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Abstract. For a given expanding d-fold covering transformation of the one-dimensional
torus, the notion of weak Gibbs measure is defined by a natural generalization of the
classical Gibbs property. For these measures, we prove that the singularity spectrum
and the LY-spectrum form a Legendre transform pair. The main difficulty comes from
the possible existence of first-order phase transition points, that is, points where the
L7-spectrum is not differentiable. We give examples of weak Gibbs measure with phase
transition, including the so-called Erdos measure.

0. Introduction

The one-dimensional torus S! := R/Z is endowed with the natural metric and dimy M
denotes the Hausdorff dimension of any M < S' (by convention, dimy } = —o0).
Let B,(x) be the closed ball of radius r > 0 centered at x € S!; the local dimension
of a Borel probability measure 7 at x is by definition

DMy (x) = lim &8 (), (1)
r—0 logr

provided that the limit exists. The level set E () (¢ € R) associated to 7 is the set of points
x € S! such that DIM, (x) exists and is equal to o. The map o — dimpy E () is called the
singularity spectrum of n. Heuristic arguments using techniques of statistical mechanics
(see [16] for example) show that the singularity spectrum should be finite on a compact
interval denoted DOM(n) and is expected to be the Legendre transform conjugate of the
L9-spectrum t associated to n (see Definition 1.3); that is, for all « € DOM(7),

dimy E(a) = inf{ag — 1(q); ¢ € R} =: t%(a). 2)
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The multifractal analysis of a probability measure is concerned with rigorous arguments
ensuring that the Legendre transform formula (2) holds; the first multifractal formalisms
were established for Gibbs [7, 36, 39], quasi-Bernoulli (4, 17] and self-similar measures
[6, 25, 33]: we refer to [34] for a general overview of the subject and complete references.
In this paper, we focus our attention on the notion of weak Gibbs measure defined in [46]
by a natural generalization of the classical Gibbs property (see Definition 1.1). Of special
interest are the g-measures, as considered in [22], which turn out to be weak Gibbs, as well
as a large class of the conformal measures studied in [19]. It follows from the variational
characterization of the g-measure proved in [26] that a non-ergodic g-measure cannot be
Gibbs. The existence of non-ergodic g-measures established in [3] shows that a weak
Gibbs measure need not be Gibbs.

Let T be an expanding d-fold covering transformation of S' (with d > 2) so that there
exists a Markov partition M1 of T, by d (semi-open) intervals; if M,, (n > 1) denotes the
partition of S! by the n-step basic intervals then M := U,, M, is called the Markovian
net of T. From now on, we assume that 1 is a weak Gibbs measure of a potential ¢
defined on the symbolic space which codes the Markovian dynamics of 7. Our approach
to the multifractal analysis of 7 is classical; we consider the level sets E («|M) associated
to the Markovian local dimension DIM,,(-|M) and we give (Theorem A) an intermediate
Legendre transform formula, say, for any « in the interior of DOM(7),

dimy E(@|M) = tj(), (€)

where the concave map 14 is implicitly defined by a pressure equation. An important
and non-trivial step is to prove (Theorem B) that dimy E (¢|M) = dimgy E(«), when
n is a weak Gibbs measure. The last step is achieved by proving (Theorem C) that
74 coincides with the L7-spectrum t and we conclude (Theorem A’) that the Legendre
transform formula (2) holds, when 7 is weak Gibbs.

These generalizations are relevant essentially because the L?-spectrum 7 need not be
real-analytic/differentiable when 7 is weak Gibbs. For the thermodynamic formalism on
lattices, a system is said to exhibit a phase transition when a thermodynamic function
displays a defect of analyticity at some critical value (see [40, ch. 5]). We shall say that the
real number g, is a phase transition point (respectively a first-order phase transition point)
if T is not real-analytic (respectively not differentiable) at g.: this will make sense, for we
shall prove (Theorem C) that t coincides with a thermodynamic function determined by
a pressure equation. Let us denote by t/(¢[") (respectively 7/(¢;)) the right (respectively
left) derivative of T at g.; if T/(¢;") < t/(g.") then the mass distribution principle does
not apply to give the desired lower bound of dimy E (¢| M) when r'(qc"’) <a<1'(g)).
Our argument depends on the tangency property of the topological pressure, which yields a
thermodynamic characterization of 7/(¢g™) and /(¢ ™) for any ¢ € R (Lemma 3.2) and on
a formula which gives the Billingsley dimension of the generic points of a (not necessarily
ergodic) shift-invariant measure.

In §1 we describe the framework of the expanding d-fold covering transformation of the
one-dimensional torus and the thermodynamic formalism of the equilibrium state. Then we
give a definition of the weak Gibbs measure (Definition 1.1) making possible a rigorous
statement of Theorems A, B, C and A’; the proofs of these theorems are given in §3.
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Section 2 is devoted to an illustration of the previous results through the analysis
of two examples of Bernoulli convolutions. We first study (§2.1) the so-called
(2, 3)-Bernoulli convolution: this measure is proved to be weak Gibbs (Theorem 2.4) and
we show that its L9-spectrum displays a phase transition point (Theorem 2.5). The case of
the (2, 3)-Bernoulli convolution is closely related to our main application, concerned with
the multifractal analysis of the Erdos measure. The Bernoulli convolution vg (1 < 8 < 2)
defined in §2.2 is a non-atomic probability measure supported by the unit interval which is
either continuous or purely singular (see [21]). Erdds proved in [10] that vg is purely
singular when B is a Pisot number (i.e. an algebraic integer whose conjugates have
modulus less than 1). When 8 = (1 + +/5)/2 the measure v := vg is called [42] the
Erdos measure. The multifractal analysis of v has been partially studied in [13, 24, 27];
we prove (Theorem 2.9) that v is a weak Gibbs measure (but not Gibbs) with respect
to a suitable 3-fold covering transformation (the potential of v is defined by means of
continued fractions), so that the full multifractal formalism is completely established
(our contribution is concerned with the decreasing part of the singularity spectrum of v).
In [13], the first author completes a result in [24] by giving an explicit formula for the
L7-spectrum of the Erdos measure, proving in addition that there exists a negative g, such
that: (i) t(q) = qlog2/logp for any ¢ < q.; (ii) T is infinitely differentiable at any
q > q¢; and (iii) T is not differentiable at g.. The weak Gibbs property of v makes
possible (Theorem C) the use of the thermodynamic formalism and one may interpret g,
as a first-order phase transition. The variational principle allows an alternative approach
to (i) (Theorem 2.10), which is actually enough to ensure that 7 is not real-analytic at
qc < 0; the fact that  is not differentiable at ¢, is more difficult to establish: Appendix A
is devoted to a self-contained proof of this result based on the original argument in [13].
We point out that the multifractal formalism is valid for vg,, when B, is the Pisot number
such that g = B*~! + ... + B, + 1 (n > 3) [13, 32], the corresponding L?-spectrum
being differentiable on the whole real line [13]. Even if some partial results can be
achieved (see e.g. [14]), the general case of a Pisot number seems to remain a difficult
problem.

1. Multifractal formalism of weak Gibbs measures

1.1. General framework. Let T be an expanding continuous transformation of S! such
that 7~ !{x} is of cardinality d > 1 for any x € S!. Assuming that 7(0) = 0, there
exist d points x4 = 0 = xg, xq,...,xg—1 such that T is a one-to-one, onto mapping
from [i] = [x;, xi+1[ to S!. The bilateral restrictions T} dxi, xig1[— Sl\{O} are
diffeomorphisms with Holder-continuous derivative (the transformation 7 may not be
differentiable at the points x;): we say that 7' is a regular d-fold covering transformation
(d-f.c.t.) of S'. Let Q4 be the one-sided direct product of an infinite number of copies of
the alphabet Ag := {0,...,d — 1}, i.e. Qq := [][§° Aa; we assume that Q24 is endowed
with the product topology and o : Q4 — 24 denotes the (one-sided) shift transformation.
Each x € S! is associated to a unique point x (x) := (wi) € Qg such that Tk(x) € [wrl,
for any integer k > 0, and x : S! — Qg is a one-to-one map such that the following
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diagram commutes

SI_T>SI

xl lx

Qq —= Qq

(we usually call x the coding map of 7). For any x € S' such that o = x(x), we
denote by I,(x) = [wg---wy—1] the n-step basic interval about x, that is, the set of
points y € S! such that Tk(y) € [wi], fork = 0,...,n — 1. Let [[w] be the set of
the £ € Qg suchthat&y---&,_1 = w, which is usually called the n-step cylinder set about
w (clearly, x “'([w]) = [w]). If Mo := {S'} and if M, (n > 0) is the collection of
the n-step basic intervals then M := {M]}>°  is by definition the Markovian net of T'.
The Holder-continuous function Wy : Q4 — R such that Wo(w) = —log|T'(x)| when
o = x(x) (and extended to Q24 by continuity) is called the volume-derivative potential of
T with respect to M. By a classical application of the Mean Value Theorem, there exists
aconstant K > 1 such that, for any w € x(S!) and any integer n > 0,
1 [y - - wnll

- < =K “)
K ™ exp(S; Wo(w))

(|J| stands for the length of any interval J C S! and S, Wo(w) := Z;(l) Wo(okw)).

Definition 1.1. The measure 7 defined on S' is said to be a weak Gibbs measure of the

potential ¢ : Qg — R, if there exists a sub-exponential sequence of real numbers
K (n) > 1 (i.e. lim,(1/n) log K (n) = 0) such that, for any n > 0, and any w € x (S"),

I _ o op-i]

K(n) = exp(Sn¢(w))

without loss of generality, we assume that K (n) increases with n.

= K@), 5)

If K(n) is constant, one recovers the classical notion of Gibbs measures [2];
accordingly, by (4), the Lebesgue measure is a Gibbs measure of the volume-derivative
potential Wy.

Suppose that the probability measure 7 is fully supported by S!; for w € x(S'), we set
¢1(w) :=logn[wp] and for any n > 1,

[wo---wp—1]

(@) = log Z 6)

[0 - wu—1]
Using the density of x (S!) in Qg4, one extends ¢, to a continuous map defined on the whole
of Q4 and called the n-step potential of n. The following lemma provides a useful way to
prove that 1 is weak Gibbs (the proof is left to the reader).

LEMMA 1.2. Let ¢, be the n-step potential of a fully supported probability measure n; if
¢n converges uniformly to a potential ¢ then n is a weak Gibbs measure of ¢.

Even if a weak Gibbs measure need not be invariant under the dynamics of 7', the notion
is closely related to the theory of equilibrium states. The topological pressure of a potential
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¢ : Qg — R (simply assumed to be continuous) is, by definition,

P(¢) := lim - log Y exp(Sug Twl), @)
"on we A%

where S, ¢*[w] := max{S,¢(§); & € [w]} (a sub-additive argument ensures that the limit
in (7) does exist). The variational principle of Walters [45] asserts that, for any o-invariant
probability measure 5 of metric entropy h, (1), one has hy (1) + n(¢) < P(¢), equality
being obtained when 7 is an equilibrium state of ¢; the set of equilibrium states of ¢ is a
non-empty weak-* compact convex set (in fact a Choquet simplex), whose extreme points
are o -ergodic measures. We shall use the basic properties of the topological pressure listed
in [45, Theorem 9.7].

It is worth noting that the weak Gibbs property is satisfied by a g-measure in the sense of
Keane [22] as well as the so-called conformal measures. More precisely, given a potential
¢ : Qg — R, the probability measure 1 defined on S! is said to be e~%°X -conformal, if for
any Borel set A, with A C [i] for some i € Ag, one has

noT(A)= / e~ gn(x). (8)
A

Under the condition that 7 is fully supported by S!, it is easily seen that (8) implies the
uniform convergence of the n-step potentials of 1, ensuring by Lemma 1.2 that 7 is weak
Gibbs. However, the converse is not true in general, even if there exists a partial reciprocal;
to see this, we notice that if in addition to being of full support and e~#°X-conformal,
one also assumes that n is T-invariant, then, according to the previous remark, 7 is a
weak Gibbs measure of ¢, but it is also necessary that ¢ is normalized in the sense that
Z(,S:w e?®) = 1 (the n-step potentials are trivially normalized and, using the uniform
convergence, one deduces that ¢ is also normalized). Now, if one assumes that 7 is a
T -invariant weak Gibbs measure of the normalized potential ¢, then it is easily seen that
n is an equilibrium state of ¢ and by the variational principle in [26, Théoréme 1], one
deduces that 7 is e “?°X -conformal. When the potential ¢ is normalized one usually writes
g = e?°X 5o that the T-invariant e~#°X -conformal measures are exactly the g-measures.

1.2. Statement of the multifractal theorems. The classical starting point of the

multifractal analysis is to make possible an application of the Shannon-McMillan

Theorem, by the introduction of the Markovian local dimension
DIM, (e M) = lim D& )

n log |In(x)]

provided that the limit exists; then the «-level set corresponding to this local dimension is

by definition

(C))

E(@|M) :={x € S;; DIM; (x| M) = a}. (10)

From now on, suppose that the probability measure 1 defined on S' is a weak Gibbs
measure of the negative potential ¢ : Qg4 — R. For any (g, ) € R x R we consider the
partition function

q
Zogn = Y 22l (a1

13
S 1wl
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Using the Gibbs property (4) of the Lebesgue measure and the weak Gibbs property (5)
of n, it follows from the definition given in (7) that

1
P(gop — tVp) :liy{n;loan(q,I) =:Py(q,1). (12)

The convex property of P implies that Py is a convex map on R x R; for any ¢, ¢’ € R
with ¢’ > g, one has

q'¢ — 1%y < (q' — q) sup(®) + (g¢ — 1%y),
where sup(¢) := sup{¢(w); w € Qg}; hence

P(q'¢p — W) = (¢" — q)sup(¢) + P(qp — 1Wp),

and thus
Py(q. 1) —Py(q’,1)
-9
Since ¢ is supposed continuous and negative, sup(¢) < 0, and one deduces from (13)
that the convex map ¢ — Py(qg, t) decreases from 400 to —oo. Using the assumption
that sup(Wp) < 0, the same argument shows that, for any ¢ € R fixed, the convex map
t — Py (g, ) increases from —oo to +00. Therefore, there exists an increasing concave
map 74 : R — R defined by the implicit equation Py (g, t4(g)) = 0. The underlying
thermodynamic formalism related to the convex map PPy leads to a characterization of the
points where 74 is not differentiable (i.e. the first-order phase transition points): actually,
according to Lemma 3.2 proved in §3.1,
T4(q7) = sup{ &) } and 14(¢q") = inf{ &) } ,
w | (Vo) i | (o)

where the infimum and the supremum are respectively taken over the probability measures
W, equilibrium states of the potential g¢ — 74 (q) Wo. Lemma 3.2 also provides a description
of the behavior of 74 about 400 and —oo: more precisely we shall prove that

. () . Te(g) () o Te(q)
inf = lim —— =:¢ and supy——¢= lim — =«
wpnWo)) a—too g w lnWo)) a=-0 ¢
where the infimum and the supremum are respectively taken over the probability measures
u which are o-invariant on Q4.
It is now possible to state the multifractal formalism of a weak Gibbs measure with
respect to the Markovian local dimension.

< sup(e). (13)

’

THEOREM A. Let M be the Markovian net of a d-f.c.t. T and n be a weak Gibbs measure
of a negative potential ¢ : Qg — R. The set of all points o with E(a|M) # @ is the
interval [a, @] and dimyg E (o |[M) = r;;(a),for anya < o < a.

When T is differentiable on the whole torus and 7 is a Gibbs measure associated to a
potential which is continuous with respect to the natural topology on S, it is well known
[36] that E(x) = E(x|M). We emphasize that, in our framework, the transformation
T (respectively the potential of the weak Gibbs measure) may not be differentiable
(respectively continuous) for the natural topology on S!: in that case one may have
E(a) # E(x|M). The following theorem is a crucial point of our multifractal analysis.
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THEOREM B. Let M be the Markovian net of a d-f.c.t. T and n be a weak Gibbs measure.
Then, dimy E (x| M) = dimy E (), for any o € R.
Definition 1.3. The L?-spectrum of 7 is the concave map 7 : R — R U {—o0} such that

oginf { }°; n(B)?; {Bi}i}
logr

’

1
7(g) := liminf
r—0

where {B;}; runs over the family of covers of S by closed balls of radius .

THEOREM C. Let T be a d-f.c.t. and n be a weak Gibbs measure of a negative potential
¢ : Qq — R. Then, t4(q) = t(q), forany q € R.

Finally, we can state the strong version of Theorem A.

THEOREM A’. Let T be a d-f.c.t. and n be a weak Gibbs measure of a negative potential
¢ : Qg — R. The domain of the finite values of dimg E(«) is DOM(n) = [«, @] and
dimy E(@) = t*(a), forany a < a < @.

2. Bernoulli convolutions

For practical reasons, we shall need basic notions about the set of words on an alphabet.
Given A := {0, ..., s — 1} (s > 2) afinite alphabet, each element in A" (n > 1) is denoted
by a string of n letters/digits in A that we call a word; by convention A° is reduced to
the empty word ¢. By definition, A* is the set of words on A, that is, A* := [ J;2, A".
We denote by wm the concatenation of the two words w and m so that A*, endowed with
the concatenation, is a monoid with unit element . Whenever xg, ..., xy_1 are s elements
of a monoid (X, x) with identity element e, we denote xy := e and Xy, := xgy *- - - *Xg,_|,
for any word w = &y - - - &,—1 € A*.

2.1. The (2,3)-Bernoulli convolution. Letb and d be two integers with2 <b < d (bis
for basis and d is for digit). The (uniform) (b, d)-Bernoulli convolution u is defined as the
probability distribution of the random variable X : Q24 — R such that

I1b—1-& w,

X)) =-—3 =,

bd— 141"
for any w = (“’i)?io € Qg, when Q4 is endowed with the equidistributed Bernoulli
probability. The measure p is non-atomic, is supported by the whole unit interval
I = [0, 1], and is either absolutely continuous or purely singular (see [21, Theorem 35]).
In this section we focus our attention on the (2, 3)-Bernoulli convolution i, when €23 is
endowed with the equidistributed Bernoulli measure 13 (by [8, Propositions 5.2 and 5.3],
w is known to be purely singular). The measure p turns out to be self-similar; to see this,
notice that for M C I one has X (w) € M if and only if wp/4 + X (cw)/2 € M, that is,
Swy © X o0 (w) € M, where Sy, (x) := x/2 + wp/4; since A3 is a Bernoulli measure, for
& =0, 1 or 2 one obtains

A([elN{Se 0o X oo (w) € M}) = A3[[e]IA3{Sc 0 X 0 0 (w) € M}
= 123(S: 0 X (@) € M} = (5. (M)).
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Finally, one deduces that u satisfies the following self-similarity equation:
p=4posyt +iuost +uosy ! (14)

Each dyadic sub-interval of [ is coded by a word w € {0, 2}* and in what follows we
denote [w] := Sy (/). From the self-similarity property of the measure p given in (14) and
the fact that SI_ISOO(M) = {0} and SZ_ISOO(M) = (4, for any M C I, one obtains

1100w] = Fu(Sy  [00w]) + 3(Sy ' [00w]) + 3(S; ' [00w])
= 1Sy SolOw) + 1 (S Soolw]) + S (S5 Soolw]) = L ([Ow]).
Likewise, using the identity Sj» = S»¢ and the fact that Sgl Sro(M) C {1},forany M C I,
uI20w] = Sy S2olwl) + Fu (ST Saolw]) + 51(S; ' Saolw])
= (87" Sialw) + gul0w]
= u(2w)) + (0w,

and the following matricial identity holds:

ul00w]) 1 u[Ow] (10
(,u,[2()w]> =3P u2w))’ where Py := 1) (15)
Since S19 = So2, one gets in the same way that
ul02w]) 1 n[Ow] (11
(u[22w]> =3P u2w])’ where Py := 0 1) (16)

A simple induction using (15), (16) and the fact that u[0] = u[2] = 1/2 yields, for any
wp -+ -wp—1 € {0,2}",

1 1
ulwg -+ wp—1]1= Eyl—iltvwopwowwnflvv 17)

o) =) ()

In order to fit our framework, the measure w is identified to a measure on the torus st
Let 75 : S! — S! be the multiplication by 2 (mod 1); it is a 2-f.c.t. coded by the full shift
o : ¥ — X where ¥ := I1°{0, 2} and the volume-derivative potential is Wp : ¥ — R
such that W9 = —log 2. A dyadic interval [wy - - - w,—1] becomes an n-step basic interval,
ie. [0] = [0,1/2[, [2] = [1/2,1[ and x € [wo---wp—1] if and only if Tzk(x) € [wr]
whenever0 <k <n — 1.

Denote by 0 := (w; = 0)72; then, for any potential ¢ : ¥ — R,

exp(¥(20))
exp(y (0))
A direct computation using (17) gives u[20" 1] = n/2 - 3""1), forany n > 0;if p is a

Gibbs measure of ¥, then there exists a constant K > 1 such that, forany n > 1,

= %{3 exp(F O} < K:

where

exp(S, ¥ (20)) = {exp(y (0)))".
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this is impossible and one concludes that p is not a Gibbs measure. Our aim is to
prove that p satisfies the weak Gibbs property with respect to some potential to be
identified. We consider the probability measure x defined on S! by setting, for any word
wo - wp—1 € {0,2}",

11
wWilwo---wpe1] = 23 tVPwO---w,,_] V. (18)

It is clear that u’ is T>-invariant and the next proposition shows how it is related to .
PROPOSITION 2.1. Forany o € X, and any integern > 1,

3 wlwo - - wp—1]

= <3.
n+2 " wWlwo---wp-1]

Proof. Let w € {0, 2}"; it is easily seen that u[w]/u'[w] < 3 and thus it remains to prove
that u[w]/w'[w] > 3/(n +2). Assume that w = 041292 ... ¢%_ with e € {0, 2}, k > 2 and

ai, ...,ar > 0 (the cases a; = 0 or n are similar); if we denote
—1 (P
P;2 <o POV = (q) )
then
3(1 1) (”)
wulw] q 3(p+tq) - 3
ww]

avrg e (?) S drap e T a+?
0
q

Since n = ay + - - - + ay, it follows that a; < n and thus pu[w]/p'[w] > 3/(n + 2). O

In order to define the potential associated to 1" in Theorem 2.2 below (as well as for the
Erdos measure in §2.2), we introduce some notations and ideas.

Given a sequence ag, a1, . . . of integers with ag > 0 and a; > 0 fori > 0, we denote

1 Pk

lao; a1, ..., ar] : =a9 + —————— =1 —,

1 qk
a+—
1
+_
ag

where the irreducible fraction py/qr is the kth convergent of the continued fraction
[ao; a1, ...] = limg[ao; a1, ..., ar]. The integers pix and gy satisfy a well-known linear
recurrence, say

Pk akpPk—1 + Pk—2 1 ai 1
= = cee where Q. = ; 19
<qk) <aqu1 + qkz) Qao - Qay (0) Qe ( 1 o) 19
we refer to [23] for a general presentation of continued fraction theory.

For € € {0, 2} and a any positive integer, we denote (€|a) = €%; given any sequence
ai,az, ...,ax (k > 2) of positive integers, we define (e|aj, az, ..., ax) by means of the
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induction formula (€|ay, az, ...,ar) = €2 — €laa, ..., ar). Let0 = (w; = 07205
2:= (0 =2)%,and 6 : Q3 — N U {oo} such that

}
}

hence the map 6 : Q3 — N U {oo} is the hitting time of [1] U {0,2}. Moreover, if
0(w) = 0 then we set n(w) = 0, and if 0 < H(w) < 00, there exists a unique finite
sequence of n(w) positive integers ay’, .. ., al‘l“( ) withaf +---+ al‘l“( 0 = 6 (w) and such
that, wo - - - wpw)—1 = {wolay, .. .,al‘l‘)(w)); when 6(w) = oo we set n(w) := oo and
there exists a unique (infinite) sequence of integers ay’, a5, ... with @’ > 0 and such that
@ wp—1 = {wolay, ..., af,a), where 0 < o < a,‘(‘)+l anda +---+a’ +a=n.

2};
2};

0(@) min{k > 0; okw € [1]U{0,2}} if3k > 0, 0kw € [1]U {0,
w) = —
00 if Vk > 0, o*w ¢ [17 U {0,

THEOREM 2.2. The T»-invariant probability measure (' defined on S' by (18) is a
g-measure of the normalized potential ¢ : ¥ — R such that

log(1/3), fn(w) =60(w) =0,
¢(@) = {log([1; af, ...,al‘;’(w)]/3), if 0 < n(w), 8(w) < o0,
log([1; af, ...1/3), ifn(w) = 6(w) = oo.

The proof of Theorem 2.2 relies on the following lemma, which, according to (19),
makes the link between the matrix product formula in (18) defining u’ and the continued
fractions involved in the definition of the potential ¢ associated to i in Theorem 2.2.

LEMMA 2.3. Forw = (¢lay, ..., ax), one has 'VP,V = "VQg4, -+ Qg V.

Proof. Notice that Q¢ Qo is the identity matrix and that Py Qo = QoPj = Qq, for each
integer ¢ > 0; given any finite sequence of integers aj, ..., ar withaa ---ax—1 > 0, one
has

WP PG - PYV = 'V (PYT Q0)(QoPy?) - (Py* Q0) Qo V

= tVQal Qd2 t Qak V. g
Proof of Theorem 2.2. Assume that 6(w) = oo (the case 6(w) < oo being similar).
Forn > 1 one writes wp - - - wp—1 = {wolay, ..., af,a), withn =af +---+a’ + a and

0<ua< az’+1;oneconsidersx :=[1;af,...]and forany k > 1,

Pk _ [1;af,....af] and p_% =1[1a,...,a;, 0+ 11
qk 4k
By the definition of the n-step potential ¢, of 1/, it follows from Lemma 2.3 that
VOuo Qug -+ Qup QaV
V0uo—1 Qag - Qup OuV
(1 0001040 - QueQu+1'(1 0) (1 0)(p, q) p,
"0 D010w 0 Qus1 ‘A 00 (O Dpp ap) 4

3exp(¢n(w)) =
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Using classical inequalities of the theory of continued fractions,

o k kP 1 1 1 1
Dk P\ |BE _ Pe + < -
di qk qk qdx

X — < |x -

T qkGk+1 G4y T Gkl 4y
Since n = a{’ + - -- + a’ 4+ «, one gets g1 > g; > n, which gives the following upper
bound:

2
lexp(¢(@)) — exp(¢n(@))| = =
The desired result is obtained by an application of Lemma 1.2. a

From Proposition 2.1 and Theorem 2.2, one deduces the following.
THEOREM 2.4. The (2, 3)-Bernoulli convolution j is a weak Gibbs measure of ¢.

Since p is a weak Gibbs measure of the potential ¢, it satisfies the multifractal
formalism as stated in Theorem A’; moreover, by Theorem C, its L?-spectrum t coincides
with the concave function 7y, a solution of the implicit equation Py(g, 7,(q)) = 0.
The following theorem proves that 7 is not real-analytic at a critical point g, < 0, meaning
that g, is a phase transition point.

THEOREM 2.5. The L9-spectrum t of the (2, 3)-Bernoulli convolution u is a concave
Sunction for which there exists q. < 0 such that T(q) = qlog3/log2 if and only if ¢ < q..

The proof of Theorem 2.5 depends on the following lemma.

LEMMA 2.6. limg— o D o Zal,...,ak>0(tVle Qg V) =0

Proof. We first prove that if ay, . . ., ax are positive integers then
ar + p* ax + B*
’VQal---QakV2< pE )( ) (20)
where B = (1 + +/5)/2. It is readily checked that 'VQ,V > (a + 8%)/8°> whena > 0.
Given k positive integers a, . . ., ai, one has, for any integer a > 0,

a-+1
tVQal C.. Qak 0,V > tVQal ce Qakfl Qak*l (a + 1) :

If (20) is valid for rank 1 up to rank £ > 1, then (even when ay — 1 = 0),

2 _ 2 —1 2
’an]---QakQavz<al;ﬂ )...<“" igjﬂ )(“" ﬁ;”g >(a+l)

a1+ﬁ2 ak—1+,32 ak+ﬁ2 a+ﬁ2
=\ )\ TR, 52 g )

and (20) follows by induction. Using (20), one gets, for any ¢ < O,

Z > (V- Qakv)q<z Z :(m;ﬁz)m(ak;ﬁz)}q

=1 ay,...,ar>0 =1 ay,...,ax>0

)

and the desired result holds. O
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Proof of Theorem 2.5. The Bernoulli convolution u being a weak Gibbs measure of ¢, one
deduces from Theorem C that 7(q) = 7,(g): this means that, for any g € R,

t(g) = max({t; Py(g, t) > 0} = min{z; Py(q, 1) < 0}. (1)

Let op := log 3/log2; for 0= (w = 0)?20 one has Wy (0) = —log2 and (p(6) = —log3,
so that g¢(0) — apgWo(0) = 0, for any ¢ € R: it follows from the variational principle
that

0 =hs () + /{qw(é) —apqWo(§)} diy() < P(qe — aogWo) =: Py(q, aoq),

which by (21) implies that 7(q) < agg. We now prove that 7(g) > «pg when ¢ is
sufficiently close to —oo. Since u’ is also a weak Gibbs measure of ¢, one can write

1
Py(q.1) =lim = logZ,(q.1), where Zy(q.1) :== Y p'[wl?/|[w]]'.
non

wel{0,2}"
By Lemma 2.3, one has, for any ¢ < 0,
Zn(g,a0q) = Y (Wwl/|[w][*)*
we{0,2}"
1 ‘ p P p q
=5 2 (VWVT=23%" 3 (Mu - QaV)
we{0,2}" k=1 aj+---+ar=n
so that
2 o0
t
Zn(@ o) < 50> D (MQay++ Q).

k=1 ay,..., ap>0

Hence, by Lemma 2.6, there exists go < 0 such that Z, (g, @g) < 1/29 for any ¢ < go and
each n > 1. Therefore, Py (g, cpg) < 0 and (21) gives 7(q) > apg when g < qo; since T
is a concave map with t(0) = —1, there exists g, < 0 such that t(q) = apgq if and only if
q ={c- O

2.2. The Erdis measure. Supposethat] < 8 < 2andletw := 1/(8—1). The Bernoulli
convolution vg can be defined as the probability distribution of the random variable
Yg : Q — R such that Yg(w) = (1/a) Y72, or /B!, where Q2 is endowed with
the equidistributed Bernoulli measure. As in the case of a (b, d)-Bernoulli convolution, vg
satisfies a self-similarity equation, say

v = tvgo Sy +dvgo syt (22)

with Sg (x) = (x +&/a)/B and ¢ € {0, 1}. From now on, we assume that 8 = (1 + +/5)/2,
that is v = vg is the Erdos measure. The algebraic equation B% = B + 1 satisfied by 8
implies that 1/8 = B — 1 =: p, so that So(x) = px and S (x) = px + p?. Itis easily seen
that the intervals Soo[O, 1[, S100[0, 1[ = So11[0, 1[ and S11[0, 1[ form a partition of [0, 1[;
this means that Ry := Sopg, R := S100 = So11 and Ry := S;; define a non-overlapping
system of affine contractions on [0, 1[ and for any word w on the alphabet {0, 1, 2}, we
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denote [w] = Ry (I). By symmetry v[0] = v[2] and according to the self-similarity
property (22) satisfied by v, one gets v[1] = (v[0] + v[2])/2, so that

v[0] = v[1] = v[2] = % (23)
Likewise, for any word w on the alphabet {0, 1, 2},
vllw] = $u(Sy [w]) + $v(S; ' [Lw])

= 2v(Sy Sort[w]) + $v(S; ! Sioolw])
= Jv(Ra[w]) + 3v(Ro[w]) = Fv[2w] + Fv[0w],

which we can write in the following matricial way:

v[lw] v[Ow] 1/2 172
=P here P; := . 24
<v[1w]) ! (u[2w]> where 71 <1/2 1/2 (24)
As initially noticed by Strichartz et al. [43], the identity S100 = So11 plays a crucial role in

the overlapping situation involved in the self-similarity of v. It follows from the same kind
of elementary computation which yields (24) that

v[0lw]) l v[0w]
<v[21w]> =3h <u[2w])’ (23)
v[00w]) 1 v[Ow] (1 0Y\.
<v[20w]> = é_lPO <v[2w]) where Py = (1 1) ; (26)
v[02w]) 1 v[0w] (11
<v[22w]> = ZPZ <v[2w]) where P := (O 1) . 27)
By induction using (23), (24), (25), (26) and (27), one gets for any wq - - - w,—1 € {0, 1, 2}7,
11,
V[a)O"'a)n—l]zgﬁ VwOPwO"'Pw,,_|V’ (28)

where

) om0 -

Similarly to the (2, 3)-Bernoulli convolution, the Erdés measure v is considered as a
probability measure on S!: moreover, the transformations Ry, R and R, are identified to
the local inverses of a 3-f.c.t. of S! denoted T which is coded by the full shifto : Q3 — 23
and associated to the volume-derivative potential ¢ : 23 — R, such that

Wo(w) = log p* 1oy (@) + log p* 113 () + log p* 12y ().

We now consider the intervals [w] (w € {0, 1, 2}*) as subsets of S! in such a way that
[0] :=[O, pz[, [1]:= [pz, pl, [2] := [p, 1[ (defining the one-step basic intervals of T') and
for each word wqy - - - w,—1 € {0, 1,2} (n > 1)

x€fwy - wp1] &= TF(x) elax] Vk=0,...,n—1,

(defining the n-step basic intervals of T').
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By (28) one gets that v[10"] = (2n+4)/(3-4"*1) and thus v is not a Gibbs measure with
respect to 7. Following the same idea as in the case of the (2, 3)-Bernoulli convolution,
we introduce the T-invariant probability measure v’, such that

11
Viwg: - wp—1] = 54—”"/%0 o Py, V. (29)
The same argument leading to Proposition 2.1 gives the following.

PROPOSITION 2.7. For any w € 23, and any integern > 1,

2 - v[wo - - wp—1] <4

n+2 7 Vwo---wp—1]

In order to establish the following theorem, we use formula (29) defining v’ together
with Lemma 2.3 and we apply the argument of the uniform convergence of the n-step
potentials (Lemma 1.2) in a similar way leading to Theorem 2.2.

THEOREM 2.8. The T-invariant probability measure V' defined on S' by (29) is a
g-measure of the normalized potential ¢ : Q23 — R such that

log(1/4), ifn(w) =6(w) =0,
¢ (w) = Ylog([1;a?, ..., Ay T 11/4),  if0 <n(w), 6(w) < oo,
log([1;ay,...1/4), ifn(w) = 6(w) = co.

As a corollary of Proposition 2.7 and Theorem 2.8, one has the following.
THEOREM 2.9. The Erdds measure v is a weak Gibbs measure of ¢.

The case of the Erdds measure v is similar to the one of the (2, 3)-Bernoulli
convolution studied in §1.1; since v is a weak Gibbs measure of the potential ¢, it
satisfies the multifractal formalism as stated in Theorem A’ and, by Theorem C, its
L4-spectrum 7 coincides with the concave function 7y, a solution of the implicit equation
Py(q, t9(q)) = 0. Theorem 2.10 below is the analog of Theorem 2.5: it proves that T is
not real-analytic at a critical point g, < 0, meaning that g, is a phase transition point.

THEOREM 2.10. The L9-spectrum t of the Erdos measure is a concave function for which
there exists a real number q. < 0 such that t(q) = qlog?2/log § if and only if ¢ < qc.

Proof. The Erdos measure v being a weak Gibbs measure of ¢, one deduces from
Theorem C that t(g) = t4(g): this means that, for any g € R,
7(q) = max{t; Py(g, 1) > 0} = min{z; Py(q, 1) < 0}. 30)

For «p := log2/log B one can check that q¢(6) —opg Wy (0) = 0, for any g € R: it follows
from the variational principle that

0 =h, (55 + /{Q¢(«§) — apgWo(§)} db5(8) = P(q9p — aogWo) =: Py(q. 20q),

which implies that 7(g) < apqg. We now prove that t(q) > «pg when g is sufficiently
close to —oo. Using the fact that v’ is also a weak Gibbs measure of ¢, it is easily seen that
V[wl}4

[fwi])”

1 - s
Py(q.t) =lim —logZ,(q.1) where Z,(q.1) := Y
non we(0,1,2)

€2
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Notice that any word w € {0, 1, 2}" is associated to a unique sequence of (possibly empty)

words m1, ..., mg (1 < k < n) on the alphabet {0, 2} such that wl = m1---my1; since
Viwl] =V [m1]---v'[mgl] and |[wl]| = |[m11]] - - - |[my1]], one has
[m1114 v [mi 119 > k
Zn(q.1) < ( )( )S \lm1]]
2:: mlz,m [mi1]]e [ 1] X:: me%:z}*[ 1
m;e{0,2}* ’

(recall that {0, 2}* := {#} U U —110, 2}""). Howeyver, according to Lemma 2.3, one gets

v [m1]¢
2 W_2q+22 > (VQay+ Qa V),

me{0,2}* =1 aj-a>0

which implies that Zn (g, aog) is bounded for ¢ < gg, with a small enough g given by
Lemma 2.6: by (31) one has Py(q, cpg) < 0 and thus 7(g) > apg when g < gqo; since
T is concave with 7(0) = —1, there exists g, < 0 such that t(g) = apq if and only if
q ={ec- d

Remark 2.11. (1) Starting from Definition 1.3 of 7, it is proved in [13] that T is not
differentiable at g.; according to our terminology and the fact that T = 74, this means
that g, is a critical value of a first-order phase transition: we include in Appendix A a
proof of this result, based on the approach developed in [13].

(2) The phase transitions occurring in the multifractal formalism of the (2, 3)-Bernoulli
convolution and the Erdés measure are to be related to the problem of phase transition on
one-dimensional lattice systems and one-sided full-shift respectively studied in [9, 15] and
[18] (see also [19] and [30, 31] for the relationship with the multifractal formalism).

(3) We point out the similarity between the potentials associated with the (2, 3)-
Bernoulli convolution (Theorem 2.2), the Erdés measure (Theorem 2.8) and the potentials
considered in [41].

(4) The L9-spectra (for ¢ > 0) and the sets of possible local dimensions for a special
class of self-similar measures with overlaps were studied in [12, 20]; the Hausdorff
dimension of the corresponding self-similar sets was determined in [38].

3. Proof of the multifractal theorems

3.1.  Proof of Theorem A: lower bound. For any probability measure p, o-invariant
on R4, we denote by G4 () the set of p-generic points of 24, meaning that w € G4 (u)
if and only if S, f (w)/n tends to w(f), for any real-valued continuous function f defined
on Q4. Since the full-shift Q24 satisfies the specification property, the set G, (1) is never
empty (especially when p is not ergodic).

PROPOSITION 3.1. Let T be a d-fc.t. of S' and x : S' — Qg the associated coding map;
for any o -invariant measure p (not necessarily ergodic) on Qg, one has

he ()
n(Wo)

dimpy x ~N(Go(w) = —



1766 D.-J. Feng and E. Olivier

Hint. For any Borel set M C Qg4, we denote by L(M) the Lebesgue measure of x “Lmny;
the probability A is non-atomic and fully supported by Q24: by setting for any w, & € Qq,

1, if wy # &,
dy(w, ) =
inf{Alwo - - - wp—11; § € lwo - - wp—11},  if wo = &o,

one defines a metric d; compatible with the product topology on Q4. Let dim, be the
A-Billingsley dimension [1], that is, the Hausdorff dimension on the metric space (24, dj).
Given p a probability measure o-invariant on 4, we claim that

hg ()
n(Wo) '

When p is ergodic, this formula can be deduced by a classical argument using the
Shannon—McMillan Theorem and the fact that ©(G,(n)) = 1. However, (32) is still
valid when u is o -invariant without being ergodic: this follows from [5, Theorems 7.1 and
7.2] and [29, Théoréme 2], where the fact that X is a Gibbs measure is needed.

Actually, it is easily seen from (4) that X is a Gibbs measure of Wy in the sense that there
exists a constant K > 1 such that, for any w € Q4 and any integer n > 1,

dim;, Go (1) = — (32)

I AMawo---wp—1]l
<

K = exp($,Wo(w)) —

’

then we can apply [37, Théoréme 1.2.2], ensuring that dimg x ~! (M) = dim; M, for any
M C Q4: according to (32), one concludes that Proposition 3.1 holds.

We now prove a lemma that gives the characterization of the points where 74 is not
differentiable (i.e. the first-order phase transition points); it is essentially a corollary of
the tangency property of the topological pressure [45, Theorem 9.15] saying that w is an
equilibrium state of the potential ¢ : 29 — R if and only if P(¢ + ¥) — P(¢p) > u(¥),
for any real-valued continuous function ¥ defined on 4.

LEMMA 3.2. Given a negative potential ¢ : Q23 — R and 4 the concave map such that
Py(g, tp(q)) = 0, the following two propositions hold:
(1) if Ly is the simplex of the equilibrium states of q¢ — t4(q)Wo then

{ () 1(9) }
(Vo) n(Wo) |

} and r(;(qu): inf {

7i(g7) = su
¢(q ) p nel,

uel,

(1)  if Ly (29) is the simplex of the o -invariant probability measures on Q23 then

{ () } L n@
in = lim ——= =:
nels (Qa) | (Vo) g—>+oo g =
and
{ n(@) }_ o Telg)
P = lim — =«
ueZ, (g L (WPo) q——00 ¢



Multifractal analysis of weak Gibbs measures 1767

Proof. (i) Let ¢ > 0; from the definition of the concave map 7y : R — R one has
P(g¢ — t4(q)VYo) = 0; similarly, forany & > 0

0=P((q +hMd —14(q +h)Wo) = P(qd — 76(q) %o + h(¢ — (t5(q™) + £r) Vo)),

where we write 74(q + h) = T9(q) + hr(; (g*) + hey, with g, tending to O when / tends
to 0. In conclusion, one has the equation

P(gd — tp(@) %o + h(® — (t;(q™) + en)W0)) — P(gd — Tp(q)Wo) = 0;
which, by the tangency property of the pressure, ensures that
(@) — (t4(q™) + en) (o) <0,

for every u € 7, that is, té,(qJ“) < u(@)/u(¥o) — &,. When h tends to 0, one gets
t5(q ") < u(¢)/ (o) and thus

, . (@)
t¢(q+) < 1nf{:(\yo); JTRS Iq} .

By the same argument one gets

sup{ ) TS Iq} < 745(q7).

w(Wo)’

It is clear that if 74 is differentiable at g then r(; (q) = n(@)/ (o), for every u € Z,.
Since 74 is not differentiable on an (at most) countable subset of R, there exists a sequence
of real numbers g, > g which tend to ¢ and such that 74 is differentiable at g,, for any n.
Let u, € 1, and assume (by compactness) that u, tends to a o-invariant probability
measure 4 in the weak-* sense; since the potentials g,¢ — 74(g,)Wo converge uniformly
to g¢ — t4(q)Wo, it follows from the variational principle and the upper semi-continuity
of the entropy that i« € Z,,. Using the fact that 7 is concave,

mn(P) _ n(@)
pn(Wo)  w(Wo)

and then r(; (g = inf{u(p)/u(Wo); n € Z,}. The same argument applies to r(; (g7).
(ii) We prove the assertion for « (the same argument applies to o). By the concavity of
T4 it is clear that & < limg—, 4o Tp(¢™T); this fact together with part (i) yields

inf{ w(e)

75(q ") = lim 74 (gs) = lim

n(Wo)
Moreover, if i € Z5(S2q) then, by the variational principle, hy (1) + u(g¢ — 74(q)Wo)
< Py(q,t$(q)) = 0, for any g > 0. Since Wy is negative and uniformly bounded away
from O,

Y EIJ(Qd)} <a.

(@) _ _ho(w) ne) _ n9)
g " qu@¥o) w(¥o) ~ u(Wo)
Therefore « = lir_irrl T6(q)/q < u(d)/n(¥o), that is,
q—>—+00

. w(e)
f ; T (2 . O
oz O 1)
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LEMMA 3.3. Foranya < a < «, let g4 € R such that r'(q(;") <o < t(qy ); then there
exists p € Ly, such that w(¢)/u (Vo) = a and for such a measure one has

_ hg (w)

n(Wo)

= sup{g € R: aq — 7 (9)} =: 7 ().

Proof. We consider the map E : u — w(¢)/u(¥p) which is continuous on the convex set
of probability measures on 24, endowed with the weak-* topology. Given ¢ < o < @,
the set E(Z,,) is a non-empty closed interval of R, for Z,, is a non-empty closed convex
subset of the o-invariant measure. By Lemma 3.2, [t/ (q&“ ), 7(q,)] = E(Zy,) and thus
there exists u € Z,, (not necessarily ergodic) such that E(u) = u(¢)/n(Vo) = «a.
We now apply the variational principle: on the one hand, for every ¢ € R,

he (1) + (g9 — T(9)Wo) < Plg¢ — t(q) Vo) = 0;

on the other hand, since u € Z,,
hs (1) + w(ge9 — t(qa)¥o) = P(ga — 1(qa) Vo) = 0.
Therefore, —hg (1) /(o) = aga — T(ge) and —h(u)/n(VYo) < ag — t(g), for any
g € R, which means, by definition, that 7*(«) = —hs (1t) /1 (Vo). O
We are now in a position to prove the lower bound 'C;(O[) < dimyg E(x|M), for

a < a < a@. Given x € S! with x (x) = w, the Gibbs property of the Lebesgue measure
(with respect to the volume-derivative potential V() ensures the existence of C > 1 such
that, for any integer n,

$uWo() — log C < log |1,(x)| < S, Wo(w) +log C.

Likewise, by the weak Gibbs properties of 1, there exists a sub-exponential sequence of
real numbers K (n) > 1 such that
Sp¢p(w) —log K (n) < logn(l,(x)) < Sp¢(w) +log K (n).
The potential ¢ being negative, ¢ (§) < ¢ < 0 uniformly on Q4 and S,¢(w)/n < ¢ for
any n; moreover, since (1/n)log K (n) tends to 0 when n goes to infinity, one deduces
that S, ¢ (w) + log K (n) < 0, when n is sufficiently large. For the same reason that Wy is
negative, one also has S, Wo(w) + log C < 0, when n is sufficiently large, and thus
Sn¢p(@) +1og K(n) _ logn(ln(x)) _ Sn¢(w) —log K(n).
SnWo(w) —logC — log|ly(x))| = SyVWo(w)+1logC
Now assume that w = x(x) € G,(u), where u € Z,, (given by Lemma 3.3), satisfies
w(@)/nu(¥o) = «; by the definition of G, (1), one has lim, S,¢(w)/n = u(¢) < 0 and
lim, S, Vo(w)/n = u(¥o) < 0, so that
logn(n(x) _ p(@) _
nloglly(x)|  u(Wo)
the point x being arbitrarily taken in x -1(G, (w)), one deduces that
X' (Go(w) C E@M),
Using successively Lemma 3.2 and Proposition 3.1, one concludes
hg (w)

n(Wo)
The required lower bound is proved.

(33)

3

=dimy x (G, () < dimpy E(a|M).

r;;(a) = —
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3.2.  Proof of Theorem A: upper bound. The following proof is essentially the argument
given by Brown et al. [4] that we adapt to our framework. Notice that the hypothesis
that 7 is a weak Gibbs measure of the potential ¢ is implicitly needed to ensure that the
concave map Ty is well defined. We use the notions of e-packing, box dimension (denoted
dimp) and packing dimension (denoted dimp), presented in Appendix B. We shall prove,
in Theorem 3.4 below, a stronger result than the upper-bound dimgy E (x| M) < 7,'; (@)
involved in Theorem A; actually in place of the level sets E (x| M), we shall deal with
what we call the ‘fat level sets’, defined by setting, for any @ € R,

log n(/,
Fy(alM) = {x e ! : limsup 28 7Un (D) _ }
n—oo 10g |l (x)]

and

F_(a|M) = {x es!: liminfM > a} .
n—00  log |l (x)]
THEOREM 3.4. Let M be the Markov net of a regular d-f.c.t. T and n be a weak Gibbs
measure of a negative potential ¢ : Qg — R. Then, the following propositions hold:
1) ifa<ac< té,(()*) then dimp Fy(a | M) < t;(ot);
(>ii) ifrq’s(OJr) <a < athendimp F_(a | M) < T;(Ol).

Proof. We prove part (i) while part (ii) can be handled in a similar way. See Figure 1
for the graph of 74(g). To begin with, notice that, for r(; oOh) <a < r(; (07), one has
r(;; () = —714(0) = 1, so that the upper bound dimp F (o |[M) < r(;; (o) is trivial in that
case. We now consider that o < o < td’) (0T); given B such that < B < tri/)(0+)’ we
define

F1(B) := {x € S L, ()P < n(L,(x))},

for any n > 0, so that

Fy@lM)yc | () FiB). (34)

m=0 n=m

Let m > 0 and ¢ > 0 be arbitrarily chosen; we consider J = UZO:m Tn, Where 7, C A’é
and such that {{w]; w € J} is an e-packing of (2, F(B). By definition of an -packing,
it is clear that, for any word w € 7, there exists x € ﬂ;’lozm F'!(B) such that [w] = I,,(x)
for some n > m, so that |[w]|/3 < n[w]. Accordingly, for any § > 0 and ¢ > 0, one can

write

Dol =" Y wllfe/|w) P
weJ n=m weJ,

<0 > alwl/Iwllf? <Y Zu(q, Bg — 9),
n=1

n=m wejn

where Z, (-, -) is as in (11). Since g < T¢/,(O+), there exists go > 0 with Bgo — 74(qo)
= t;‘(,B). When § > r;; (B) one has Bgo — 8 < t4(q0), which, by definition of 74, implies
that

Py(Bq, Bgo — 8) = P(qo¢ — (Bgo — 8)Wo) < 0.
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' t=1p(q)

Bao — t¢(B)* = t4(q0)
Bgo—3 @———————

—15(B)" ¢
-5 4

FIGURE 1. We represent here the graph of the concave map g — 74(g) (with a discontinuity of the derivative at

g = 0) and the gray area is the open domain of the (g, t) € RxR for which Py(q,t) < 0; whena < 8 < 74 1),
the straight line with equation t = Sq — r:; (B) is tangent to the graph of the map 7y at the point with abscissa

qo > 0, and Py(qo, Bgo — 8) < O when § > r(’;(ﬂ).

Hence, there exists p < 0 and a rank nop > 0 such that Z, (qo, Bg0 — 8) < exp(np)
for any n > ny; it follows that Zwej n[w]‘S < 00, for any § > t;(ﬁ). This proves
that dimg (2, F (B < r(;f (B), for any m > 0, and from (34) one concludes that
dimp Fi (x| M) < r(;f (B). Since B is an arbitrary real number such thate < 8 < 'c(; 071),
the continuity of ‘L';; at o yields the desired upper bound stated in (i); the proof of the
theorem is complete. ]

3.3.  Proofof Theorem B: upper bound. There exist conditions on the d-f.c.t. T’ ensuring
that E(«) = E (x| M): for instance, this occurs when 7 is differentiable at the point 0 := 0
(mod 1). In our setting, the inclusion E(«) C E(«|M) does not hold in general; however,
we shall establish the upper bound dimpy E (o) < t4(a)* = dimy E(« | M) (see part (iii)
of Proposition 3.5 below), by means of the upper bounds in Theorem 3.4 involving the fat
level sets F_ (x| M) and Fy (a|M).

PROPOSITION 3.5. Let M be the Markov net of a regular d-f.c.t. T; if n is a Borel
probability measure then the following two properties hold:

1) E(x) C F_(x|M);

(il)) dimy E(a) < dimyg Fi(o|M);

if in addition n is a weak Gibbs measure, then one has:

(iii) dimg E(a) < 1p(0)*.
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In order to prove Proposition 3.5 we use ideas taken from the approach of Hofbauer
in [19]. Let dist(-, -) be the usual distance on S for any x € Sland0 < d < 1/2, we
define

Ng(x) := {n € N; dist(T" (x),0) > d} and 9My := {x € S!; #Ny(x) < oo}
(#A stands for the cardinality of the countable set A.)
LEMMA 3.6. [19, Lemma 13] Suppose that T is a regular d-f.c.t. of the torus S'; then
g}i_r}})dimg oMy =0.
We define the n-step variation of the volume-derivative potential Wy, by setting

Vo(Wo) := max{W¥o(w) — Yo(§); w, & € Qa},

(35)
Vau(Wo) := max{Wo(§) — Vo(w); &0+ &1 =wo - --wy—1} forn >1,
and we consider in addition
Ap(Wo) := Vi(Wo) + -+ - + V, (Po). (36)

Notice that, since W is continuous on €24, the variation V, (¥() tends to O when n goes
to infinity and, by a classical lemma on Cesaro averages, A, (Wo)/n tends to 0 as well.
We denote by d,(x) the distance of x to the boundary of the basic interval I,(x); the
following lemma shows that the ratio |7, (x)|/d,(x) is a sub-exponential sequence, when
x € SNaMy, for some 0 < d < 1/2.

LEMMA 3.7. Given any x € S'\d.My, there exists a rank nq (depending on x) such that,
for any n > ny,

0 <1tog (121 2 A (W) + logd.
dy(x)

Proof. By an application of the Mean Value Theorem, it is clear that

log |1, (x)] = sup {S,Woo x(»}
yel(x)
using the fact that x ¢ 9. M, another application of the Mean Value Theorem yields

logd,(x) > inf {S,Woo x(y)}+logd,
yel(x)

and one concludes using the definition of A, (Vo). O

Proof of Proposition 3.5. (iii) When n is a weak Gibbs measure, the upper bound
dimy E(a) < t4(e)* is a trivial consequence of Theorem 3.4 together with parts (i) and
(ii), which we now establish.

(i) Fix x € St and set ¢, := |I,,(x)], for any n > 0. Then, for any rank n > 0,

logn(Be, (x)) _ logn(ln(x))
log ey — log |l (x)| ’

ensuring that £ («) C F_(«¢|M).
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(ii) Since T is regular and uniformly expanding,

0< Y= {exp(Wp(w))} < sup {exp(Wo(w))} =y < 1

inf
weRq weQa
and, by a classical application of the Mean Value Theorem, Z” < |I,(x)| < y", for any
x € S! and any integer n > 0. Let x € S'\d.M, and denote by d,(x) the distance of
x to the boundary of the basic interval [, (x); it follows from the definition of .M, that

By, (xy(x) C I,(x) and thus

log n(Ba, () _ logn(n(x)) _ logn(Zu(x)) ! log(dn () /[ L))\ 37)
logdy(x) = logdy(x) — log|l(x)] log |1 (x)]

Since one clearly has —(1/n)log|l,(x)] = —logy > 0, one deduces from Lemma 3.7
that

log(dn () /11n ()] _ (A/m)log({1n()I/dn(x)) _ _ (An(Wo) +logd)/n
log |1 (x)] —(/mlog|l,(x)[  — logy

which according to (37) yields

3

log 11(Ba,0(¥)) _ log (I (x)) (1 _ (Aa(W) +logd>/n>‘
logdy(x) = log [1,()] log7 ’

and thus E(a) N (S"\dMy) C Fy(a|M), for A,(Wo)/n tending to 0. Let & > 0 be
arbitrarily given; by Hofbauer’s lemma there exists d > 0 such that dimy dIM,; < &, so
that

dimy E(a) = dimy E(a) N (S"\dMy) + dimy E(a) N IMy < dimy Fy(a| M) + &.

Part (ii) is established since ¢ > 0 is arbitrarily chosen. O

3.4.  Proof of Theorem B: lower bound. In order to prove the lower bound 74 (x)* <
dimpy E(«) we use the underlying Markov structure to construct a slim level set S(a| M),
a subset of E(«) having the specified Hausdorff dimension, say t4()*. Usually this is
achieved by constructing a Frostman measure on the level set E(«); we shall use this
approach with the additional difficulty that the measure to consider may not give a positive
measure to E(«) (this is related to the fact that @ may correspond to a first-order phase
transition point).

The proof of the desired lower bound is a consequence of Theorem 3.8 below. Let us
split any w € g into an infinite sequence of finite words, say @i, @2, ..., so that
(by concatenation) @ = @)@y --- and with the additional condition that the length of
each word @, (n > 1) is exactly n. Then we define the one-to-one map ® : Qg4 — Qg by
setting

O(w) = 1d1lal - - 1oy ldp41l -+ = 0" = (0])72- (38)

THEOREM 3.8. Let i be a o-invariant measure on Qg (d > 2)¥, then the following hold:
@ Gi(w) :=0(Gs(w) C Go(n);

T If T is a 2-f.c.t. one can consider T o T.
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(i) dim; G5 (w) = dimy, Go (1);
(ili) for any x € S such that x (x) € ©(Qq) and any probability measure n on S',

DIM; (x M) = a <= DIM;(x) =a.

We claim that, for each & < o < @, the upper bound 74(a)* < dimpy E(@) is a
consequence of Theorem 3.8. To see this, let g, € R be such that r'(q(;lIr )<a< r'(q(;lIr );
using Lemma 3.3, we consider an equilibrium state of the potential gy¢ — 7(g¢) W0, say
[te» for which piq (¢)/ e (Wo) = a so that x = (G4 (11e)) C E(a| M) and

hy (ba) _
fa(Yo)
We define the slim level set S(a|M) = x| (G (a)); by part (iii) of Theorem 3.8,
one has DIM, (x| M) = DIM,(x) for any x € S(«¢|M), and since x NGy () C
E (x| M), one deduces from part (i) of Theorem 3.8 that S(e| M) C E(x); by part (ii)
of Theorem 3.8, one concludes that

dim), G5 (1e) = — T ()™,

T¢(@)" = dim), Go (ko) = dim;, G (o) = dimp S(a|M) < dimy E(a),

completing the proof of the desired lower bound.
Therefore it remains to establish Theorem 3.8. To begin with we shall prove the
following lemma.

LEMMA 3.9. Let T be a regular d-f.c.t. of S' (d > 2) and 1 a Borel probability measure.
Suppose that x is a point OfS1 such that T"™ (x) € [1] (k > 1), where my, ma, ... forma
strictly increasing sequence of integers; if limy log | Iy, (x)|/10g | L, (x)| = 1, then

DIM,(x M) = a <= DIM;(x) =a.

Proof. Let x € S! such that 7" (x) € [1] (k > 1); for = x (x), it is clear that
Imk+l(x) = [wp - - 'a)mk—ll] C Imk(x) = [wp - - '(Umk—l]-

The Lebesgue measure being Gibbs with respect to the Markov net associated to T, there
exists a constant 0 < ¢ < 1 such that, forany i =0, 1, 2,

[[ewp - - 'a)mk—li]l > c|[wp - - '(Umk—l]l =Tk,

ensuring that By, (x) C Iy, (x). Moreover, Iy, 1p(x) C By, (x) for some constant integer
p > 0 and thus the following sequence of inclusions arises:

Imk-',-p(x) C Brk(x) C Imk (x) C Brk/c(x)-

If DIM,, (x| M) = « then it follows that log 1(B;, (x))/log ri tends to «, when k goes to 00;
notice that for rp11 <r <rg

logre logn(By (x)) _ logn(Br(x)) _ logri+i logn(By ., (x))

log ri4+1 logri - logr — logri logri+1
and from the assumption that limy log | I, (x)|/10g | I, (x)| = 1, one gets DIM,(x) = a.
Conversely, if DIM; (x) = o, a similar argument proves that DIM,; (x| M) = a. O

% Here, we use again the fact [37, Théoreme 1.2.2] that dimy X_l (M) = dimy M, forany M C Qg.
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Proof of Theorem 3.8. For any integer p > 1, define n,, := Z,i:(; k= p(p—1)/2and

n/p :=np+ p =npy1. For w € Qq given, recall that ©(w) = 0™ = (©])72,, and notice

that, by construction,
o™w e f[@pl, o™ 'w* e1] and o™w* € [@,].

(i) Assume that f is a real-valued continuous function defined on Q4. For any
w € G, () and any integers n, p with p > 2and 0 < n < p, one has

Sn},Jrn f(w*) - Sn/p+n f(w)
p_l ’ /
= 3 {f @) + S f 0" 0") — Sef (0™ )
k=1

+(f @7 0 + S, f (070" = Sy f (@™ @)} = Sy f (0™ w),
p—1
= Y (St f @™ = St f @™ )} + (Su f (0™ ") = S, f (@77 w))

k

=1
p ’
+ Y fe™ ") = S, flo™ T w),
k=1

which gives, with Vi (f) defined as in (35) and A, (f) as in (36),
P

|Sey 40 f (@%) = Ser en f(@)] < m{ MY Vin+ PVo(f)}

k=1 j=1

2 2Ap(H) + Volf)

/
np—i—n

p+1
With A;((f) = Ax(f) + Vo(f), a straightforward computation yields, for any n > 1,
1 2A), (f)
— |8, f(@*) = Sp f ()| < —L==, (39)
n Pon+ 1

where p, is the integral part of (/87 4+ 1 — 1)/2. The variation V,,(f) tends to O when n
goes to infinity, as well as both A, (f)/n and A/,(f)/n; this completes the proof of (i).

(i) Let n := p,(pn — 1)/2 + r, where r is an integer such that 0 < r < p, and let
n' = n + p,. Since the Lebesgue measure is a Gibbs measure of the volume-derivative
potential W, one gets

log [y - - - @y 11 = Sy Wo(w™) —log K

for the constant K > 1 given in (4). Thereafter, from (39) one deduces that

* * A;’ Vo)
log|[ewg - - @y 1l = SpWo(w) + Sp, Wolo"w) — 2(n + ,0,,)”7_ —logK

on — 1

v, 2 A, (Wo) log K
> S, Wo(w) l_pn” 0||oo_ (n + pn) Dy, (Yo _ og ,

nsup(Wp) nsup(Wp) pn — 1 n sup(Wo)
with sup(Wo) := sup{Wp(§); & € Qqg} < 0, that is
log|[wg - - w11l = SpWo(w)(1 — Ay), (40)
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where
_ Pull¥olloo | 2(n + pp) A;)n (Wo) log K

nsup(Wo) nsup(Wp) o, — 1 n sup(Wp)
is clearly a quantity that tends to 0 when n goes to infinity. We use again the Gibbs property
of the Lebesgue measure, say,

log|[wo - - - wp—1]| < SpWo(w) +log K,

which yields the following sequence of inequalities:

log |[wo - - - wp—1]| - log K -1 log K

> > : (41)
SnWo(w) SnWo(w) n sup(Wo)

Since Wy < 0, it is clear that B, := log K /(n sup(Wp)) tends to O when n goes to infinity
and from (41) (with n large enough),

SnWo(w) = log |[wo - - - wp—1]]/(1 + By). (42)

It follows from (40) and (42) that there exists a sequence of real numbers by, b, ... with
limy b; = 0 and such that

1+ A
log |[wg -+ @y 11| = log|[wo - - - wp—1]] <1 n BZ)' (43)

In conclusion, for any ¢ > 0, there exists § > 0 such that
di(@.8) <8 = dy(0. ' < du(0*, §), (44)

and one deduces that dimy G} (1) = dimy, G, (), for any o-invariant measure 7.

(iii) Let x € S! such that x (x) = w € ©(Qgq). Formy := n; — 1 one has 7" (x) € [1]
(i.e. o™ w € [1]) and limy log |l , (x)|/log Iy, (x)| = 1. The result follows by an
application of Lemma 3.9. O

3.5. Proof of Theorem C. Let Fy := {S'} and suppose that F,, (n > 0) is a partition of
S! by non-empty intervals. We say that F := U,, F is a net if any interval in F, is the
union of intervals in F,41. For x € S! we denote by I,,(x) the interval in F,, such that
x € I,(x), and we suppose that lim, |I,,(x)| = 0. Moreover, F is said to be regular if there
exists a constant ¢ > 1 such that, for any J, J’ with F,,11 > J' C J € F, (n > 0), one has
[J1/1J'] < c. Given0 < r < 1 and x € S', let n,(x) be the rank such that [In, (X)) <r
and |In, (x)—1(x)| > r; furthermore, one defines an equivalence relation on S! by setting
x~y if and only if y € I, (x)(x): the so-called r-Moran partition §, is the partition of S!
gernerated by this equivalence relation. Notice that, under the condition of F to be regular,
any interval J € §, has approximately length r, in the sense that

ric<|J|<r.

We refer to the book of Pesin [35] for a systematic presentation of the previous framework.
In order to prove Theorem C we first establish the following theorem.
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THEOREM 3.10. Let F be a regular net of S' and 1 a probability measure on S'. If i is
supposed to be of full support, then, for any q € R,

lo J)4
7(g) := lim infM’
r—0 10gr
Proof. According to Definition 1.3, one has 7(g) = liminf, o log Z(r)/logr, with
2=t | 0B 151
i

the infimum being taken over the r-covers of St for any r > 0, define

Z(r) =Y n()".
JeSr
Let m, be the integral part of 1/r and consider B, := {B; }:":’0 where B; := [ir, (i + 1)r],
0 <i<my)and By, =[1 —r, 1] (B, is an r/2-cover of S1).
First, suppose that ¢ < 0; by definition, one has |J| < r/2 for any J € §;/2 and thus
each ball B; € B, contains at least one interval in §,/2, say J;, so that

Z(r/2) <Y n(B)? <2 Y n()? <2Z(r/2)
i J€S 2

(the factor 2 appears because one may have J,,,—1 = Jp,). By the regularity of F one
also has 2r < |J|, for any J € §2. (Where ¢ > 1 stands for the constant involved in the
regularity property of F); hence, each J € §»., contains at least one B; € B,, implying
that Z(Zcr) < 2Z(r/2); one deduces that 7(g) is the lower limit of the ratio log Z(r)/log r
when r tends to zero.

We now consider the case of ¢ > 0. By the regularity of F, one has r < |J| for any
J € §.r; hence, each B; € B, intersects no more than two elements of §.,, one of them,
say J;, satisfying n(B;) < 2n(J;). One may have J; = J; fori # j, but since each interval
in §., intersects at most NV elements of 3,, for some N independent of r, one gets

1 ~
Bj)¥ <29N Ji) <2IN NI, de. ——=Z(r/2) < Z(cr). (45

Zn(’)‘ Z’?W— Jez%n() S 201D = Zier). 45)
Suppose that C is an arbitrary r-cover of S!. It follows from Besicovitch’s covering Lemma
(cf. [28, p. 30]) that there exists a sub-cover C’ of C, such that each point x € S' belongs
to at most three balls in C’. One can check that, for 0 < i < m,, the number of C € C’
which intersects B; is bounded by 6. Using again the fact that J € §, intersects at most
N elements in B,, it is clear that J intersects at most 6N elements of C’; since any ball in
C’ intersects no more than three elements of §e,,

Y )T 36N Y (O <3(6N) Y n(C).

JETer ceC’ ceC

Taking the infimum over the r-cover C leads to Z(cr) < 2(6N)1Z(r). With (45), one
concludes that 7(g) is the lower limit of the ratio log Z(r)/log r when r tends to zero. O

We now turn to the proof of Theorem C itself, which we split into two steps (the first
one being inspired by an argument in [36]).
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First step. To begin with, suppose that 1 is a Gibbs measure of a Holder continuous
potential ¢ (which, according to our definition, implies that P(¢) = 0). Forany ¢ € R
and any w € Qg4, the trivial identity

exp(Sy By (@) = exp(g S (@)) 46)

exp(7¢(q)Sn Wo(w))
holds for ®,; := g¢ — 74(q)Wo. Denote by n, the unique T-ergodic Gibbs measure
associated to the Holder continuous potential ®; since n and the Lebesgue measure are
respectively Gibbs measures of ¢ and Wy, the identity (46) gives, for any word w,

’ nlwl4 ’
nglwl/R" < W < R'n4w] (47)
for some constant R” > 1. The Markovian net M being regular, it is possible by
Theorem 3.10 to consider the L?-spectrum defined by the mean of the Moran partitions
M, (0 < r < 1). By a summation of (47) over the [w] € 91, there exists a constant
R” > 1 such that

1/R" < Z(r.q)/r*@ < R", where Z(r.q) = Y n(/)%;
Jem,

taking the limit when r tends to 0, one concludes that 7(g) = 74(q), for any g € R.

Second step. 'We now turn to the general case. Let us consider a sequence of Holder
continuous potentials ¢y which are uniformly convergent to ¢. Since P(¢) = 0, one has
| P(dr)] < llgx — ¢lloo and thus [[(¢x — P(¢x)) — dllec < 2[|Pk — ¢lloo; hence one can
assume that P(¢x) = 0. We denote by 7y the unique o-ergodic Gibbs measure of ¢i; by
the first step of the proof, tx(q) = t4,(g), for any g € R (tx denotes the L9-spectrum
of nx). Moreover, it follows from the classical properties of the topological pressure that
74, tends to 74 uniformly on the compact intervals. It remains to prove the pointwise
convergence of 7x(q) to 7(g). Given § > 0, one has ||¢r — ¢llco < & Whenever n is large
enough; therefore, for any integer m > 0 and any word w of length m, one has

n[w] < K(m)Cy exp(md)ni[w] (48)

where m +— K (m) (respectively Cy) is the sub-exponential sequence (respectively
constant) which characterizes the weak Gibbs property of 5 (respectively the Gibbs
property of ng, for k > 1). Let N, be the maximal length of the words w such that
[w] € 9M,; for any k > 1 we consider the partition function Zk(r, q) = Zjemr ()4,
so that from (48)

Z(r,q) < K(Ny)C exp(2N;8) Zi(r, q),

or equivalently

1 ~ 1 -
——log Z(r,q) > ——log Zx(r, q) + <
logr

N, log K(N;) Cr 2Nr8)
+ .
logr

logr N, logr  logr
When r tends to 0, one gets t(q) > t(gq) — 2a8, where a is a constant such that

N, /log(1/r) < a forany O < r < 1. The symmetric argument yields 7(g) < tx(q) + 2a$
and the proof of Theorem C is complete.
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A. Appendix. First-order phase transition

It was first proved in [13] that the L?-spectrum t of the Erdos measure is not differentiable
at the critical value g, defined in Theorem 2.10; the present appendix is devoted to a self-
contained proof of this result.

THEOREM A.1. The L9-spectrum t is not differentiable at the critical value q..

Any word w € {0, 1, 2}" is associated to a unique sequence of (possibly empty) words
mi, ..., mg (1 <k < n)onthe alphabet {0, 2} such that wl = m1 - - - my1; from (29) one
has v'[wl] = v'[m1]-- v/ [my1]; since |[[wl]| = |[m11]| - - - |[mx1]|, one deduces that

Vimil---my1]4
[[mil---mgl]|

k
[ JCVPw, VY2 (B! 20y, (49)
i=1

Recall that
V[wl}4

1 - i
Py(g,1) =1lim —logZy(g,1) where Z,(q, 1) := > ol

wel0,1,2)"

so that, with z,(g) := Zwe{oyz}n ('VP, V)4, one getsT

n k
nq.0=>Y_ > [lza@® 292+ (50)
k=1

ap,..., ar>0 i=1
ayt-tag=n+1-k

PROPOSITION A.2.
(i) gc < —2.25and
(i) Y p2onzn(q) < oo foranyq < —2.25.

We shall give the proof of Proposition A.2 at the end of the present appendix.

PROPOSITION A.3. The following three propositions hold:

M) X(g)=p"9/27 =sup{0 < x < I; X720 zi(g)x* T < 1};
(i) g¢=<q = XZpzil@ =L

(i) ge<q <-225= Y20 za(@)X(@)* " = 1.

Proof. (i) For x > 0, define t4(x) := g log2/log B + log x /log B so that, for any g € R,
X(g) = max{x; Py(q, ty(x)) < 0} = min{x; Py(q, t,(x)) = 0}

1 By definition {0, 2}0 = {4} and Py is the identity matrix, so that zg(g) = ('VPyV)4 =29.
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For any (¢,x) € R x [0, 1] we set F(g,x) := >, z,,(q)xzn"’3 (e [0, 4+00]) and we
consider, for any g € R,

x(q) :=sup{x > 0; F(q, x) < 1} = sup{x > 0; F(q,x) < 1}, (51)

the second equality being justified by Abel’s theorem, for x(g) is bounded by the radius of
convergence of the power series Y _; z;(q) xZ+3_ 1t follows from (50) that

n k 00 00 k
Zn(g. tgeN =Y > J]za@x* <> (Z zn(q)xz"”) :
k=1 ap,...,ap>0 i=1 k=0 “n=0
aj+-+ar=n+1—k
that is,
- o
Zn(q. tq(x)) <Y (F(gq.x)". (52)
k=0

Given any x > 0 with F(gq,x) < 1, the upper bound in (52) implies that Z,, (q,tq(x))
is bounded and thus Py (g, t4(x)) < O: this means that x < X(g), and from the second
equality in (51), one deduces that x(gq) < X(g).

For the converse inequality, let » > 1 and » > 1 be given so that

nr V/[mll]q l)/[m l]q
2 @0z . R T
m=1 my,..omye{0,2y¢ U n

lmil,....lmn|<r

V' [ml1]¢ "_ = V' [m1]7\"
- |[m1]|f> _<Z 2 |[m1]|f)’

<mE{O,Z}*,m|<r

i=0 me{0,2)

which yields

nr r—1 . n

ZZk(q, ty(x)) = (Z Zi(Q)x2'+3) . (3)

k=1 i=0
Let x > x(g) and ro > 0 such that zq := 2:0261 zi(¢)x% 3 > 1; from (53), one deduces
that

1 nro B
hgn - log];Zk(q, ty(x)) > logzo > 0.

This is inconsistent with the fact that Z, (g, t,(x)) < e™"¢ for € > 0 and any n large
enough and thus Py (g, t4(x)) > 0 and X(g) < x: one concludes that X(g) < x(g), for x
can be taken arbitrarily close to x(g). Finally, since 7(g) < glog2/log 8, for any g € R,
one necessarily has 0 < X(g) < 1, which complete the proof of (i).

(ii) According to Theorem 2.10, one has ¢ < g, if and only if f7(©)/29 = 1, which
leads to (ii) as a straightforward consequence of (i).

(iii) Notice that the map F : (¢, x) +— F(q, x) is finite and continuous at any point
(g, x) € ]|—00, —2.25[ x [0, 1], for part (ii) of Proposition A.2 ensures that

0<F(g.x) <) 2za(q) < oo,

n
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whenever ¢ < —2.25and 0 < x < 1. We first assume that ¢, < g < —2.25 (which is
consistent with respect to part (i) of Proposition A.2); it is clear that F (g, -) increases from
Oup to F(q, 1). By (ii), one has F(g, 1) > 1 and thus there exists a unique 0 < x;, < 1
such that F(q, x;) = 1, which also satisfies x, = max{0 < x < 1; F(g, x) < 1}: since
0 < X(g) < 1, one deduces from (i) that X(g) = x,.

We now consider the case when ¢ = ¢.; since X(g.) = 1, we need to prove that
F(g:, 1) = Zn zn(qc) = 1. Part (ii) insures that F (g, 1) > 1 for any g, < g, which
implies that F(q., 1) > 1, by the fact that F' is continuous at (g, 1): since (ii) also implies
that F(g., 1) < 1, one concludes that F(g., 1) = 1, completing the proof of (iii) and of
the proposition as well. O

Proof of Theorem A.1. We shall prove that X is not differentiable at ¢g.; since by
Proposition A.3, one has X(g) = 1 whenever g < g, this will be established if one shows
that X'(¢;F) < 0. According to part (iii) of Proposition A.3, for any g, < g < —2.25, one
has the equation

Y 20(g)X () =) 2a(@)X ()™,
n=0 n=0

or equivalently, using the fact that X(¢q.) = 1,

o0 o0

Y @@ = 2a(@) = ) za(@)(X(@)" P — 1)
n=0 n=0
00 2n+2 )
= (X(9) —X(ge) Y zalg) Y X(g)'.
n=0 i=0

Finally one can write

X(@) —X(q0) _ Yazo (2a(@) — 2a(q0))/(q — g¢)

9 -4 Sl 2n(@) Lits? X(g)!
If g tends to g, with g, < g < 2.25, then 212232 X(g)! tends to 2n 4+ 3 and since by
Proposition A.2 one has ZZ":O zn(qc) 2n + 3) < oo, one concludes from (54) that
Yonso Lweio,2y ('VPu V)4 log("VP, V) 0
<
Ym0 Zn(ge)(2n 4 3)

Proof of Proposition A.2. Given (ay);° | a sequence of positive integers, it is easily
checked by induction that, for any £ > 1,

(54)

O

X'(¢g}) = -

VOu, -+ Qg V < (I +ap) - (1 +ax—1)2 + a); (55)
likewise, if A(ai, ..., ax) := (14+aja2)(1+azas) - - - (1 +az—1az) then, fore =0orl,
A(ay, ..., ax) ife =0,
v V > 56)
Qay -+ Lanee V' 2 {A(al,...,aZk)(l +axyg) ife=1. ¢

In what follows, ¢ will stand for the Riemann zeta function (i.e. {(x) = Y oo, 1/n%,
x> 1).
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(1) When g < —1 one has ¢(—¢) — 1 < 1 and the following inequalities hold:

Zzn(q)—zuzz Y (Vg 0 V)

=1 ay,..., ap>1

>24+2Z Y dtap? (U a-)? Q@+ ap)

=1 ay,..., ap>1

L2 — 104
— 24 +2(Z(n+2)q)z<2(n+l)q> = ({(Zq)g( 2 )

n=1

Accordingly, one can use numerical computations to get the lower bound ), z,
(—=2.25) > 1, proving that g, < —2.25.
(ii) Let ¢ < 0; from (56) and the fact that (1 + azr4+1)? > ang, one gets

ann(q)<22n(2+n)q+22 Y (@t tawAr. ... an)!

=1 ay,..., ay>1

+ 22 Y. (@t +ausDA, .. an)a

=0 ay,....,ax41>1

= ZZn(Z—l—n)q +2Z > 2kaiA(ar. ... an)?

=1 ay,..., ay>1

—i—ZZ Z 2ka1A(a1,...,a2k)qagk+l

=1 ay,...,ax41>1

+22 Y anniAda,...an)ldg

=1 ay,...,ax41>1

00 k—1
=2Zn(2+n)q +4( Z n(1+nm)q>2k< Z (1+nm)q>

n=0 n,m>1 k=1 n,m>1

k—1
+4( E n(1+nm)q>< ) < (1 nm)q)
n,m>1 n,m>1

+ 2(inq+1) i ( Yo +nm)q> :

n=1 k=1 “n,m>1
On the one hand, for any ¢ < —2 one has ZZ":O n(2+n)? < oo and
o o o
Z n(l +nm)? 522n(1+n)q+(2nnq)(2nq) < 0. 57)
n,m>1 n=1 n=2 n=2
Thus, there exist three positive constants C, C’ and C” such that

[ee) [ee) k—1 o0 k
Y nza(g) < C+C’Zk( > (l+nm)q) +C”Z( > (1+nm)q> . (58)

n=0 k=1 n,m>1 k=1 “n,m>1
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On the other hand, one has for any ¢ < —1,

Z (1 + nm)4 Z (1 +nm)4 +2i(1+n)q—2q
n=1

n,m>1 n,m>1

o0

Z (nm)? +2§:nq —24
n=2

n,m>1

IA

0 2 o0
= (Zrﬂ) +2) n? =21 = ((=q) = D’ +2( (=) = 1) = 27

n=2 n=2

For 6y > 0 such that 03 + 269 — 1/8 = 1, one can check that {(2.25) — 1 < 6y, so that

D A4nm) P <65 +200-1/8=1. (59)

nm>1

Therefore, by (58) and (59), one concludes that Zn nz,(q) < oo whenqg < —2.25. O

B. Appendix. Box and packing dimensions
Let M be a subset of S'. An e-packing of M (0 < & < 1) is a collection {J;}; of mutually
disjoint intervals J; € F with |J;| < & and which intersect M; for any 0 < p < 1 we set

Po(M) = li Jil? {Jidi s
(M) e%S“p{;' i1 | ,},}
where {J;}; runs over the e-packing of M (P, is not sigma-additive). The box dimension
of M is by definition
dimp M := inf{p; P,(M) = 0} = sup{p; P,(M) = oo};

in general, dimpg | J,, M, # sup, dimp M,,, whenever M1, M>, ... form a countable family
of subsets of S!. There are many other equivalent definitions of the box dimension of M,
one of them using a regular net of S!: suppose that F := U, Fn is a net of S, then, for
any 0 < p <1, we set

Pp(M|F) := lim sup { PP {Ji}i},

where {J;}; runs over the e-packing of M by intervals in F. Recall that F is said to be
regular if there exists a constant ¢ > 1 such that for any n one has |J|/|J/| < c, for any
J e Fu,J € Fyr1and J' C J;if F is regular then

dimg M := inf{p; P,(M|F) = 0} = sup{p; P,(M|F) = oo}

and one recovers the usual definition of the box dimension by using the dyadic net for
example. The notion of packing dimension has been introduced by Tricot in [44]; the
packing dimension of M is

dimp M = inf{ supdimp M,; M C UM,,},
n n
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with the important property that dimp | J,, M, = sup, dimp M,; moreover the packing
dimension is a useful notion to get an upper bound of the Hausdorff dimension since

dimyg M < dimp M < dimp M.

A systematic approach and detailed proof about fractal dimensions can be found in
[11, 28]; we also refer to [35] for a point of view related to dynamical systems.
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