element A € F,_; such that A > A.

For each A = [a,b] € F, (n > 0), we will define a positive number ¢,(A), a
vector V,,(A) and a positive integer r,(A). If A =0, 1] € Fy, we define (o(A) =1,
Vo(A) = 0 and 79(A) = 1. Otherwise for n > 1, we define £,(A) and V,,(A) directly
by

ln(A) = p7"(b—a)

and

Vo(A) = (a1, ... ,ag).
where ay, ... ,ay (ranked in the increasing order) are all the element of the following
set

{p™"(a—S,(0)): o €A, S;(K)nN(a,b)#0}.
Denote by v,(A) the dimension of V,,(A), that is, v,(A) = k. We define 7,(A)

in the following way: let A be the unique one interval in F,_; containing A, and
Ay, ..., A; (ranked in the increasing order) be all the elements in F,, satisfying
A; C A, Ly (D)) = £(A), V(D)) = Vi(A) for 1 < j < k. Define r,(A) to be the
integer r so that A, = A.

For convenience, we call the triple
Cu(A) = (Lu(A), Vi(A), 0 (A))

the n-th characteristic vector of A, or simply characteristic vector of A. The vector
Cn(A) contains the information about the length and neighborhood relation of A.

The following elementary but important fact is our start point.

Lemma 2.1. For a given A € F,(n>0), let Ay, ..., Ay (ranked in the increasing
order) be all the elements in F,, 11 which are subintervals of A. Then the number k,
the vectors Cpi1(A;) (1 <i < k) are determined by £,,(A) and V,(A) (thus they are
determined by C,(A)).

Proof. Let A = [a,b] € F,,. Write V,(A) = (a1,. .. , v, (a))-
6



To determine the subintervals of A which belong to F,.1, we first determine
the points in [a,b] N P,y1. Assume 0 = ji...jn11 € Apyq such that S,(0) or
S,(1) belongs to the interval (a,b). Then S,(K) N (a,b) # (), and consequently
Ss(K) N (a,b) # 0, where 6 = j;...7, € A,. Hence S;(0) € {a — p"a; : 1 <i<
v,(A)} and therefore

Se(0) € {a—pta;+ pbs 1 1 <i<v,(A), 1 <s<m}
and
Se(1) € {a—pta; + p"bs+ p" 1 1 <i<v,(A), 1<s<m}.
This implies that
(CL, b) N PTL+1 - ((l, a + pnén(A))
ﬂ{a—p”ai—l—p”bvaep”“: 1<i<u,(A), 1<s<m, e=0o0r 1}.

Denote by a + p"c; (1 < j < u) all the elements of [a,b] N P,41 ranked in the
increasing order. The above equality shows that the points ¢; (1 < j < u) are
determined completely by ¢,(A) and V,(A) (independent of a and n).

Let Ay, ..., Ay (ranked in the increasing order) be all the elements in F,,; which
are subintervals of A. Then A; (1 <1 < k) are exact the intervals in the following

collection:
{la+ p"ciya+p'cipa]: 1<j<u—1, (a+p"cj,a+p'ci1) NK #0}.
Note that for a given j,

(a+p C]7a+p Cj+1 QK%(Z)

O'EAn (7 )7&2)
Un A)

<~ (a+pcja+picip) SU(K))#Q)
— (a+pc],a—|—pc]+1 nK_I'a_paz) 7é

= (¢, ¢) N U(K—az’) #0

i=1



It implies that whether or not [a + p"c;,a+ p"c;+1] is a (n + 1)-th basic net interval
is determined by ¢,,(A) and V,(A). Therefore if we write A; = [a + p"d;, a + p"d;41]
(i=1,...,k), then d; (1 <i<k+1) are determined by ¢,(A) and V,,(A).

Recall that
{S,(0): 0 € Api1, So(K)N(a,b) # 0}
C {a—pta;+p"bs: 1 <i<uv,(A), 1<s<m}.

By the definition of characteristic vector and the analysis in the preceding paragraph,
we know that the vectors C,11(4;) (1 <@ < k) are determined by ¢,,(A) and V,(A).
O

In the following we would like to use a finite sequence of characteristic vectors to

identify a basic net interval. For each A € F,, (n > 0), we list the intervals
AV AL AT

such that A" = A, and AJ (j =0,...,n— 1) is the unique element in F; such that
A D AT The sequence

Co(A%),C(AY), ... ,C(A™)
is called the symbolic expression for A.

For a given A € F,(n > 0), let Ay,...,Ag (ranked in the increasing order) be
all the elements in F,,.1 which are subintervals of A. The introduction of the third
term in a characteristic vector guarantees that C,+1(4;) (1 < j < k) are distinct

with each other. By induction, we have

Lemma 2.2. For any Ay,As € F,(n > 1) with Ay # As, the symbolic expression
of Ay is different from that of Ay. O

Define
Q={C,(A): n>0, A e F,} (2.1)
For any a € (), we write for simplicity

Ua) =L, (A), V() =Va(A), via) =v,(A), r(a) =r,(4A), (2.2)



if A e F, and C,(A) = a.

The finite type condition of {S;}7; implies

Lemma 2.3. The set ) is finite.

Proof. Tt suffices to prove the finiteness of {£,(A): n >0, A € F,}, {V.(A) :
n>0, AeF,}and {r,(A): n>0, A e F,} respectively. For simplicity, we only
prove that of {V,,(A): n >0, A € F,}. To prove this, take any A = [a, b] € F,, and
e € V,(A). There exists o € A, such that S,(K)N(a,b) # 0 and e = p~"(a—S,(0)).
By the definition of basic net intervals, S,(0) ¢ (a,b). Therefore a—p™ < S,(0) < a.
It follows that e € ' whenever a € P°, and 1 — e € I whenever a € P, (1), where T’
is defined as in (1.1). By the finiteness of T', the set {V,,(A): n >0, A € F,} is
finite. O

Now we are going to define a natural map ( from €2 to Q2*, where 2* denotes the
collection of all finite words over €. For any a € €2, pick n and A € F, such that
a =C,(A). Let Aq,...,Ag (ranked in the increasing order) be all the elements in
Fun+1 which are subintervals of A. Write a; = C,41(4;) for 1 < j < k. By Lemma
2.1, the word aj ...y depend only on « (independent of the choice of n and A).
We define ¢ by

C(Oé) = 1 ...0.

Define a 0-1 matrix A on  x Q in the following way:

A . 1 if 5 is a letter of ((«),
7 0 otherwise.

A word ;... [, € Q" is called a admissible word if Ag, =1forl1<j<n.

Bit+1

For our convenience, denote by 7o = Cy([0,1]). Combining Lemma 2.2 and the

above definitions, we have

Lemma 2.4. Any A € F,,(n > 0) can be identified (via its symbolic expression) as

an admissible word in Q0* of length n + 1 starting from the letter ~y. O
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3. THE DISTRIBUTION OF 1 ON BASIC NET INTERVALS

In this section, we will analyze the distribution of p on basic net intervals. We
construct a family of non-negative matrices (maybe not squared), such that the
distribution of p (written in a vector form) on any basic net interval can be expressed

as a product of these matrices.

Let A = [a, b] be a n-th basic net interval. Iterating (1.2) n times we obtain
p(A) = popu(S,1(A),
O'E.An

where p, denotes the product pj, ...p,, for ¢ = j;...j,. Since p is a non-atomic
measure supported on K, we have

pa) = >, Poil(S; " (A)). (3.1)

oc€EAn: So(K)N(a,b)#£D

Write V,,(A) = (a1, ... ,ay,(a)). By the definition of V,,(A), we can rewrite (3.1) as

vn(A)

pa) = > > Poi(S, 1 (A))

=1 o€An: p~"(a—S-(0))=a;

vn (A)
- Z ,U/([ai; a; + En(Aﬂ) Z Po- (32)
i=1 c€EAn: So(0)=a—pma;

Now we define a v,,(A)-dimensional row vector @Q,(A) = (q1,- .., qu.(a)) by

4 = p([as, a; + £ (A))) > Doy i=1,...,0.(A).
€A So(0)=a—pa; (33)

By (3.2), u(A) = |Qn(A)]| := ZfQ(IA) ¢;- We call @, (A) the vector form of pon A.

Lemma 3.1. Q,(A) is a positive v,(A)-dimensional vector for any n > 0 and
A€ F,.

Proof. Let ¢; be defined as in (3.3). It suffices to prove ¢; > 0 for any 1 < i <
v, (A). For any given i, since there exists a 6 € A, so that Ss(0) = a — p"a; and
S;(a,b) MK # 0, it follows that Y oved,: S,(0)=a—pra; Po = Ps > 0, and p([a;, a; +

0,(A)]) = u(S;(a, b)) > 0. Thus ¢; > 0. O
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The following result is essential in our analysis.

Lemma 3.2. For any A € F,, (n > 1), denote by A the unique element in F,_1 so
that A > A. There is a vn_l(ﬁ) X vp(A) matrix T(Cn_l(ﬁ),cn(A)) which depends
only on Cp_1(A) and C,(A) such that

Qn(A) = Qua(A)T(Crr(D), Ca(A)):

o

Proof. Assume A = [a,b] and A = [¢,d]. Write V,(A) = (ay,... , Oy, (A)) AN
Vot (A) = (1, ... s \(&))- Also Write Qn(A) = (q1, - - - , qu,(a)) and Qu_1(A)

) T Up—

(u1,...,u, (&) By the definition of Q,(A) and Qu_1 (D),

¢ = p([a;, a; + 0,(A)]) Z Ders i=1,...,0,(4),

oc€EAn: So(0)=a—pa;

and
u; = p(le;, ¢; + la1(A))]) > Doy G=1,... 01 (D).
o'e€An_1: S (0)=c—p"lc;
For o =iy ...1, € A,, write 6 = iy ...1,_1. By the definition of basic net intervals,

we see that if S,(0) = a — p"a; for some i, then

S5(0) € {c— P e 1< < vn,l(ﬁ)}.

-~

Now define for any i € {1,... ,v,(A)} and j € {1,... ,v,-1(A)},

Ds Js € A so that ¢ — p"te; + p"tos = a — pay,
Wyi = :
0 otherwise.

That is w;; = ps if and only if there is ¢ = 4;...4, € A, with ¢, = s such that
S,(0) =a — p"a; and S;, _;, ,(0) = c— p"~'¢;. Therefore

vn-1(A)
E Po = Z Wy E Do, i=1,...,0,(4Q).
0€An: So(0)=a—pma; j=1 o'€An_1: S,/ (0)=c—p~lc;

Define a vn_l(ﬁ) X vp(A) matrix T = (t;,;) by
_ wiip ([ai, ai + £u(A)])

- 1<j<vaa(A), 1<i<uy(A).
p (e + £ua (B)

t

Vi

We have



o~

Since p~"(c¢—a) depends only on C,,_1(A) and C,,(A), so does (w;;). Thus T’ depends
only on C,_1(A) and C,(A). This completes the proof. O

The above result, together with the fact Qo([0, 1]) = 1, yields immediately

Theorem 3.3. There exists a family of non-negative matrices {T(c,B) : «,f €
Q, A, =1}, such that for any A € F,,

Qn(A) =T (v0,7) - T(Vn-1,"n),

where g . . .V, s the symbolic expression of A. O

As a corollary of Theorem 3.3 and Lemma 3.1, we have

Corollary 3.4. Suppose ajas ..., is an admissible word in Q*. Denote by e(a)

the v(a)-dimensional row vector of which each coordinate equals 1. Then
e(a1)T (o, a0)T (g, a3) ... T(p—1, ) (3.4)

is a positive v(ay,)-dimensional row vector.

Proof. Since ajas...aq, is an admissible word in Q*, there exists ~q,...,7 such

that
YoVL - - - M1 Qg . . Oty

is an admissible word in Q* starting from 7. Therefore by Lemma 2.4 there is A €
Fny such that the symbolic expression of A is 97y ... Va1 . .. . By Theorem
3.3 and Lemma 3.1,

T(%, 71) .. -T(%—b %)T(%, Oé1)T(0417 az) .- 'T(an—la @n)

is a positive v(ay,)-dimensional row vector, which implies that (3.4) is positive. O

By the construction of the matrices T'(a, §), we can express precisely the entries
of the product T(ay, ) ... T (1, ) for a given admissible word «; ... a,. To
see this, choose t € N and A = [a,b] € F; so that C;(A) = «;. Assume that
the symbolic expression of A is 7y...v_1c1. By Lemma 2.4, there is a unique
one A" = [e, f] € Fi1n_1 whose symbolic expression is vy ... 101 ...q,. Write

Vi(A) = (a1, ..., aya)) and Vi1 (A) = (e1,. .., €y, (an)- Denote for simplicity
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X =T(aq,a9) ... T(ap—1, ). Then from the construction of T'(«, ), we have by

induction that

Proposition 3.5. For any 1 < j < u(A), and 1 <i < vy 1(A"),

- mlle e+ by (A)]
i p(lag, a; + 6(A)]) 2

Pe-
§€AL_1: a—plaj+ptSe(0)=e—ptTrle;

4. PRODUCTS OF SQUARED MATRICES

Let € be the set defined as in (2.1). A non-empty subset Q) of Q is said to be an
essential class of €1 if it satisfies: (i) { € Q: A,p =1} C Q for any o € Q; (ii) for
=1
for 1 <i < n— 1. The existence of at least one essential class is well known (see,

e.g. Lemma 1.1 of [25]).

any a, 3 € ﬁ, there exist vq,... ,7, € Q such that T =a, v, =05and A,

yYi+1

Now fix an essential class Q of Q. Let M, ... ,Ns be all the elements in Q. Set

d= Zv(m),

where v(-) is defined as in (2.2). In the following we construct a family of d x d

matrices {M;}7_,. For any 1 <i < s, define M; to be the partitioned matrix

Ul,l U1,2 to Ul,s
U271 U272 T U2,s
. . . . )
L Us,l 52 Us,s i

where for each 1 < j, k <'s, U}, is a v(n;) X v(n) matrix defined by

ik

Ui = T(n;,m) if k=1and A,,,, =1,
0 otherwise.

Choose an integer ng and [y € F,, so that C,,(ly) = m. Denote by © =
Y0 - - - Yno—171 the symbolic expression of . In the following we consider the distri-

bution of p on basic net intervals which are contained in 1.
13



Given A € F,, (n > ng) with A C Iy, define @n(A) to be the partitioned vector
(W1, ..., Ws), where W; is a v(n;)-dimensional row vector defined by

W { Qu(A) it n=Cal),

0 otherwise.

It is clear that @n(A) is a d-dimensional row vector, which we call the uniform
vector form of p on A. By Lemma 3.2, Theorem 3.3 and the product formula of

partitioned matrices, we have
Lemma 4.1. (1) Given A € Fix (k> 1) with A C Iy, we have

@no—l-k(A) = Q\no (IO>Mi1 s Mikv

where On;, ...n;, s the symbolic expression of A.

(2) My, ... M;, # 0 if and only if n;, ...n;, is an admissible sequence. O

In the remain part of this section, we will prove the following proposition, which

is needed in our proof of Theorem 1.1.

Proposition 4.2. The matriz H :=Y_._, M; is irreducible. That is, there exists an
integer r > 0 such that H™ > 0.

The proof of the above result is based on several lemmas.

Let {T(c,B) : o, € , Ayp = 1} be the family of matrices we constructed in
Section 3. By the definition of the matrices M; (1 < ¢ < s) and the product formula

of partitioned matrices, we have immediately

Lemma 4.3. Given an admissible word n;, ...n;, with n > 2, write the matriz
M;, ... M, in the form of the partioned matrix (Ui,j)
v(n;) matriz. Then U, ;. =T (i1,12) ... T (in_1,0n). O

1<ij<s Where Ui is a v(m;) %

The following lemma is a key part for the proof of Proposition 4.2.

Lemma 4.4. Giveni € {1,... s} and k € {1,... ,v(n;)}, for each j € {1,...,s}
there exists an admissible sequence 1;,1;, . .. 1;, such that n;, = n;, n;,, = n; and all

the entries of the k-th row of the matriz T'(n;,,mi,) ... T (ni,_,, i) are positive.
14



Proof. Suppose i, j, k are given. Choose n > ng and A = [a,b] € F,, so that A C I,
and C,(A) = n;.

Write V,(A) = (a1, ... ,ay,(a)). By the definition of V,,(A), there exists o € A,
with S,(0) = a — p"ay and S,(K) N (a,b) # 0. Find a large integer | and ¢ €
A; so that Sy4(K) C (a,b) and thus S,4([0,1]) C (a,b), where ¢ denotes the

concatenation of o and ¢.

Pick ig € {1,...,s} such that (i) {(n;,) = min{l(n,) : 1 < u < s}; (i) v(n,) =
max{v(n,) : 1 <u < s,0(u) =4£€(n;,)}, where v(-) and £(-) are defined as in (2.2).
Choose n; € N and Ay = [¢,d] € F,, so that Ay C [y and C,, (A1) = 1n;,. Write
Vi (A1) = (e1,- 5 G (AD)-

Denote Ay = Syp4(Aq). It is clear Ay C (a,b) since S,4([0,1]) C (a,b). We claim
that Ay € Frpiin, With Vi, (Ag) = Vi (A1) and Cypin, (Ag) = £, (Ay). First
we show Ay € Friiin, and Cpin, (Ag) = £, (A1), To see this, we observe that
the two endpoints of Ay belong to the set P, 4y, since those of A; belong to P,,;
and Ay N K # () by Ay N K # (). Therefore, A, contains at least an elements in
Fotitn,- On the other hand the minimality of ¢(n;,) shows that each (n+ [+ n;)-th
basic net interval contained in I has length at least p"t*™14(n; ), i.e., the length of
Ay. Combining these two facts we have Ay € Foyiin, and opin, (A2) = £(n;,) =
ln (A1), To show V,i1n, (Ag) = Vi, (A1), by the maximum of v(n;,) it suffices
to show each coordinate of the vector V,,, (A1) is a coordinate of Vi ijin, (A2). To
prove this, note that for any 1 < u < wv,,(A;), there exists ©» € A,, such that
Sy(0) = ¢ — p™c, and Sy(K) N (c,d) # (. Therefore, Sypy(0) = S,4(c) — p" e,
and Sygy(K) Nint(Sye(A1)) # 0. Note that Ay = S,4(A1) and S,e(c) is the left
endpoint of A,. By the definition of Vj, 41, (A2), ¢, is a coordinate of V11 p, (As).
This finishes the proof of the above claim.

Let e be the unique integer in {1,...,s} so that C,ijin, (A2) = 1.. By the above
claim, V(n.) = V(n;,) and ¢(n.) = €(n;,). Denote by vo...7v,—17; the symbolic
expression of A. Since Ay C A, we can denote by Yo...Va_17i%i, - - Migyn, e the

symbolic expression of A,. Denote

X = T(nw 7712) T T(nil+n1 ) ne)-
15



By Proposition 3.5, for any 1 < u < v(1,),

X, — Mlewscut ) 5

pllaw, ax + €(mi)]) Pe:

E€Aiyn,: a—pmap+p™Se(0)=S,4(c)—p" T 1c, (4' 1)

Recall we have proved in last paragraph that for each 1 < u < v(7,), there exists
Y € Ay, such that Sy4y(0) = Sy(c) — p" ¢, Note that

Sogy(0) = S5(0) + p"Spy(0) = a — p"ar + p"Sgy(0).

By (4.1), X, > 0. Therefore

ek T (13, Miy) - - - T (Wi s Me) > 0, (4.2)

where e; ; denotes the v();)-dimensional row vector whose k-th coordinate is 1 and

all other coordinates are 0.

Choose an admissible sequence n;, ...n;, such that n; = n. and n;, = n;. By (4.2)
and (3.4),

ei,kT(Th‘; %) . -T(772'1+n1 ) Ue)T(n& 77]2) . 'T(njtfl ) nj) > 07 (43)

That is, all the entries of the k-th row of the matrix

Tisnin) -+ T Wi M) T Mes M) - T (g5 m5)

are positive, which completes the proof of the lemma. O

Proof of Proposition 4.2: To show that H = >, | M; is irreducible, it is equiv-
alent to show that for any 1 < wu,l < d, there exists 1,1%9,...,7, such that the
(u,l)-entry of the matrix M;, M, ... M;, is positive.

Now fix u,l. Let 7,5 € {1,...,s} and k,k; € {1,... ,v(n;)} be the integers such
that

u = Z v(ng) +k, and = Z v(ne) + k.

t<i—1 t<j—1
By Lemma 4.4, there exists an admissible sequence 7;n;, ...n;, with 7, = j so that
the (k, k1)-entry of the matrix T'(n;, n;,) ... T(ni,_,,M,) is positive. By Lemma 4.3,
the (u,l)-entry of the matrix M;, ... M, is positive, which finishes the proof. O

16



5. PROOF OF THEOREM 1.1

Let My, ..., M, be the d x d non-negative matrices we constructed in Section 4.
For ¢ € R, define

Plg) = tim ~og (37104, . M, 1Y),
where the summation is taken over all indices 4;...4, over {1,...,s} such that
M, ...M; # 0. We remark that the limit in the above definition exists under
the condition that »"7 | M, is irreducible (cf. [5]). The function P(q) is called

the pressure function of My, ... , M. The following result (for general non-negative

matrices ) was proved by Feng and Lau [5]:

Proposition 5.1. (Theorem 3.3 of [5]) The pressure function P(q) is differentiable
for ¢ > 0 under the condition that Y, | M; is irreducible.

By Proposition 4.2 and Proposition 5.1, P(q) is differentiable. This combining
the following theorem yields Theorem 1.1:

Theorem 5.2. Under the condition of Theorem 1.1, 7(q) = P(q)/logp for any
qg>0.0

In the remaining part of this section we will prove the above theorem.

Let Iy be given as in the last section. Denote o = plg,, i-e., po(A) = u(ly N A)
for all Borel set A C R. Let 7(u0,q) be the Li-spectrum of py.

Lemma 5.3. 7(q) = 7(1o,q) for any ¢ > 0.

Proof. Fix ¢ > 0. Since p(A)? > po(A)? for each Borel set A C R, it follows from
the definition of the L-spectrum that

7(q) < 7(10,q)-

To show the reverse inequality, write Iy = [ag, by]. Find dp > 0, n € N and ¢ € A,
such that S,([0,1]) C [ag — do, bo + do]. For each 0 < § < §y and a family of disjoint

intervals [z; — d,2; + 6] with x; € K, observe that {Ss([z; — 0,2, + d])} is a family
17



of disjoint intervals of radius p"d and with centers in supp(ug). It follows that
D no(So([ws = 6,a: +8])" = D Syl — 6,5+ ) = ph > (s — 6,2, +9])%,

which combining the definition of the L? spectrum yields

q

log p,,
i
7(ko, q) < lim inf —— >

+7(q) = 7(q).

This completes the proof. O

Lemma 5.4. For anyn € N, A = [a,b] € F,, let V,(A) = (a1,... ,au,(n)). For
each j € {1,... ,v,(A)}, pick o € A,, with S,(0) = a— p"a;. There is an integer kg
(independent of n, A, j and o) such that there is w € Ay, satisfying

Sow([0,1]) C (a,0) and  Syu(0) —a > | Sy ([0, 1])].

Proof. For any a € Q, pick n € N and A = [a,b] € F,, with C,(A) = a. Write
Vi(A) = (a1, ... ,ay,(a)). Foreach j € {1,... ,v,(A)}, pick o € A, with S,(0) =
a — p"a;. Since S,(K) N (a,b) # 0, there is k = k(o) € N and ¢ = ¢(a) € A such
that

Sy([0,1]) C (a,b) and  S,s(0) — a > [S,4(]0,1])]- (5.1)

Observe that for any other Ay = [¢,d] € F,, with C,, (A1) = a, if pick 01 € A,
with S,(0) = ¢ — p™a;, we still have

SU1¢([07 1]) - (Cv d) and Sffl¢<0) —c2 |SU1¢([07 1])|

Let ky = maxaeq k(). And choose ¢(a) € Ay, so that ¢(a) is the prefix of ¢(a).
It is clear that (5.1) still holds if in which ¢ is replaced by ¢(a). This completes the
proof. O

Lemma 5.5. There exist two constants Cy,Cy > 0 such that for each n and A € F,
there is a subinterval [x — Cip", x + C1p"] of A with x € K and pu([xr — Cip", x +

Cip"]) > Cop(A). .



Proof. Suppose A = [a,b] € F,,. Write V,,(A) = (a4, ... ,ay,(a)). Recall that

vn(A)
pB) = S paa+6A) Y
i=1 c€A,: S5(0)=a—pma;

Choose j € {1,... ,v,(A)} such that

Z Po = igonia) Z Pe

oEAR: SJ(O):a—p"aj 0EAR: SU(O):a_pnai

We have

pBd) <ud) S (5.2)

0€An: So(0)=a—p"a;

Now pick oy € A, so that S,,(0) = a — p"a;. By Lemma 5.4 we can find w € Ay,
such that

So0w([0,1]) C (a,0), Sepw(0) — @ = [Seous ([0, 1])]. (5.3)
Set x = S,;,,(0). Then x € K since 0 € K. By (5.3), we have
[ — "0 2 4 g C (a,D).
Note that

pfx — p" 0z + p" ) > pu(Se0w([0, 1))

= > P8 (Seu((0,1])))

'YGATHJCO

> > Pouwlt(Se (S0, 1])))
oc€An: So(0)=a—pma;
= Z Pow
0€An: So(0)=a—pma;
n(A)
> .
min,, !
> Hwedy, P u(A).

max,eq v(a)

mlnw’EAkO D!

Letting C' =
maxX,eq v(a)

, we complete the proof. O
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Proposition 5.6. For each q € R,

1 1
7(q) = lim inf log WA T(uo, q) = lim inf log (AL
( ) n—00 nlng A;n ( ) ( 0 ) n—00 nlng AG}—;ACIO ( )

Proof. For simplicity we only prove the first equality. The second one follows by a

similar argument.

First we show 7(¢q) > liminf,,_, #gp log > acr, #(A)7. To see this, by Lemma
5.5, for each A € F, pick [xa — p" T A + p"T] C int(A) such that zo € K and

Cu(A) < pfza = p"H0, xa + p"H]) < p(A).
Note that {[za — p""*0 za + p"T ] 1 A € F,} is a family of disjoint intervals with
xa € K, we have for g € R,

g Z (1([za — p" o, zp + p")))"
AEF,

log > u(A)”.

AeFy,

< liminf ———1
(@) = gy (n—i—ko)logpo

1
= liminf
n—oo nlogp

To see the reverse inequality, for any 0 < § < p, let k be the integer so that
Pt < § < p*1. Suppose that {[z; — &, z; + 6]} is a family of disjoint intervals with
x; € K. Observe there is a constant D such that each [x; — §, z; + 0] intersects at
most D many different A € F, it follows that for ¢ > 0,
pla—dz+o)r<( > w@) <ot > @
AEFy, AN[wi—b,a:+8]#0 AEFy, An[wi—b,2;+8]#0
Taking the summation over ¢ and observing that each A € Fj intersects at most
two different intervals [x; — §, x; + 0], we have
> pl[m = 6,2+ 0)T < 2D > p(A)Y, Vg > 0. (5.4)
A AEF}
By the way each [x; — 0, x; + 0] contains at least one A € Fy, it follows that
> i — 6,z + )7 < Y u(A)?, Vg <0. (5.5)
i AEF;
Combining (5.4) and (5.5) we have

1
7(q) > liminf
n—oo nlogp
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which completes the proof. O
Proposition 5.7. 7(ug,q) = P(q)/logp, Yq € R.
Proof. By Proposition 5.6 and Lemma 4.1,

1
7(10,q) = lim inf
n—oo nN ]og p

10g >~ [|Qny (1) M, ... M, |17, (5.6)

where the summation is taken over all indices %;...4, so that mmn;, ...n;, 1s an
admissible sequence. In the following we write for simplicity M; = M,, ... M;, for

I=iy.. .4,

Fori=1,...,s, write e; to be the partitioned vector (f;;,fs,, ... ,fs;), where f;;

is a v(n;)-dimensional row vector defined by

(1,...,1)  ifj=i

N——
£, v(n)’s 1
0 otherwise
and write e = (1,...,1). Since @no(lo) ~ e; ~ eM; (here and afterwards we write
——
d's 1

(ar,...,aq) = (b1,... ,by) if Ob;' < a; < Cb; for some C > 0), it follows from (5.6)
and Lemma 4.1 that

1
= lim inf 1 M|
7(o q) min nlog p 0g Z [ Mrl

]E{l,... 7S}n: M;1#0

To show (o, q) = %, it suffices to show
minfSlog S0 Ml =lm ~log Y [M|”
n—oo M n—oo 1
Ie{l,...,s}™: My1#0 Ie{1,...,s}™: M;#0

The part “<” is clear. To prove the reverse part, denote by

Rn(q) = > [ M.

Ie{1,...,s}™: My11#0

Using the fact || M| < || Mgl M;||, we have

R,.(q) > BR,1+1(q) forq>0 and R,.(q) < BR,.1(q) for q <0,

21



where B > 0 depends only on ¢q. For each j € {1,... s}, there is an admissible
word mniy - - - Thl]n] with length lj + 2. Note that eMlMil Ce Milj Mj ~ €; ~ e]\/[j,
for any I € {1,...,s}" with M;; # 0, we have

1
I Mirll < 1My irll < Gl Ml
J
where C; > 0 is a constant independent of n and I. Therefore
Z [ M| < (Cj)lq‘Rn—i-lj-i-l(Q)'

Ie{l,...,s}": M;1#0

Taking the summation over j and letting C' = max; <<, C;, [ = maxj<j<sl;, we have

!
Z HMIHq < sCldl ZRn+k+1<Q)'
k=0

Ie{l,... ,s}nt1: Mi#0
Combining it with (5.7) yields
S IM|? < DRu(q) forg>0
Ie{l,...,s}nt1: M;#£0
and

Z [M;[|? < DRyyi41(q)  for ¢ <0,

I€{1,... s} +1: M;#£0
where D is a positive constant depending on ¢. This implies the “>" part and the

proof is completed. O

Proof of Theorem 5.2: It follows directly from Lemma 5.3 and Proposition 5.7.
O
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