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1. INTRODUCTION

For any 0 < A < 1 let v denote the distribution of > > £, A" where the coefficients &,
are either 0 or 1, chosen independently with probability % for each.! Tt is the infinite con-
volution product of the distributions £ (6y + dx»), giving rise to the term “infinite Bernoulli
convolution” or simply “Bernoulli convolution.” The Bernoulli convolution can be expressed
as a self-similar measure vy satisfying the equation

1 _ 1 _
(1.1) VA:§V>\O¢01+§ )\O¢11»
where ¢o(z) = Az and ¢1(z) = Az + 1. This measure has surprising connections with
a number of areas in mathematics, such as harmonic analysis, fractal geometry, number

theory, dynamical systems, and others, see [10].

One of the fundamental questions is for which values X is the Bernoulli convolution vy
singular. The study of this questions goes back to the 1930’s. It is not hard to show
that for 0 < A < % the measure is not absolutely continuous (Kershner and Wintner [7]),
since the support of vy is a Cantor set of Lebesgue measure 0. Jessen and Wintner [5]
showed that vy must be of pure type, i.e. it is either singular or absolutely continuous. The
problem becomes much more interesting if % < A < 1. Erdés [2] proved that if A\7! < 2
is a Pisot number, i.e. an algebraic integer whose algebraic conjugates are all inside the

unit disk, then v is singular. This was done by showing that 7)(§) - 0 as £—o00. Such a
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"n most papers the coefficients ¢,, are 1 or —1 instead of 0 and 1. But it is well known and easily shown
that the two definitions are equivalent, with the resulting measures differ only by a suitable translation. We
use 0 and 1 for simplicity.
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technique is unable to produce other singular Bernoulli convolutions, as Salem [13] proved

that 73 (£)—0 as &—oo for all other £ < X < 1.

In the opposite direction the first important result was due to Erdos [3], who proved that
there exists an a < 1 such that for almost all A € (a,1) the Bernoulli convolution vy is
absolutely continuous. Later Kahane [6] (see also [10]) indicated that the argument of [3]
actually implies that the Hausdorff dimension of the set of exceptional \’s in (a, 1) tends to

0 as a—1. In 1995 Solomyak [14] proved the following fundamental theorem:

Theorem. (Solomyak 1995) For almost all A\ € (3,1) the Bernoulli convolution vy is

absolutely continuous, with the density function % € L*(R).

A simpler proof of this theorem was later given in Peres and Solomyak [11]. Peres and
Schlag [9] showed as a corollary of a more general result that the Hausdorff dimension of
the exceptional A’s in [a, 1) is strictly smaller than 1 for any a >  (see also [10]). Another
important work was due to Garsia [4], who proved that v, is absolutely continuous with
bounded density function if A~! is an algebraic integer whose algebraic conjugates are all

outside the unit disk and whose minimal polynomial has constant term +2.

The reciprocal of Pisot numbers remain today the only known class of A’s in (%, 1) for

which vy is singular. It raises the following fundamental question:

Open Question: Is it true that if A € (%, 1) and vy, is singular then \=" is a Pisot number?

This question is far from being answered. Since vy has its density function in L%(R) for
almost all A € (3, 1), one may ask a weaker question: Are there any A € (3,1) such that vy
doesn’t have an L? density and A\~ is not Pisot? Even this weaker question had not been
answered. In fact, to our knowledge there had not been a published example of a non-Pisot

type Bernoulli convolution vy whose density is unbounded.

This paper addresses these questions. There appears to be a general belief that the best
candidates for counter-examples — singular or non-L? density v\ — are the reciprocals of
Salem numbers. A number p is a Salem number if it is an algebraic integer whose algebraic
conjugates all have modulus no greater than 1, with at least one of which on the unit circle.

In this paper, however, we construct Bernoulli convolutions vy with density not in L?(R)
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for a class of A’s, whose reciprocals are neither Pisot nor Salem. We also study Bernoulli

convolutions with unbounded density. The main theorem of ours is:

Theorem 1.1. Let A, denote the reciprocal of the largest real root of the polynomial
Pop(x) =a" —a™ 1t — ... — 2% — 1. For any k > 3 there exists an N (k) > 0 such that for
all n > N(k) the density of the Bernoulli convolution vy, if it exists, is not in L?(R).
Particularly if k = 3 then the density of vy if it exists, is not in L*(R) for all n > 17.

n,37

It is possible that vy, , is singular, but our technique is unable to settle this question.
Theorem 1.1 actually holds for all & > 1. However, for k = 1 or k = 2 the largest real
roots of P, ;(x) are Pisot numbers. For k > 3 and large n the polynomial P, j(x) has
approximately cin roots that are outside the unit disk, where ¢ is the proportion of the
unit circle {x € C : |z| = 1} on which \%\ > 1. This implies that for £ = 3
approximately § roots of P, x(x) are outside the unit disk. We shall prove this fact in the

appendix, as well as the following theorem:

Theorem 1.2. For each k > 3 the largest real root )\;}c of P, r(x) is neither Pisot nor

Salem for all sufficently large n. In particular, )\;E), s meither Pisot nor Salem for n > 14.

A well known class of Salem numbers are the largest real roots of the polynomials Q,,(z) =
2" — 2"l — ... —x +1, where n > 4 (see, e.g., [1, Theorem 5.3]). The reciprocals of these
Salem numbers have been thought of as potential candidates for producing non-Pisot type

singular Bernoulli convolutions. Our technique yields:

Theorem 1.3. Let A\, denote the reciprocal of the largest real root of the polynomial
Qni(r) = 2™ — "' — ... —x + 1. For any a > 3 the density of the Bernoulli convo-

lution vy, , if it exists, is not in L*(R) for all sufficiently large n.

Our next theorem concerns Bernoulli convolutions with unbounded densities. It is actu-
ally a corollary of a more general theorem in §3, and it presents a general construction for

such Bernoulli convolutions.

Theorem 1.4. Let % < A< 1 be areal root of a {0,1, —1}-polynomial of degree n (namely
all its coefficients are 0, 1 or —1). Suppose that A < 27 nt1. Then the density of the

Bernoulli convolution vy, if it exists, is unbounded.
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We point out that there are many numbers satisfying the condition of the assumption
of the above theorem. For example, the largest real root of polynomial 2" — z"~ 1 — ... —
aP + P(x) satisfies the condition for every {0, 1, —1}-polynomial P(z) with degree less than

p and every sufficient large n.

While the fundamental question whether all singular Bernoulli convolutions vy for A €
(%, 1) come from the reciprocals of Pisot numbers remain unresolved, our results may have
hinted that perhaps there are other algebraic numbers among roots of {0, 1, —1}-polynomials
that also give rise to singular Bernoulli convolutions. Another evidence comes from biased
Bernoulli convolutions. A Bernoulli convolution is biased if the coefficients ¢,, € {0,1} in
Yoo yEn A" are not chosen with equal probabilty % Let vy, denote the biased Bernoulli
convolution that is the distribution of ZSLOZO en A", where ¢, = 0 and ¢, = 1 are chosen
independently with probability p and 1 — p, respectively. Peres and Solomyak [12] proved

the following theorem:

Theorem (Peres and Solomyak 1998) The biased Bernoulli convolution vy, is singular
if A\ < pP(1 — p)!=P. For any % <p< %, Vy,p is absolutely continuous for almost all
Pl-plP<i<l

The proof of the following theorem is essentially trivial. However, it provides a different

angle for examining biased Bernoulli convolutions.

Theorem 1.5. Let % < A < 1 be any real root of a {0,1, —1}-polynomial. Then there exists
an interval I C (0,1) such that for any p € I we have X > pP(1 —p)1=P and v, is singular.

We prove these theorems in §3. Along the way we establish other related results. In the

appendix we study the roots of certain type of polynomials.

The first author is indebted to the generous support by the School of Mathematics,
Georgia Institute of Technology, where he is currently a visitor. We also wish to thank

Ka-Sing Lau for helpful discussions.

2. SOME GENERAL RESULTS

In this section we introduce some general results on self-similar measures. These results
are used later on to prove the main theorems in the paper. We first consider general self-

similar measures in R, for which Bernoulli convolutions are an example. Let {¢;(z) := Az +
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bj}jL, be an iterated functions system (IFS), where [A| <1 and m > 1. Let p1,...,pm >0
with Z;”:l pj = 1. Then there is a unique compactly supported measure 1 satisfying the

equation
m

(2.1) p=> pjnod;.
j=1

The measure p is called the self-similar measure assciated with the IFS {¢;(x)} and proba-

bility weights {p;}.
Lemma 2.1. Let p be the self-similar measure given by (2.1).

(a) Suppose that [A| < []7L, p?j. Then p is singular.
1
(b) For any o > 1 suppose that || < (ZTZI p?‘) “~'. Then the density of ju, if it exists,
is not in L*(R).
c) Suppose that pj, > or some 1 < jo < m. Then the density o if it exists, is
(c) Suppose that pj, > |A[ f 1 < jo < m. Then the density of u, if it exists, i
not in LY(R) for sufficiently large «. In particular, the density of u, if it exists, is

unbounded.

Proof. (a) and (b) are given in Peres and Solomyak [12], Theorem 1.3. To prove (c), simply

1
observe that (3 7, p%)a=T tends to max; p; as a—o0. |

Going back to the Bernoulli convolutions, let ¢o(z) = Az and ¢1(x) = Az + 1, where

0 < A < 1. Then the Bernoulli convolution v is the self-similar measure satisfying

1 4 1 _
(2.2) Yy = 5 © b Ly I N L

We introduce some notations in symbolic space. Let A = {0,1} be the alphabet. We
use A" to denote the set of words in A of length n, n > 0, and A* := (J,54A". For
j=Joj1Jn-1 € A" we denote |j| = n and j(k) = jx. Using these notations we iterate
(2.2) n times to yield

1 _
23) n= Y mmod;,
jeAr
where ¢; := ¢j, 0 ¢pj, o---0¢; _, for any j = joji---jn—1 € A". We define an equivalence
relation ~y on A*: For any i,j € A* we denote i ~) j if and only if ¢; = ¢;. Let II1,(j) be

the projection from A* to R given by

I\G) = jo + AA+ -+ g AV
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for j = joji -+ jn—1 € A™.

Lemma 2.2. Leti, j € A*. Then i~y j if and only if |i| = |j| and I\ (i) = I, (j).

Proof. The lemma follows immediately from the fact
die) = Mz + (1), (o) = Az +T0,(j).
[ |

Suppose now the ~ equivalent classes in A" are {A,,, : 1 <k < L}. Then (2.3) can be

re-written as

Al
k _
(2.4) 1/)\:§ 22 onqukl
k=1

where jj is any element in A, . This leads to the following corollary of Lemma 2.1.

Lemma 2.3. Let 0 < A < 1 and vy be the Bernoulli convolution.

(a) Suppose that
1 L
n(logg A+ 1) < o Z | An .k
k=1
for some n > 1. Then vy is singular.

loga (| An,k)

(b) For any a > 1 suppose that

[0}

L
1
(2)\)(a—1)n < 27 Z |~An,k
k=1

for some n > 1. Then the density of vy, if it exists, is not in L*(R).
(c) Suppose that maxi<p<r, |Ank| > (2A)" for some n > 1. Then the density of vy, if it
exists, is not in L*(R) for sufficiently large . In particular, the density of vy, if it

exists, is unbounded.

Proof. For (a), apply Lemma 2.1 to (2.4) we see that vy is singular if

[An Kkl

k=1

Taking base 2 logarithm and (a) follows immediately by observing that 22:1 |Ap k| = 2™

Part (b) of this lemma comes directly from part (b) of Lemma 2.1, as does part (c). |
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Lemma 2.4. Let {B, : 1 <k < M} be a partition of A" such that for any k the elements

in By i are ~ equivalent.

(a) Suppose that

L
1
n(logo A +1) < on E |Br k| 1oga (| Bp,
k=1

)

for some n > 1. Then vy is singular.

(b) For any a > 1 suppose that

(2)\ (a l)n Z’Bnk’a

for some n > 1. Then the density of vy, if it exists, is not in L*(R).
(c) Suppose that maxi<p<r, |[Bni| > (2X)" for some n > 1. Then the density of vy, if it
exists, is not in L*(R) for sufficiently large . In particular, the density of vy, if it

exists, is unbounded.

Proof. We only need to show that

~

Z|Bnk|10g2 1Br k) Z Ay i 1ogs (| An k)
k=1 =1

and for any a > 1,

M L
Do Bukl* <Y M,
k=1 k=1

First we note that each B, is contained in some A, ;, so each A,,; is the disjoint union of

some B, ;;’s. Suppose that A,,; is the union of By, 1, ..., Bk, We have

> 1Bri;11082(1Buis ) < D 1Brk; | 1oga(lAn g, ) = | Ani| loga (| An,)-

j=1 j=1

This proves the first inequality. The second inequality follows from

m
Z |Bn,kj ’a < ’An,l|a~

j=1
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3. PROOF OF THEOREMS

We first establish Theorem 1.3. Let p,, be the largest real root of the polynomial @, (z) =

n n—1 _

" -z .-+ —x + 1, which is known to be a Salem number for n > 4. Let A, = p,*.
We show that for any a > 3 the density of vy, , if it exists, is not in L*(R) for sufficiently
large n. Note that A, is also a root of @, (z). Consider the two words u™ and v" in Antl

given by
(3.1) u”=100---01, v"=011---10.

Observe that u” ~y  v" since IT,, (u?) =1+ A\ = A\, + -+ + A1 =11, (v").

Lemma 3.1. We have pp =2 — 3 + O(58:) and Ay = § + 52 + O().

Proof. Multiplying x — 1 by @Q,,(z) yields
(z —1)Qn(z) = 2" — 22" + 22 — 1.

Hence (2 — pp)plt = 2p, — 1. It is easy to check that p, > 1.5 for n > 4. This shows
immediately that p,—2 as n—o0, and 2 — p,, = 2’;’751 < 3 x 157" Let 2 —p, = &y,.
Then ,(2 —&,)" =2(2—¢5,) —1 = 3—2¢,. Now by the Mean Value Theorem, (2 —¢,)" =
2" — ne, 5{1”_1 > 2" — 2" lg, . Hence

3 — 2e,

A o T
_ 3 _236" (1 + n;” + O((n§§)2))
(3.2) = 2% €n - 3;7;4 2% -O(ney,)?
= 2% + 0(2%).
Substituting e, on the right side of (3.2) with 5% +0(5 ) yields the estimate e, < 5 +O0(55).
Using the fact £,2" > ¢,(2 — ¢,,)" = 3 — 2¢,, we obtain &, > ﬁ = 2% — 0(2%) These

two inequalities give our estimate for p,. The estimate for A\, comes directly by taking the

reciprocal of py,. [ |

We say that w € A™ contains p times the subword u™ or v if the two words combine
to appear in w exactly p times nonoverlappingly. This means, for example, the sequence
100---0100--- 01 where in both places there are (n — 1) 0’s counts only one appearance

since the two u™’s overlap. The same goes for 10---011---10.
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Lemma 3.2. Let H,,, be the number of elements in A™ that contain exact p times the

subword u™ or v". Then Hp, o > 2™ (1 - mQZ n) and

(3.3) gm—np (m —pn> (1 B W) < Hypp < 270 (m —pn>
p p

forp>1.

Proof. Denote by G, be the number of elements in A™ that contain at least one of
the subwords u™ and v™. If an element in A" contains u” or v" at position j, then
0 <j<m—n-—1. For each such j, the numbers of elements in A™ containing u”™ or v"

om-—n—1 _

at position j is no more than 2 - 2™~ Since there are only m — n choices for j

we conclude that G,,, < 2™ "(m —n). Thus

Hupo = 2™ — Gy > 2™ (1— m;”)

Now let p > 1. For any w € A™ that contains p times the subword u” or v", we may
mark the positions where these subwords appear by integers 0 < ki < kg < --- < k, < m.
To guarantee that the above marking is unique, we ask ki to be the first position in w
for which u™ or v™ appears. And suppose the positions ki, --- , k;_1 have been marked,
then k; is the smallest position for which u” or v"* appears and k; — k;—1 > n+ 1. Clearly
m — kp > n + 1 (recall that the indices begin with 0). Set z9 = ki1, 2, = m — k, and
x; = kip1 — k; for 1 <4 < p. Then >-F jz; = m with zp > 0 and z; > n+ 1 for ¢ > 1.
Hence the number of ways to choose the positions k1 < ko < --- < kj, equals the number of

solutions to the above equation. This number is identical to the number of solutions for
(3.4) Yo+yr+-yp=m—(n+1p, y =0,

after making a substitution yo = zo and y; = 2;— (n+1) for ¢ > 1. For (3.4) it is well-known

that the number of solutions is (m;"p )

For each chosen positions k1 < ko < --- < k, for the subwords u” and v" there are at
most 2~ ("2 ways to choose the positions not occupied by these subwords. Since at each
position k; we may have either a u” or a v"*, we obtain

Hypp < 2 (40P o0 (m P ") — gmnp <m - p").
p p

On the other hand, for each chosen positions k1 < ks < --- <k, for the subwords u" and

v we may estimate the number of words in A" such that there is another subword u™ or



10 DE-JUN FENG AND YANG WANG

v™ at some position j such that j < ki or j > k,+nor k;_1 < j < k; —n for some ¢ between
2 and p. In such situation, if this subword has some overlaps with other subwords at k;’s,
then the number of ovelapped letters does not exceeding 2. Therefore the freedom to choose
the rest of the positions not occupied by these subwords is no more than 2m—(+h@E+1)+2

Since there are at most m — (n + 1)p ways to choose the index j, we have

Hy, > 2™ (m P n) — (m— (n+ 1)p) 2~ (A E+D+2 gp+1 <m P ")
T D D
_ ommp <m—pn> (1 - m—(n+ 1)p+2).
D 2n—2

Proof of Theorem 1.3. We partition A™ into subsets {8, ;}, where each B, ; is obtained
as follows: There exist positions k1 < kg < --- < k, < m such that all elements in B, ;
contain exactly p times the subword u” or v, and they are at the positions k;’s; furthermore
they all have identical letters in the remaining positions not occupied by the p subwords of
u” or v". Clearly |B, ;| = 2P and since II,,(u") = II,,(v"), all elements in B, ; are ~,
equivalent. For each fixed p > 0 there are exactly 27PH,, , subsets By, ;’s, where H,,, is

defined in Lemma 3.2.

We apply Lemma 2.4 to prove the theorem. Set m = n?. We show that for any a > 3 we
have (2X,)@~ D™ < = >p.j |Bp,j|* for sufficiently large n. It follows from Lemma 3.2 that

1 1 _
27771 Z ’Bp,j‘a - 27” Z 2 pHm,p ’Bp,j’a

1
1 _
om Z 277 Hunp | Bp,j|*

>

p=0

1 1 .
= 27mHm,0+ 27m2o¢ 1I{m,l
m-—n (m —n)20~1 m— (n+1)

= (1_ 2n )+ 2n (1_ on—2 )

(m—mn)2%—2m+ 2n n?
= 1+ on+1 + O(ng)

On the other hand, 2\, =1 + Qn% + O(5z7) by Lemma 3.1. This yields

3 n \(@=1m 3(a—1)m n3
a—1)m
(2)\")( ) _<1+QT +1+O(2%)> _1+2n7 +1
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Since o > 3, we have 2¢ — 2 > 3(a — 1) and as n—00,

(m—n)2% —2m+2n n? 3(a—1)m n3
G +0 (2%) —onr T 0)
The theorem follows from Lemma 2.4. |

The proof of Theorem 1.1 is along the same lines as the proof of Theorem 1.3. Let p,, ;, be

n—1 __

the largest real root of the polynomial P, ,(z) = 2" — 2 coo—2F—1, and Ak = p;}f

Clearly, A\, is areal root of 1 — 2 — -+ — kg,

Lemma 3.3. For any fized k > 1 we have pp ) = 2 — 21;;1 + O(5zw). For k = 3 we have
0<2—pn,3§21n+gg%f0rn212.

Proof. Multiplying z — 1 by P, ;(x) yields

(x —1)Pyp(z) = 2™ — 22" 2% — 2 + 1.

Hence
k
Pnk — Pnk +1
(2 - pn,k) - mT
pn,k
It is easy to check that 2 > p,, ;, > 1.5 for n > k£ + 2. This shows immediately that p,, j,—2
pfl’}gfpn,k‘i'l

as n—o00, and 2 — p, , = tends to 0 exponentially. Set 2 — p,, ;. = €, . Then

n
pn,k

enk = f(2 —en ) where f(x) := % It follows from the Mean Value Theorem that

f(2—enk) = f(2) = f'(&nk)en for some 2 — e, p < &y i < 2. So we have

enk = [(2) = f'(&np)enk
o1 (n—k) & —n+(n+1)& )

= E. ,k
2n ok !
28 —1  Cneng
(3.5) < on T en
n,k

where C' < dj_kl < 2k=1 Tterating (3.5) by substituting €, on the right side with

22;1 + o(5) yields immediately py, ; = 2 — 2’;;1 + O(52x)-
For k = 3 we make a more delicate estimate. Clearly P, 3(2) > 0. Let z,, =2 — 2% — gg—,’}.

We show that P, 3(z,) < 0 for n > 12. Set ¢, = 2 — x,,. By Taylor expansions,

xp > 2" —n2" e, 2 —m,+1<T7— 11€n—|—6€%.

n
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Recall that (z — 1) P, 3(z) = (z — 2)2™ + 23 — x + 1. Hence

(n — DPus(zn) < —e,(2" —n2"le,) +7—11e, + 62
= T—,(2" —11) + (n2" ' +6)&2
< T—6, (2" —11) + (n2") €2
B 60n 77 660 49n  840n%  3600n3
= 7T-\7+ on _2771_2% 2n+ 22n + 923n
_1ln [ 77 840n®+660n  3600n°
- omn + 27 + 22n + 23n
< 0

for n > 12. Therefore x,, < pp 3 < 2 for n > 12, proving the lemma. [ |

We shall introduce the term pattern as a generalization of word. Basically a pattern is
a word with possibly nonconsecutive indices. To rigorously define it, a pattern is a map
7 : §—{0, 1} where S is a finite set of nonnegative integers. For each pattern 7 : S—{0, 1}

we may define

JjES
Associated with A, ) are two patterns 7, and 7, ) defined on S, = {0,1,...,n — k,n}
by 75, %(0) = 1 and 7, x(j) = 0 for all other j € S, , and 7, 4,(0) = 0 and 7, x(j) = 1 for all
other j € S, k. It is easy to check that HAn‘k(Tn,k) = HAn,k(fn,k)-

Let 7 : §—{0,1} be a pattern. We say w € A™ contains the pattern T at position k if
w(k+j) =7(j) for all j € S.

Lemma 3.4. Let F,, be the number of elements in A™ that contains no pattern T, or

Tnk, and Gy, be the number of elements in A™ that contains the pattern T, 1 or Tn . Then

m—n
Fop 2 2m<1—W)’

Gm > 2mfn+kfl (m - n) (1 _

Proof. If an element in A™ contains the pattern 7, or 7, at position j, then 0 < j <

m —n — 1. For each such j, the number of elements in .A™ containing the pattern 7, or

(n—k+2) — gm-n+k—1

Tn,k at position j is no more than 2 - 2™~ . Since there are only m —n

choices for j, we conclude that G,,, < 2™ "**~1(m —n). Hence

(3.6) Fpp = 2™ — Gy > 2™ (1—%).
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To find a lower bound for G,, we count the number of elements in A™ that contain a
pattern 7, j or 7, at position j but nowhere else. If an element w in A" contains 7, or
Tnk at position j and at another position 4, then the set (j + S, ) N (¢ + Sy 1) contains at
most one element. This means that for any j, there are no more than m — (n — k) choices
for i; and the freedom to choose the rest of the positions other than (j + S, ) U (¢ + Sp k)
are at most m — 2n + 2k — 3. The argument for (3.6) now applies to show that the number
of elements in A™ containing the pattern 7, j or 7, ;, at position j is at least 2(2’”*"“"’*2 —

(m—-—n+k)2- 2m_2n+2k_3). Since there are only n — m choices for j, we obtain

e m—n+k
[ |
Lemma 3.5. Let a,b be two real numbers such that 0 < a <1 and 0 < ab < 1. Then
(1+a)’ <1+ab+ (e —2)a’’.
Proof. Since 0 < a < 1, we have log(1 + a) < a. This combines with 0 < ab < 1 to yield
(o)
(ab)*
(1 _|_a)b _ eblog(lJra) < e — 1 —l—CLb—I—Z o
k=2
=1
< 1+ ab+ a?? (Zk,> =1+ab+ (e —2)a’b*.
k=2
[ |

Proof of Theorem 1.1. We partition A™ into subsets {B;} and {C;} such that each C;
contains a single element while each B; contains two elements. The two elements in each B;
have the property that at some position ¢ one contains the pattern 7, ;, at ¢ while the other
contains the pattern 7, ; at ¢; furthermore, they are identical in positions not reached by
these two patterns. We may make the partition so that there are at least %Gm subsets B;’s,
and there are at least Fy, subsets Cj’s. Since Il (Tx) = Iy, , (To k), the two elements in

each B; are ~,  , equivalent.

Set m = n?. For any a > 0,

]' « « 1 1 «
S Q1G4 D 1B ) = o (Fon o+ 5 G - 2%).
J J
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It follows from Lemma 3.4 that

1 m-—n 1 m-—n n?
27mFm Z 1 — W, 27me Z 2n—k+1 + 0(22(n_k+1))'
Hence
1 (27t —1)(m —n) n?
s (lelr+ BT = 1+ i+ 05 )
J J
(2071 —1)2F (m —n) n4
= 1+ on+1 + 0<22(n—k+1) )
On the other hand,
~ 2k —1 n?
(@20 ) " =1 (0= Dm - T + 05 )-

Suppose that a = 2. Then (2°7' —1)2* > (o — 1)(2* — 1). Hence
1 (e « a—1L)m
S (16 + S IB) > @AY
J J

for sufficiently large n. Hence the density of v, , if it exists, is not in L?(R) for sufficiently

large n.

We now focus on the case k = 3. Taking m = n? and o = 2, we have

1 n%—n 1 m-—n n?—n+3
27mFm >1- on—2 "’ 27me = 9n-2 |:1 B on—3 :| :
Thus
1 1 9 n?—n  2(n?-n)(n®—-n+3)
QTn(Fm+§Gm'2 ) =1+ on—2 92n—5 '

Assume that n > 12. Then
2 2

2 ! 1 "

2

(2An3)" < <2_7_60> = (1_7_3o> '
on 22n on+1 22n

A direct check yields (1 — 2,1% — )1+ Qn% + ;‘z—i) > 1. Hence

2
2 7 45 \"
(2)\n,3)n < (1 + BYES] + 22”)

[ 45 7 45 2
2 4
< 14n (2n1+22>+(e—2)n <2n1+22n> .

Another direct check shows that

n?—n  2(n®>—-n)(n®>—-n+3) o T 45 of 7 45 \?
on—2 92n—5 Zn <2n+1 + 22n> +(e=2)n <2n+1 + 2271)
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for n > 17. This implies
1 m
5 (DG D 1Bi) > (2hna)
J J

for n > 17. Therefore the density of vy, ,, if it exists, is not in L?(R) for n > 17. |

n,37

Remark. For k = 3, by a more delicate estimate of G,,2 and an approximation of (2)\n73)"2
by Matlab, we are able to show that the density of vy, 3, if it exists, is not in L?*(R) for
n = 15 and 16.

We prove Theorem 1.4 by setting up a more general theorem concerning Bernoulli con-
volutions with unbounded densities. Let P(z) = Y }_,exz” be a {0,1, —1}-polynomial of
degree n. Denote

Sp={0<k<n: e #0}

Then Sp is a non-empty set of non-negative integers with 0,n € Sp. Denote by dp the
packing density of Sp in N i.e.,

U
dp = limsup —Z,
{—o00 ¢

where uy is the largest cardinality of the possible sets B such that {Sp+i}icp is a family of
disjoint subsets of {0,1,...,¢ — 1}. For convenience, we call also dp the packing density of

P. It is clear dp > %H Hence Theorem 1.4 is a direct corollary of the following Theorem.

Theorem 3.6. Suppose p > 1 is any root of a {0,1, —1}-polynomial P(z) of degree n and
packing density dp. Suppose that p > 2% . Then for X = p~! the density of the Bernoulli

convolution vy, if it exists, is unbounded.

Proof. Set Q(z) = z"P(z~1) and write Q(z) = >_7_, exz”. Then ) is a root of Q. Observe
that Sg = n — Sp. This means P and @ have the same packing density, dg = dp. Define
two patterns 7,7 : So — {0, 1} respectively by
7(k) = max{eg, 0}, 7(k) = max{—e, 0}
for all k € Sg. Then we have II)(7) = II\(7), since 7(k) — 7(k) = ¢, for all k € Sg.
Since p > 2179 by the definition of dg, we can find a large number ¢ and a set B C

NU{0} of cardinality uy such that p > 21-7 and {Sq +i}icp is a family of disjoint subsets
of {0,1,...,0— 1}.
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We construct a subset B of words in A’ = {0,1}, such that w € B if and only if w
contains the pattern 7 or 7 at each position i € B , and w(k) =0 for all k € {0,1,...,¢ —
1}\ Uicp (Sg +1). In this setting we have IIy(w) = II\(v) for all w,v € B. Note that the

Ye

cardinality of B is just |B| = 218l = 24, But p > 27 . This yields
(2/p)" = (20)f < 2% = |3,

Therefore by part (c) of Lemma 2.4, the density of vy, if it exists, is not in L*(R) for

sufficient large «. [ |

We finally turn our attention to biased Bernoulli convolutions by proving Theorem 1.5.
Let 1/2 < A < 1 be any root of a {0,1, —1}-polynomial P(z) = > 7_,er 2. Define two

words U = igi1 -+ ip, V = joj1 - jn € AT by
i = max{eg,0}, Jr = max{—eg,0}
for all 0 < k < n. Then we have iy — ji = ¢ for all 0 < k <n, and thus II(u) = II(v).

Now let p be any real number in (0,1). Suppose vy, is the biased Bernoulli convolution
associated with A and p. That is, v, , is the distribution of > > ;d, A", where §,, = 0 and
0, = 1 are chosen independently with probability p and 1 — p, respectively. It is well known

that vy is the self-similar measure satisfying the equation

1
(3.7) Vap =D Pivap©®;
=0

where ¢g(z) = Az, p1(z) =Ax+ 1, pgp=pand p; =1 —p.
Iterating (3.7) n + 1 times we obtain
(3.8) = D Piapod;
jeAntl
where p; = pjopj, -+ pj, and ¢5(x) = ¢j, 0 ¢j, 0 --- 0 ¢;, for any j = joji---jn. Since
II\(u) = IIx(v), we have ¢y = ¢v. Thus we can rewrite (3.8) as
Uxp = (pu + pv)VA,p © gb;l + Z DPjVxp© ¢;1
jeA I\ {u,v}

By part (a) of Lemma 2.1, if

+ Putpv .
Pu Pv jeAn+
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then vy, is singular. Note that

og( T o) = 3 piowsi by, (ogmyy +logpy, + -+ logp;,)
jeAnt! Jjoji--jn€ANt1

= (n+1)(plogp+ (1 —p)log(1l - p)),

the condition (3.9) is equivalent to
(3.10) plogp + (1 —p)log(1 —p) —log A +g(p) > 0,

where g(p) == 7 17[(pu + pv) 10g(Pu + pv) — pulog pu — py log py].

Proof of Theorem 1.5. Note that the function g(p) in (3.10) is a positive continuous
function of p on (0,1). Since A € (1/2,1), we can always find an interval I C (0,1) such
that for any p € I,

plogp + (1 —p)log(l —p) —log A <0,

and in the mean time the inequality (3.10) holds, that is, vy, is singular. [ |

4. APPENDIX

We have mentioned in §1 that the polynomial P, 3(x) given in Theorem 1.1 has about
n/6 roots outside the unit circle for sufficiently large n. In this appendix we prove a general

result that will imply the claim.

Proposition 4.1. Let f(z) is a rational function in C such that f has neither zero nor
pole on the unit circle {z € C: |z| = 1}. Assume that |f(z)| # 1 on the unit circle. Let
a(n),b(n) denote the number of zeros (counting multiplicity) of 2" — f(z) outside and inside
the unit circle, respectively. Then we have

lim A7) _ L£{0€[0,1): |f(e¥)| > 1}, Jlnolobg‘) =L{0e[0,1): |f(e¥?)| <1},

n—oo n

where L denotes the Lebesgue measure.

Before proving the proposition we prove the following lemma.
Lemma 4.2. Let f(z) be analytic and |f(z)| > 1 (resp. 0 < |f(2)| < 1) on a neighborhood
U of zp, where zg € C and |z9| = 1. Then there exists an a > 0 such that

(4.1) lim 2> 2 {9 c[0,1): |20 | < a} ,

n—oo N
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where C,, is the number of roots (counting multiplicity) of 2" — f(z) =0 in {z € C: |z| >
1, [z—z0|<a} CU (resp. {z€C: |z| <1, |z—2| <a} CU).
Proof. Write zg = €2™%_ Pick a § > 0 such that the region
Q:{z:re%w: 1<r<5—|—1,|9—00]<5}

is contained in U and on which |f(z) — f(20)| < |f(20)] — 1.

Let a = [€2™® — 1| and select 0 < §' < §, 0 < 1 < &' such that the region

{z=re®0 . 1<r<1+mn, |00 <3}

is contained in {z € C: |z| > 1, |z — 20| < a}.

Let n be a large integer such that (1 + 7)™ > 2|f(20)|. Choose 61, 6, such that

0o — 8 < 6y <00—5’+%, 90+5’—%<02<90+5’

and
627rin91 _ eQﬂinez _ f(Z()) )

Then it can be checked directly that |f(z) — f(20)] < |f(20)] =1 < |2 — f(20)] on the

boundary of the region
D’:{z:rezmez 1<r<1l+mn, 61<9<62}.

It follows from Rouche’s Theorem that 2™ — f(z) has the same number of zeros in D’ as
does 2" — f(zp); and this number equals n(fy — 1) — 1 exactly. Therefore the number of
zeros of 2" — f(z) in {z € C: |z| > 1,|z — 20| < a} is at least n(f2 — 6;) — 1, and thus no
less than 2nd’ — 5. The inequality (4.1) now follows by letting ¢’ — 4. |

Proof of Proposition 4.1. Since |f(e2™?)| is real analytic in @ and |f(e*™)| # 1 on the
unit circle, the set {6 € [0,1) : |f(e*™)| = 1} is a finite set. Thus to prove Proposition 4.1

it suffices to prove

im 2 > croe0.1): [f(e2) > 1), lim 2

=== L{fe0.1): [f(™) <1}
n—oo n n—oo MmN
We prove the first inequality here; the second one follows from an essentially identical
argument.

Let U = {0 € [0,1) : |f(e*™)| > 1}. U is an open set. By Lemma 4.2, for each zy =

™% ¢ U and each € > 0 there exists an 0 < § < ¢ such that {6 € [0,1): | —6y| < 6} C U,
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and in the region {z € C: |z| > 1, |z — €2™®| < |1 — €?>™|} the number of zeros C(n) of

2" — f(z) satisfies

lim

n—oo

Ci”) >925=L£{0€[0,1): |§— 0 <5}
By the Vitali Covering Theorem, for each n > 0 there exist finitely many disjoint intervals

I; = [0; — 0;,0; + 0;] C U such that >, £(I;) > L(U) — n, and the number of zeros C;(n) of
Ci(n) >

2" — f(z) in the region {z € C: |z| > 1, |z — e¥™¥i| < |1 — ¥™%|} satisfies lim,, oo —o2
L(I;). Now let C*(n) denote the number of zeros of 2" — f(z) in the disjoint union |J,{z €

C: |z > 1, |z — ¥ | < |1 — e2™|} satisfies

fim &) _ Tim - Giln) > L(L) = LU) - .

n—oo n n
7

The inequality follows by letting n — 0. [ |

Lemma 4.3. Let k > 3 and fip(z) = xk_if;‘l Then

xT

5{9 €[0,1): |fi(e2)| > 1} > 0.

Proof. Notice that |f(e?)| = 3_2C050_2Cg’i%lzo_slo)g)Jr%OS(ke). Set

hi(0) = (3 —2cosf —2cos((k—1)8) + 2008(k0)) — (5 — 4 cos 9).

For §; = % where j is odd we have hy(6;) = 0 (and hence |fi(e/)| = 1). However, it is
easy to check that hf(6;) # 0. Therefore |fi(e?)| > 1 in a neighborhood on one side of 6;,

proving the lemma. [ |

We remark that the above proof shows that for & > 4 we may find I, C [0,1) with
|fe(€®)] > 1 for § € Ij, and Re (e”?) < 0 by taking a suitable odd j. For § € Ij, we have

|2 — €| > /5.

1

Lemma 4.4. For each k > 3 the polynomial P, p(x) = 2" —a" ™ — .- — x* — 1 has exactly

one root in the region R(x) > 1.

Proof. We use the equality (z —1)P, x(z) = F, x(z) where F,, x(z) = (x —2)a" —2F +2 1.
Set Qn(x) = (x — 2)z". We show that F), ; has one root in the region R(x) > a for any
1 < a < 1.5 and sufficiently large n (independent of a) by Rouche’s Theorem. Note that
|Fpk(®) — Qu(z)| = |2¥ — x + 1]. On the boundary R(z) = a write z = a + iy with y € R,
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and one can check that |2¥ — 2 + 1|2 = (a¥ — a + 1)® + y?gr(y) where g, is a polynomial.

On the other hand it is a easy calculation that
Qu(@)* = (2= a)%a™ + n(2 = a)"y® + na® 2y*"F2

Comparing the derivatives we see that (2 — a)2a?" > (a* —a +1)2 for 1 < a < 1.5 and

sufficenly large n. Also clear is that
n(2 _ a)2y2 + na2n72y2n+2 > y29k(y)

for sufficently large n (independent of a). Finally |Q,(x)| > |2¥ — z + 1| as || tends to oo
whenever n > k. Therefore Rouche’s Theorem applies to show that F,, (z) and Q,(x) have
the same number of roots in $(x) > a for sufficently large n independent of a. It follows
that they have the same number of roots in (z) > 1 by letting a—1. Since @, has the
only root = 2 in the region and F), (z) = (x — 2)P, ; we conclude that P, ; has exactly

one root in R(x) > 1.

Note that for k¥ = 3 we have checked that |Q,(z)| > |23 — 2 + 1| on R(z) = a whenever
n > 10 for 1 < a < 1.5 (we omit the tedious details). So P, 3(x) has one root in R(z) > 1
for n > 10. |

Lemma 4.5. P, 3(z) has at least two roots in the region Q = {x =re? : r > 1,7/2<0 <
7w} forn > 13.

Proof. We prove that P, 3(x) has at least two roots in Q for a n > 100, and check the
rest with Matlab. The proof for n > 100 only uses rather crude estimates, at times with

computations performed by Matlab.

Note that =1 P, 3(z) = 2™ — ”3%’3;1 We prove that 2" — ﬁ%ijl has at least two roots

in Q. Set F(z) = % Then for §y = 1.8 and z¢ = €% we may check that F(xq) = o

with |cg| > 1.05. We now construct the small sector neighborhood R,, of z, given as
Rn::{x:rew: l—ep<r<l+e,b <0<0}

where ¢, = % and 61, 05 satisfy e = %2 — jeq with 6y — 6 = 47” and 61 < 0y < 65. These
choices ensure that the polynomial G, (x) = ™ — ¢y has two roots in R,,. Furthermore, we
will apply Rouche’s theorem to show that 2™ — F'(z) and G, (x) have the same number of

roots in R,,.
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To see Rouche’s theorem applies, we have |z" — F(z) — Gp(z)| = |F(x) —co|. Let n > 100.
We only need to prove that |F(x) — co| < |Gn(x)| on OR,,. A rough estimate with the aide
of Matlab yields |F'(z)| = |22+ 2 — ﬁ| < 3.8 on R,. Another simple estimate yields
diam (R,) < 122, So

51
|F'(z) — co| < 3.8|x —xp| < 3.8diam (R,,) < —

We will estimate G,,(z) on OR,,. On the two straight edges of OR,, we have z = ret? with

either § = @) pr @ = 6. Hence 2" = r"e™ = ir"cy. Therefore |G, ()| = |ir"co — co| >

2

|co] > 1. On the outer arc r = 1+ ¢, with £, = = we also have

|Gr(x)| > |2|" = |co] = (1 +€,)" — |co| > 1.
Finally on the inner arc r =1 — &, we have
|Gr ()| > |co] — |2|™ = |eo] — (1 — &)™ > 0.8.

It follows that |Gy (x)| > |F(z) — ¢o| on OR,, for n > 100 (in fact n > 64), and Rouche’s
theorem now applies to show that ™ — F(z) and G, (x) have the same number of roots in
R,,. Clearly, G,(x) has exactly two roots in R,, and so does 2" — F(z). But it is easily
checked by Matlab that |F(x)| > 1 on R,, for n > 100. Hence the roots of 2™ — F(z) in R,
cannot be inside or on the unit circle. Therefore the two roots of " — F(z) in R,, must be

outside the unit circle. This proves the lemma for n > 100.

For 13 < n < 100 the lemma is checked using Matlab. We omit the computational details
here. [ |

Proof of Theorem 1.2. Assume that A, is Pisot. Then P, y(x) = f, 1(2)gnk(x) where
both f, ; and g, are monic polynomials in Zx with f,,  being the minimal polynomial of
An,k- Thus all roots of P, j that are outside the unit circle are roots of g, . We derive a

contradiction for any k£ and sufficiently large n.

Note that P, x(2) = fnk(2)gnk(2) = 2¥ — 1. Therefore |g, x(2)| < 2¥ — 1. We consider
|9nk(2)| = |I1;(2 — rj)| where r; are the roots of gnj. By Lemma 4.4 all r; are in the
region Re(x) < 1, making |2 —r;| > 1. On the other hand, it follows from Lemmas 4.2 and
4.3 that for any k g, has at least 3k roots in the region {z € C : |z| > 1,R(z) < 0} for
sufficiently large n. With these roots we have |2 —7;| > v/5. Hence |g,, £(2)| > (v/5)3% > 2*.
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This is a contradiction. It follows that for each k and sufficiently large n (depending on k)

Ank 1s not Pisot.

For k = 3 and n > 13 assume that \,3 is Pisot. We prove that |g,3(2)] < 23 — 1 is

impossible. We have already established in Lemma 4.5 that g, 3 has at least two roots in

the region {z = re? : r > 1,0 € [r/2,7)}. The congugates of these roots yield two or

0

more roots in {x = re? : r > 1,0 € [r,37/2)}. So gn 3 has at least 4 roots in the region

{reC: |z| >1,R(z) < 0}. It follows that |g,3(2)| > (v/5)* > 7, a contradiction. |
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