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ABSTRACT. For any self-similar measure p on R? satisfying the weak separation
condition, we show that there exists an open ball Uy with u(Uy) > 0 such that
the distribution of u, restricted on Uy, is controlled by the products of a family of
non-negative matrices, and hence p|y, satisfies a kind of quasi-product property.
Furthermore, the multifractal formalism for u|y, is valid on the whole range of
dimension spectrum, regardless of whether there are phase transitions. Moreover
the dimension spectra of p and p|y, coincide for ¢ > 0. This result unifies and
improves many of the recent works on the multifractal structure of self-similar

measures with overlaps.

RESUME. On montre que pour toute mesure auto-similaire sur R satisfaisant la
condition de séparation faible, il existe une boule Uy telle que pu(By) > 0 ainsi
qu'une famille finie F de matrices positives telles que p|y,, la distribution de
1 restreinte a By, soit controlée par des produits d’éléments de F, de sorte que
ulu, satisfasse une propriété de type quasi-multiplicativité. De plus, le formalisme
multifractal est valide pour ul|y, sur tout lintervalle de définition du spectre de
singularités, qu’il y ait ou non des transitions de phases. Enfin, les spectres de
singularités de p et |y, coincident pour g > 0. Ces résultats unifient et améliorent
un grand nombre de travaux récents portant sur la structure multifractale des

mesures auto-similaires avec recouvrements.
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1. INTRODUCTION

Let i be a Borel probability measure on R? with compact support. For any open
set V C R with u(V) > 0, let 7/(q),q € R, be the Li-spectrum of p restricted on
V', which is defined by

. dogOy(q;r
7 () = lim inf %(Tq)

where
Ov(g:r) =sup Y u(Ble ), 70, g€ R,

and the supremum is taken over all families of disjoint closed balls { B(x;,7)}; con-
tained in V' with z; € supp(u). For any «a > 0, define

Ey(a) ={z € VNsuppp: alzr) =a},
where a(z) is the local dimension of y at x defined by

o(z) = lim log u(B(z, 7))
r—0 log r
provided that the limit exists. In particular, for V = R? we write 1pa(q) = 7(q)
and Era(a) = E(a), and call them the L?-spectrum and the level set of p respec-
tively. Moreover, we call dimy E(«) the dimension spectrum of u, and dimy Ey («)
the dimension spectrum of u restricted on V, where dimy denotes the Hausdorff
dimension.

In this paper we focus our consideration on self-similar measures. For 1 < i < m,

let S; : R? — R? be contractive similitudes,
Si(z) = piRi(x) + by, (1.1)

where 0 < p; < 1, b; € R? and R; are orthogonal transformations. As usual, we
call {S;}", an iterated function system (IFS). It follows that there is a unique non-
empty compact set K C R? such that K = [J;", S;(K) [20]. The set K is called the
self-similar set generated by {S;},. Furthermore, for any given probability vector
(p1s--- ,pm), 1e, p; > 0for 1 <4 < m and ) ", p; = 1, there is a unique Borel

probability measure p on RY satisfying the self-similar relation:
p=> pipoS; .
i=1

The measure p is supported by K and is called a self-similar measure.
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One of the main objectives of multifractal analysis is to study the dimension spec-
trum and its relation with the Li-spectrum for a given measure. Usually it is difficult
or impossible to calculate the dimension spectrum of a given measure directly. The
celebrated heuristic principle known as the multifractal formalism which was first
introduced by some physicists [16], states that the dimension spectrum dimy E(«a)

can be recovered by the L?-spectrum 7(g) through the Legendre transform:

dimg F(a) = 7(a) == inf{ag — 7(q) : q € R}. (1.2)

For backgrounds and the rigorous mathematical foundations of the multifractal for-
malism, we refer to [7, 31, 28]. The formalism has been verified to hold for many nat-
ural measures, including for example, Gibbs measures [33, 32|, weak Gibbs measures
[15, 40], quasi-Bernoulli measures [2, 18, 1], and in particular, self-similar measures
satisfying the well-known open set condition [3, 29] (see also [6, 8, 34, 25, 17]).

In [21], Lau and Ngai introduced the notion of “weak separation condition” (WSC)
which is weaker than the open set condition and includes many interesting overlap-
ping IFS. They proved that under this condition, the multifractal formalism (1.2)
holds at those a such that o = 7/(¢q) for some ¢ > 0. Recently, Feng showed that
for any self-similar measures without any separation conditions, formula (1.2) still
holds if & = 7/(q) for some ¢ > 1 [12]. It remains unknown whether 7(¢q) is always
differentiable over (0, +o0) for any self-similar measures.

In recent years there has been a large literature concerning concrete classes of
self-similar measures with the WSC, and many exceptional multifractal phenomena
have been found at g < 0 (see, e.g., [19, 10, 15, 9, 23, 13, 36, 38, 39, 11]). For
example, the L9-spectra 7(q) may be non-differentiable for some ¢ < 0 (the so-
called phase transition behavior), and this may lead to the break down of the
multifractal formalism. The phase transition was first found in the case of the
Bernoulli convolution associated with golden ratio, in which 7 is analytic on R\{qo}
except for a negative point ¢o at which 7 is non-differentiable [10]. Nevertheless,
this measure is proved to be weak-Gibbs and hence the multifractal formalism still
holds [15]. Another striking example, which has a similar phase transition behavior,
is the 3-fold convolution of the standard Cantor measure, for which the set of local
dimensions is the union of an interval and an isolated point [19], and the multifractal
formalism (1.2) does not hold on an interval corresponding to the non-differentiable
point [23] of 7(q), whilst a modified multifractal formalism holds [13]. The more

extensive class of examples of this sort was studied by Shmerkin [36] and Testud [38].
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In particular Testud constructed some simple self-similar measures on R satisfying
the WSC such that the dimension spectra are very wild and not concave [39].

In this paper, we prove a more complete and unified result about the multifractal
structure of self-similar measures with the WSC, regardless of whether there are
phase transitions. The definition of the WSC is given in Definition 2.3. We prove
(see Theorems 1.1-1.2) that under the WSC assumption, the multifractal formalism
always holds for ¢ > 0; Furthermore, there is a tractable open ball Uy with p(Uy) > 0
such that the multifractal formalism holds for uly, for all ¢ € R, the dimension
spectra of p|y, and p coincide for ¢ > 0. Intuitively, that u behaves more regularly
on Uy N K than on K is due to the fact that in our construction, U, does not
contain points with very small measures in neighborhoods which affect the formalism
corresponding to ¢ < 0.

We first obtain the following structural theorem for the WSC. For any IFS {S;}7,
and for any finite word w = 4y ---i; over the alphabet {1,...,m}, we let S, =
Siy -+ Si,. Let ¥ denote the empty word.

Theorem 1.1. Let {S;}™, be an IFS which satisfies the WSC. Then there exists
an open ball Uy with p(Uy) > 0 and a positive integer ¢ such that for any finite or

empty word u, we can associate an {-dimensional row vector p(u) of positive entries
such that u(S.(Uo)) ~ [[p(u)]-

Furthermore, for the above u and for any finite word v so that S,(Uy) C Uy, there

exists an € x ¢ matriz M(v) of non-negative entries such that

p(uv) = p(u)M(v).

The above =~ means that the two terms are bounded from above and below by
two positive constants independent of u. The construction of Uy is by the definition
of WSC (see (2.5)); the proof of the theorem is in Lemma 2.6 and Theorem 2.8. It
follows that

p(vr...vp) =p(W)M(vy) ... M(vy)

whenever S,,(Uy) C Uy for 1 < i < k. That is, the distribution of p restricted on
Uy is controlled by the products of non-negative matrices. As a consequence, we see
that

aj...axp(¥) 2 plvr...vx) < by...0kp(V) (1.3)
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whenever S,,(Uy) C Uy and a;p(9) = p(v;) = bip(¥) (1 = 1,... k). (Here for
vectors ¢ = (¢;) and d = (d;), ¢ = d means that ¢; < d; for all i.) We call (1.3) the
quasi-product property of p|y,. This property plays a key role in our multifractal
analysis of u|y, (it is used in the proof of Propositions 5.3 and 5.2).

Theorem 1.2. Let ju be a self-similar measure on R? generated by an IFS {S;}™,
which satisfies the WSC' and let Uy be the open ball in Theorem 1.1. Then

(i) Eu,(c) # 0 if and only if & € [Omin, Omax), Where

Qin = lim —TUO(q)7 Oax = lImM TUO(q).
g—oo g——00

(ii) For any o € [Qmin, Omax) ,
dimpy Ey,(a) = 7, (a) = inf{ag — 75,(q) : ¢ € R},
and there exists a Borel probability measure v supported on Ey,(a) such that

1 B
liminf 2EYBE) e B 6)  for v-ae .
r—0 log r

(iii) Moreover, 7(q) = Tv,(q) for ¢ >0, and
dimy E(a) = 7*(a) :=inf{ag—7(q) : ¢ €R}, V a € [amm, 7 (0-)],

where 7'(0—) denotes the left derivative of T at 0.

We remark that U, in Theorems 1.1-1.2 is not unique and can be more gen-
eral bounded open set (see §6). Furthermore under some mild conditions, the
last conclusion in Theorem 1.2 can be strengthened to dimpy E(a) = 75, (a) for
all @ € [min, max] (see Corollary 5.8 and Examples 6.1-6.2 for details). We also
remark that Theorems 1.1-1.2 can be extended to some special self-affine measures

(see Example 6.5).

Part (ii) is the main component of Theorem 1.2. Since the estimate dimy Ey, () <
75, (@) holds for any compactly supported probability measures (see, e.g., Theorem
4.1 in [21]), the difficult part is the reverse inequality. By using the quasi-product
property and a generalized box-counting principle for measures (Proposition 3.3),
for any « € [min, max], We give a delicate construction of a Cantor-type subset of
Ey,(c) with Moran structure such that its Hausdorff dimension is > 77 (). This
gives a lower bound estimate of dimy Ey,(«). In the already known results, the
box-counting principle holds only for those o that are equal to the derivative 77 (q)

for some ¢ € R. The subtleness of our construction is on the Cantor sets with Moran
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structure which gets by the derivative and provides a new way to extend the desired
result to all the @ € [min, Cmax)-

The paper is arranged in the following manner: in §2, we prove the matrix-
product form and the quasi-product property of self-similar measures with the WSC;
we formulate a box-counting principle for general measures through the Legendre
transform of the L?-spectra in §3 and refine this principle for self-similar measures
with the WSC in §4; in §5, we prove Theorem 1.2 through the Moran construction.
Finally in §6, we give some examples and remarks related to the main theorem.

2. PRELIMINARIES AND THE WSC

Let p be the self-similar measure generated by an IFS {S;}™; on R? of the form
(1.1) and a probability vector (pi,...,pm), p; > 0 and let K denote the associated
self-similar set. For the index sets, we let A = {1,... ,m}, let A* = J;~, A" be the
collection of all finite non-empty words over A and let 9 denote the empty word.

For u = uy...u, € A, we write
Sy =Sy 0...08,, K,=S5,(K),

Pu = Puy -+ Puys  Pu = Puy -+ - Puy
and
[u] = {(2:)Zs eAV: 2 =, for 1 <i<k}.
In particular, we write Sy = id, Ky = K and py = py = 1. For u € A*, let @ be the

word obtained from u by dropping the last letter. For any 0 < r < 1 and E C R¢,
define

I,={ue A : p, <r <pa}, (2.1)
I'(E)={ueTl,: K,NE #(} and
S/ (E)={S,:uel.(E)}. (2.2)

We point out that there can be repetitions among the S,, u € I',(E), so that
possibly #S,(E) < #I',(E). Let pmin = min{p; : 1 <i < m}. The following result

is well-known.

Lemma 2.1. Let 0 <r < 1. Then

(1) {lu] :w
(i) K = Uyer
(i) u(E) =

el } is a partition of the space AN.

er, Sul(K) and p =37, cr pupro S,
Z () Pulto Sy Y(E) for any Borel set E C R.

6



Proposition 2.2. Assume that K is not a singleton. Then there exist constants
C1,05,0 >0 and 0 < sy < s1 such that

Cir*t < p(B(z,r)) < Cor®, Vee K, 0<r<d.

Proof. Since K is not a singleton, there exist 0 < 7 < 1 and two words wy,wy € I,
such that K,, N K,, = 0. Therefore there exists § € (0, pin) such that for any
x € RY B(x,0) intersects at most one of K, and K,,. Define for 0 < r <,

¢(r) = sup u(B(z,r)).

zeRd
Let ¢ = min{p, : v € I',}. Then for x € R? and 0 < r < 4, either B(z,7) N K,, =0

or B(z,r) N K,, = 0. If the former case occurs, then by Lemma 2.1(iii), we have

/A(B(ZE, T)) = Z va(Sv_l(B(:E, T)) < Z va(Sv_l(B(a:, T))

vely, (B(z,r)) vely,, v#wy
< Z pv¢(r/0) = (1 - pun)¢(r/c)'
vel'y, vAwr

Similarly if the latter case occurs, we have pu(B(z, 7)) < (1 — pu,)¢(r/c). Hence we
always have p(B(z,r)) < tp(r/c), where t = max{1l — p,,,1 — p,,}. It follows that
o(r) < to(r/c) for 0 < r < 4. In particular letting ¢"d < r < ¢"1§ for some n € N,
then
p(Bx,r)) < p(Blr,c"10)) < ¢(c"10) < "¢(0)
< ¢(5)(Cn(g)(logt"*l)/(log(c”é)) < Cyr® (2.3)

with Cy := ¢(0) and sy := im£I log t" ! /log(c™6).
ne

Let |K| denote the diameter of K. For x € K, there exists v € I, x| such that
x € K,. It follows that |K,| < r and K, C B(z,r). Therefore

| . pminr Ingv/lOg Pv
(B () 2 K) 2 o= (po) e/ v = (i) =ar

with s; := max{logp;/logp; : 1 <i<m} and C; := (min{1, pin/(2|K1)})"*. This
together with (2.3) proves the proposition. O

For any € R? and r > 0, let U(z,r) denote the open ball of radius 7 centered
at x.



Definition 2.3. The IFS {S;}", is said to satisfy the weak separation condition
(WSC) if

sup  #S,(U(z,r)) = < o0, (2.4)

z€RE, 0<r<1

where S,(+) is defined as in (2.2).

We remark that the above definition for the WSC is equivalent to that given by
Lau and Ngai in [21], provided that K is not contained in a hyperplane of RY. For
a proof, see Zerner [41, Theorem 1]. It is known that the open set condition implies
the WSC [21]. There are many interesting examples of overlapping IFS that satisfy
the WSC (see, e.g., [4, 10, 21, 22]).

In the remaining part of this section, we always assume that {S;}, satisfies the
WSC. We have the following important observation which will be the basis of our
analysis: let zp € R? and ry € (0, 1] such that the supremum in (2.4) is attained,

ie.,
#8ro(U(xo,10)) = L- (2.5)
For convenience we let
U := U(xo,70), So(Ug) = {S,, : 1 <i< 1},

where w; € IT',, and the S, are all distinct. The following proposition states that
S, (Up) determines the corresponding families of maps in the iteration.

Proposition 2.4. For any v € A* U {9}, write U, = S,(Uy), then we have
Spuro(Uu) = {Suw; + 1 <@ < 1},

Proof. Note that U, = S, (Up) has radius p,ro, and K, NUy # () for v € T',,, implies
K. NU, # 0. It follows that uw; € T, (U,) and hence S, (Uy) 2 {Suw; : 1 <
i < /}. The equality holds by the maximality of /. O

Define a map p : A* U {9} — R’ by p(u) = (t1,... 1), where

ti= Y po, di=1....L

vGFS)
and T = {vel,(U,): Sy = Su,}. By Proposition 2.4,
I ={veTl,,,: So=Su} (2.6)
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It is easy to see that p(u) is a strictly positive vector in R? for each u € A* U {9},
since (p(u)); > pupu, for 1 < i < L. Let ||p(u)]| = 2%, t;, then for any u € A*U{0},

lpl= > » (2.7)

UEFPuTO (Uu)

The following two lemmas follow easily from Proposition 2.4.

Lemma 2.5. For any u € A*U{0}, there ezist c1, ca > 0 (c1, ¢y depend on u) such
that

cip(E) < p(Su(E))) < cop(E). (2.8)
for any Borel subset E C U,.

Proof. Let u € A*U{0} and let £ C Uj. Then by Lemma 2.1(iii) and Proposition
24,

p(Su(E)) = Y. pen(S;N(Su(E)))

VET g (Su(U0)

= > > p(SIHE
=1 ep(®
= D_(P)i(SS(B)).
In particular, we have u(E) = S2¢_ (p(¥)); 1(S;'(E)). Hence (2.8) follows by setting
ci = min{(p(u));/(P(¥)); : 1 <@ <€} and ¢ = max{(p(u));/(P(¥)); : 1 <i <}
O

Lemma 2.6. There exists a constant ¢ > 0 (depending on Uy) such that

clp(w)l < p(Su(lo)) < lp(w)ll, ¥V ue A" U{d}.

Proof. Let u € A* U {9}, we write U, = S,(Up). By Lemma 2.1(iii) and (2.7), we

have
pU) = > popo S, (UL)
veFPu”‘O(Uu)
< > e = lpwll.
vEFPuTO (Uu)
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To prove the reverse inequality, we observe that Uy is open and K, N U # ), we
can choose w; € A* such that K, C Uy for 1 <4 < /. Set

c:min{pwi* 1< <t}

Let v € '), (Su(Up)). By Proposition 2.4, S, = S, for some 1 < ¢ < {. Hence
vaf = Suwiw;* and Kvwf = Kuwiw;* = Su(lewj) C Su(UO) It follows that

Qo Sv_l(SU(UO)) > po Sv_l(Kvwi*)) = M(Kw;‘) > Pur 2 C.

Summing over all such words v, we obtain

pU) = > pouo S (Su(lh))
V€L pyro (Uun)
> ¢ Y. p= clp)]
UGFPuro(Uu)
This completes the proof of the lemma. O

In the remaining part of this section, we derive the matrix-product structure of
p. Let

Q={ve A U{9}: S,(Uy) C Up}. (2.9)
Forue A*U{d},ve Qand 1 <1i,j </, we set

QU,UJ = {’y E A* : Py e Fpuv"'O?

S’y = Suij} )
O ={ye A €T, Sy = Suu,}
and

0@ _ ) W} if Sty = Sy
Y {7 € A" v € Dpro/pu,r Pwiy = vaj} otherwise.

Lemma 2.7. Letu e A*U{0}, v € Qand 1 < j </l Then~vy € Q. if and only
if there ezists i € {1,... £} such that v can be written as v = ~y1v2 with 7, € QSZ
and o € 0

VA

Proof. It is routine to verify the sufficiency. In the following we show the neccessity.

Let v € Q5. Then we have K, N Sy, (Up) # 0, because K, = Ky, = Suw(Ky,)
and K, N Uy # 0. Meanwhile, S,,(Us) C S.(Up) by the assumption v € Q. We
hence have

K, NS, (Up) # 0. (2.10)
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Since puro < puro, we can decompose v uniquely as v = vy, with v € ', and
2 € A* U {d}. Due to (2.10), K., N S,(Uy) # 0. This together with v, € T',,,, and
Proposition 2.4 yields S, = Sy, for some i € {1,...,/¢}, and hence v, € QSE To
show that v, € 0% note that Suvw; = Sy = Sy17s = Suwiny- 1t follows that

;0,77
vaj = SOJ/L"YQ' (211)

If v = ¥, by (2.11) we obtain v, € QP directly. Otherwise v, # . Then

1Y,

¥ =772 = M2 Since 172 =y €'y, We have

PuvT0 < Pyiv2 = PPy = Puw; Pz

It follows that p,ro/p.,; < p5;- Also we have p.,, < pyro/p., by the fact that p,,,, <
puvTo and p,, = py,p,,. Hence we have v, € 'y, - Combining this with (2.11) we
obtain v, € ngv)] This finishes the proof of the lemma. O

We now define a matrix-valued function M on €2, taking values in the set of non-

negative ¢ x ¢ matrices in the following way. For v € Q, set M(v) = (s;)1<ij<¢

by
0. 2769523] py otherwise.

The main result in this section is the following theorem.

Theorem 2.8. For any u € A* U {¥} and v € Q, we have

p(uv) = p(u)M(v). (2.12)

Proof. By the definition of p and (2.6), we have for 1 < j </,
(p(uv)); = o= ) by
"{erpuv'r03 S’y:Suij ’Yeﬂu,v,j

Combining this with Lemma 2.7, we obtain
¢

P, = XY Y pure =2 (2 pu) (X pa)

=1 7 695}2 72€Q<.2) i=1 7 EQSB 7269(2)

;0,7 30,7

(P(u))i(M(v))i;-

l
=1

)

This completes the proof of (2.12). O

According to Theorem 2.8, we have directly
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Theorem 2.9. For any vy,... ,v; € (), we have

p(vr...vp) =pO)M(vy) ... M(vg).

The above result, together with Lemma 2.6, shows that the distribution of p on
some specific subsets of Uy is controlled by the product of non-negative matrices in
the collection {M (v) : v € Q}. This fact is important for us to understand the local
structure of p.

For any two vectors pp,pz € R, we write p; =< p2 if (p1); < (p2); for all
1 <i < /. As a corollary of Theorem 2.8, we have

Corollary 2.10. Suppose ap(9) =< p(u) = bp(V) holds for some uw € A* and
a,b >0, then for any v € Q, we have ap(v) < p(uv) = bp(v).

Proof. By Theorem 2.8, p(uv) = p(u)M (v). Since p(u) and M (v) are non-negative,
and ap(¥) < p(u) < bp(Y¥), we have
ap (V)M (v) = p(uv) =< bp(J) M (v).
Since p(¥)M (v) = p(v), we obtain the desired result. O
According to Theorem 2.8 and Corollary 2.10, we obtain the following quasi-

product property of u by induction, which will be used to estimate the lower bound
of the dimension spectrum (see the proofs of Proposition 5.3 and Proposition 5.2).

Corollary 2.11. Suppose vy,... ,vx € Q, and a;p(¥) < p(v;) <X bip(¥) for each
1 <i <k, where a;, b; > 0. Then ay ...arp(V) < p(vy...v5) 2 by...bpp(V).

3. LY-SPECTRUM AND LEGENDRE TRANSFORM.

Let 4 be a Borel probablity measure on R? with compact support. For any open
set V C R? with u(V) > 0, we let

Ov(g;r) =sup Y u(B(x:;,r))?  r>0, ¢€R,

where the supremum is taken over all families of disjoint closed balls {B(z;,7)};
contained in V' with z; € supp(p). The Li-spectrum 7y (q) of p on V' is defined by

.. logOy(gq;r
7v(g) = lim inf %i?),

12



When V = R? we write O(q;7) = Opa(q;7) and 7(q) = 7re(q) for short. It was

proved by Peres and Solomyak [30] that for any self-similar measure p (without
log ©(g;7)

] exists for ¢ > 0.
ogr

assuming any separation condition), the limit 7(¢) = lim,_,o

Proposition 3.1. Let V' be an open set with u(V) > 0, then 7y () is a concave
function over R. If in addition y is a self-similar measure defined by an IFS {S;}72,
and the attractor K is not a singleton, then 7v(q) = 7(q) for any q > 0.

Proof. The concavity of 7y/(-) follows by a standard argument (see, e.g., [21, Propo-
sition 3.2]). To prove the second statement, we fix a ¢ > 0, then it is clear that
Ov(g;r) < O(g;r). Hence we have 1(q) > 7(¢q). For the reverse inequality, we
choose n > 0 and w € A* such that B(K,,n) C V. Let 0 < r < n and sup-
pose {B(z;,r)} is a family of disjoint balls of radius r with centers x; € K. Then
{Su.(B(z;,7))} are disjoint balls contained in V' with centers S, (mz) € K. Hence

@V(Q§PwT) Z ZM(Sw(B(xm ZM xz; 7

it follows that Oy (g; po7) > (pu,)?O(gq; ), from which we conclude that 7v/(¢) < 7(q).
O

Corollary 3.2. Let pu be a self-similar measure on R? as in Proposition 3.1 and let
Qmin = hm TV( )/Qa Omax = qEEIloo TV(C])/Q (31)

Then 0 < amin < Qmax < +00. Moreover if we let

1
o(z) = lim 28HB@. 1)
r—0 log r

Then for any x € V Nsupp(p), a(x) € [tmin, Omax| if the limit exists.

Proof. The two limits in (3.1) exist by the concavity of 7 (¢q), ¢ € R. By Proposition
2.2, we have for ¢ > 0,

(Crr*)" < Oy (g;r) < Np(K)(Cor*2)1

for small r, where N,(K) denotes the largest number of disjoint balls of radius r
centered in K. Therefore soq —d < 1y/(q) so that 0 < so <lim, 4o Tv(q)/¢ = Amin.
For ¢ < 0, we have

(C1r)? < Oy (g;r) < Np(K)(Cor™)*

instead, and a similar argument implies that a.c < 51 < 0.
13



For the last statement, we observe that for x € V Nsupp(p) such that o(z) exists,
then for small r > 0, Oy (¢;7) > u(B(z,7))? for ¢ € R. It implies that 7 (¢) < qa(z)
for any ¢ € R. Hence we have a(x) € [tmin, Omax]- O

For the concave function 7y (q), we define its Legendre transform 7 («) to be

(o) = inf{ag — 1v(q) : q € R}. (3.2)

From convex function theory [35], it is well known that 7' (a) is also a concave
function, 0 < 73 (a) < 00 for & € [Amin, Umax), and 77 (a) = —oo otherwise. We will
only consider the interval [aumin, max| as the effective domain of 7 (a). Moreover, if

the derivative 7{,(¢) = « exists, then the infimum in (3.2) is attained at ¢ and

(o) = aqg—1v(g).

The following proposition for a general measure is a refinement of the standard
box-counting principle originated in [16] and considered in a number of papers (see,
e.g., [7, 21]).

Proposition 3.3. Let u be a finite Borel measure on R% and let V' be an open subset
with (V) > 0. Assume that there exists an open set U C V such that U C V and
1v(q) = Tv(q) for all ¢ > 0. Suppose that a € R is such that o = 7{,(q) for some
qg € R. Then for any integer N > 0, and 6,79 > 0, there exist 0 < r < ro and a
family of disjoint balls {B(x;,7)}r_, contained in V with x; € supp(u) such that

k> pv(@)+ola+1) (3.3)
and

ot < p(B(i, v /N)) < p(B(xi 7)) <v07%, W 1<i<k. (3.4)

The proof follows the classical approach with a few subtle modifications. Since the
proof is quite long and is away from our central development, we put it the appendix.
We remark that this proposition differs from the usual version of the box-counting
principle (see, e.g., Theorem 5.1 of [21]) in the following two aspects: first, 7/(q) is
considered for any open set V' rather than 7ga(q); secondly, the simultaneous estimate
(3.4) for p(B(x;, 7)) and u(B(x;,7/N)) is obtained rather than the single estimate of
wu(B(x;,r)). The estimate is not direct since pu(B(z,r)) may be very different from

w(B(x,r/N)) for measures such as self-similar measures with the WSC.
14



We do not know if the existence condition of U for V' in Proposition 3.3 can be
removed. However it is satisfied in most of interesting situations. For example, it
is automatically satisfied if V' = R?. Also from Proposition 3.1, we see that if x is
a self-similar measure, then 7/(q) = 7Ra(q) for any ¢ > 0 and any open set U with

U N supp(p) # (0. Hence the condition on V is satisfied for self-similar measures.

4. A COUNTING RESULT WITH THE WSC

In this section we give a refinement of Proposition 3.3 for the self-similar measure
p generated by an IFS {S;}7 | that satisfies the WSC. We will fix the open ball Uy =
U(zg,70) that determines the quasi-product structure of the self-similar measure pu.
Let 2 be defined as in (2.9).

Proposition 4.1. Let ¢ € R and let Uy = U(x,70) be the open ball in the definition
of WSC'in (2.5). Suppose that 7, (q) := « exists. Then for any 6,1 > 0, there exist
re(0,n), k> r 0@ gn gy w, € Q satisfying the following properties:

(1) mH0 < p,, < 'O forall 1<i<k.
(i) Sy, (4Uy) are disjoint subsets of Uy, where 4Uy := U (xq, 4rp).
(iil) r* ¥ p(9) < p(w;) < p(V) for all 1<i < k.

Proof. Recall the notation S, (Up) = {S.,,- -, Su, } in Section 2 and note that the
hypothesis of Proposition 3.3 are satisfied (Due to Proposition 3.1). Let V = U
and let N be the least integer > 8(1 + | K| + |Up|). Hence for 6,7 > 0, we can find
a family of disjoint balls { B(x;,r)}%_, contained in Uy such that x; € supp(u),

0<r<mn,  r°<min{pgm/N, mini<< po,/¢, min<< (p(V));},
(4.1)
k> p T @od+) g
rot 2 < p(B(xs,7/N)) < w(B(ai, 7)) <r*™ V1<i<Ek. (4.2)

In the following we construct the words u; which satisfy the desired properties.

Choose 0 < € < r such that

(0B (z;, (r + e)/N)ll =0, i=1,...,k



(O(F) denotes the boundary of E.) This can be done since u(0B(x;,t)) = 0 except
for countably many ¢. For convenience we denote 1" = (r + €) /N, therefore we have

w(B(xi, ")) = w(U(zg,r")), i=1,... k. (4.3)
By Lemma 2.1(iii),
pUG@er) = Y ppeST U@ < D by
YEL (U(zi,r')) YEL (U(zi,r'))
By the WSC (2.4), there exists u € ', such that K, N U(xz;,7") # () and
>, mst oy, pm=t 3 p
~€eT . (U(zs,r")) ~ET, (U(xi,r")): Sy=Su ~v€L /0 Sy=5u

(take u such that the second sum is the largest). We fix this u and denote it by w;.
By combining the above two inequalities, we have

w(U(x;,r")) <4 Z Dy (4.4)

yel, s SV:Sui

Since u;, 1 <i < k, are in I',/, we have ppinr’ < p,, < r’. Then by the choice of r
(i.e., 7 < pmin/n), u; satisfies property (i).

To prove property (ii), it suffices to show that S,,(4Uy) C B(x;,r). We note that
Ky, NU(z,r") # 0 and K, N Sy, (Uy) # 0. This implies that

Koy CU(ziy "+ [Ky ), Su(Uo) CU (i, 7" + | Ky, | + S, (Uo)])-

7
Since

P K 4 [Su (Uo)] < r/(1+ K] +[Uol)

_|_
= TNE(H |K|+ |Uo|) < (r+¢)/8 <r/4,

we obtain S,,(Uy) C U(x;,r/4) and hence S,,(4Uy) C U(z;,r) C B(x;,r). This also
implies u; € 2 since S, (Up) C B(z;,r) C Up.

Finally we prove property (iii). By the definition of p and (2.6), we have for
1<j<¢,

(p(ui)); = Z Po- (4.5)



Observe that if v € I'.v satisfies S, = Sy, then S,u; = Sy,w; and yw; € I'y, 1. It
follows that

P@); =z D
YET,/: S5 =S,
> pu, (U (i,m)) [ (by (4.4))
> p, ot/ > ot (by (4.2), (4.3) and (4.1))
> (p(0));.

That is, r*"3p(¥) < p(u;). To see the other direction, observe that if S, = Sujw;s
then K, = Ky, C Ky, C B(x;, 7). By (4.5), we have

(P(w)); = > popt 0 Sy (B(xi, 7))

le"pui ro* Sv:Suiuj

< wu(B(w, 7)) (by Lemma 2.1(iii))
< TR < (p(0));. (by (4.2))
That is, p(u;) < 7*%p(¥9). This finishes the proof of the proposition. O

5. MULTIFRACTAL FORMALISM AND MORAN CONSTRUCTIONS

In this section we are aiming to prove the multifractal formalism for the self-similar
measure with respect to the open ball Uj from the definition of WSC, i.e.,

dimy By, (o) = 775, (a),

where Ey,(«) is the set of @ € Uy with local dimension a(z) = «a. It is known
that for any probability p with compact support, dimy F(a) < 7%(«) whenever
E(a) # 0 (see, e.g., Theorem 4.1 in [21]) and it is straightforward to extend this to
open subsets. The difficulty is to prove the reverse inequality. For this we need to
use the Cantor-type sets with a special Moran construction (by applying Proposition
4.1) to get the lower bound estimate.

Let B C R? be a closed ball. Let {n;};>1 be a sequence of positive integers. Let
D = Uyso Dr with Dy = {0} and Dy = {w = (jijo---Jk) 1 1 < ji <, 1 <@ < k}.
Suppose_that G = {B, : w € D} is a collection of closed balls of radius r,, in R¢. We
say that G fulfills the Moran structure provided it satisfies the following conditions:

(1) By = B, B,; C B, for any w € Dj_1,1 < j < ny;

(2) B, N By =0 for w,w" € Dy, with w # W'.
17



(3) limy_.c max,ep, 7w = 0;
(4) For all wny # w'n, w,w’ € Dy, wn,w'n € Dy, m < n,

Twn . Tw’n

Ty o

If G fulfills the above Moran structure, we call

F= U 5

n=1weD,
the Moran set associated with G.
For k € N| let
. Ty iy
¢, = min ———, My= max 7..,.
(ilm’ik)GDk Til'“ik:—l (llzk)EDk

Proposition 5.1. [14, Proposition 3.1]. For a Moran set F' defined as above, sup-

pose furthermore

loger

li = 5.1
P log Mj, (5.1)
Then we have
dimy F = lilgn inf sy,
where sy satisfies the equation Z r’ =1 for each k. Moreover, there exists a

w€Dy,
Borel probability measure v on F' such that

timinf 2EXB@0) _ gy g
5—0 log ¢
for all x € F, where B(z,0) denotes the closed ball in R of radius r centered at x.

We remark that the existence of v in the above proposition is only implicit in
the proof of [14, Proposition 3.1]. Of course, dimy v = dimpy F, where dimy v =
inf{dimy F : E is Borel with v(E) = 1}.

Let p be a self-similar measure satisfying the WSC and assume that Uy is an open
ball satisfying (2.5).

Proposition 5.2. Let apin = limy—,o0 71, (¢)/q and atmax = limg—._ o 71, (q)/q. Then
Euy(amin) # 0 and Ey,(max) # 0. Furthermore

dlmH EUO (amin) Z 7_;}0 (amin)7 dlmH EU() (amax) Z 7_50 (O-/max)v
18



Proof. It is known that 7, (¢) is a concave real-valued function of ¢ on R and the
limits amin, Omax €xist, and pin, Gmax € (0,00) (Corollary 3.2). In the following, we
only prove that Ky, (amin) # 0 and dimpy Ey, (oumin) > 777, (min). The corresponding
results for Ey,(amax) can be proved similarly.

Let {gn.} T oo such that the derivative 7{; (¢.) =: a, exists for each n. By the
concavity of 7y,(+), the sequence {a,} is non-increasing, and auin = lim, 0 Q.
Furthermore the function {5, 1S concave on [(min, max], and hence it is lower semi-

continuous (see [35, Theorem 10.2]). Therefore we have
705, (Qmin) < liminf 777 (o) = lim inf (ogn — T (@)

We choose a positive sequence {9;}5°, | 0such that lim,,_, 6,¢, = 0. Foreachi € N,
using Proposition 4.1 we construct 7; > 0, k; € Nand B; = {u;s: 1 <s <k} CQ
such that

(Ti)1+6i < Pu; < (ri)li&a V1 <s< k?z
..(4ly) (s =1,... ,k;) are disjoint subsets of Uj.
(e) ()™ ™ ip(¥) < p(uis) = () p¥), V1<s<k.

Also we let {N;}3°, be a sequence of integers large enough such that
(f) Vi < (riq)? for each i € N.
Now we define a sequence of subsets of A* in the following manner

Bla"'7‘817827"'782a"'78i7"'781'7"')
~ ~ ~ ~ - —_——

N1 N2 N’L

(i.e., By is repeated N; times, follow by Bs repeated N; times and so on), and relabel
them as {B}}°°,. Let

G ={Sy..0,(Up) : k € N,v; € Bf for 1 <i < k}. (5.2)
It is easy to check that G fulfills the Moran structure. Let

F — ﬂ U Smw...fun (70)

n=1v1€BT,... v €B;;

Then F' is the Moran set associated with G.
Next we show that

alz) = lim oy, VaeF, (5.3)

n—oo
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and

dimg F' > liminf 77 (o). (5.4)

Let o € F, then there exist v; € Bf (i =1,2,...) such that
{z} = lim S, 0, (To).
For r > 0 small enough, there is a unique large integer n such that
[Sorcvnis (T0)| < 21 < |Suy..0, (Do)

Note that S, ,(4Us) C Uy (by (d)), we have [Sy, o (Uo)| < [Sur.onr (T0)]/4 <
r/2. Hence

Sorewomsa(Uo) C B(x,1) C Syy.0, (4U5) C Sy (Vo). (5.5)

On the other hand by Lemma 2.6, there exists a constant ¢ > 0 (depending on Up)
such that

cllp(or ... 05)[| < pu(Svy.; (Vo)) < Ipvr - 0y)ll, Vi eN. (5.6)
Combining (5.5) and (5.6), we have

log [Ip(v1 w1} _ log u(Bz,r)) _ log(ellp(vs vyl
log<pv1~-~vn+2 |U0 D N lOg r - log<pvl~--vn71 |U0 D

(5.7)
Thus to calculate a(x), we need to estimate p(vy...v,) and py,. ., for m = n —

1,n + 2. For large n, write n = Zle N; +p with 1 < p < Niy;. In the case that
1 <p < Ngy1—2, by (e), (c), (b) and Corollary 2.11, we obtain

k
(H(r»”“‘“”‘”) ()P owr 438
= p(v1...Vpy2) 2 PVL...Vp1)

k
< (H ) Ni(ei—361) ) Fppp ) Pk =3001) (9 (5.8)

k
(H(h)N (1+6 )) (Tk+1)(p+2)(1+5k+1) S pvl...vn+2 S pvl.“vnfl
) (Tk—i-l)(p_l)(l_ékﬂ) (59)
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and

n k
H#B: > (H(Ti)Ni(_Tf}o(ai)+6i(Qi+1))> (rk+1)p(_T(jO(ak+1)+6k+1(Qk+1+1)).

i=1

(5.10)

In the other case Nyi1 — 1 < p < Niy1, we have the similar inequalities where the
lower bounds for p(v ... vn42) and py, . v, in (5.8) and (5.9) are replaced respec-
tively by

k+1
(H(ri)Ni(ai—f—%i)) (rk+2)(p_Nk+1+2)(O‘k+2+35k+2)p(19) <p(v1...Unsa),

=1 (5.11)
k+1
(H(ri)Ni(1+5i)) (Tk+2)(p_Nk+l+2)(1+5k+2) < Poyovpia- (5.12)
i=1

By (5.7), using the inequalities (5.8)-(5.9), (5.11)-(5.12) and (f), we obtain «a(z) =
lim,, ., a,, by a direct calculation.

To prove (5.4), recall that F' is the Moran set associated with G (see (5.2)). Again
for a large n, write n = Zle N; + p, where 1 < p < Ni1;. By (c), we have

k
inf* P, Z (Tk+1)1+6k+17 sup Puy...vn S H(Tz‘)Ni(l_éi) (Tk+1)p(1_6k+1).
vn €8}, v1EBY,... vn€B}, i1 (5 13)

Using (5.13) and (f), we have

r log(inf,, ep: pu,)
11m

=0.
n—00 IOg(SUPmeB;,... UnEBE Poy.vn)

This implies that the condition (5.1) in Proposition 5.1 is fulfilled. Hence by Propo-

sition 5.1, we have dimy F' = liminf,,_ . s,,, where s,, satisfies

Z (pm...vn)sn =L (514)

V1EBT,... v EB;;

It follows that

dimy F > lim inf log(I Ty, #5:)

n—oo —log(infy,ep:, . vaess Por.vn)
This, together with (5.10) and the following inequality

k
inf Por.on > (H(ri)Ni(l—l—&)) (Tk+1)p(1+5k+1) (by (C)),

’UlEBf,--- ,’UnGB:L i—1
1=
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yields

: ot la) okl + 1)
> 0 = ’ .
dimy F > h;?lilf 173, h;?lilf 0, (k)
O

Proposition 5.3. Let q1,q2 € R. Suppose that oy = 7, (q1), 2 = 77, (qo) exist.
Then for any 0 < A < 1, Ey,(Aag + (1 — N)ag) # 0 and

dimy Ey,(Aag + (1 — Naz) > At (o1) + (1 — A) (75, (a2)).

In particular if 1 = o and let o = a1 = ay, then dimy By, (a) > 77, (a).

Proof. The proposition is proved in a way similar to that of Proposition 5.2, through
a more subtle Moran construction. Let {d;}5°, be a positive sequence decreasing to
0. For each i € N and j € {1,2}, using Proposition 4.1 we construct r;; > 0,
ki; e Nand B;; = {u;js: 1 <s <k;;} Csuch that

Sui ;. (4Up) (1 <'s < k; ;) are disjoint subsets of U for each 1, j.

)
)
(€) (rig)"™™ < pu,,. < (rig)' ™%, V1<s <k
) Ui j,s
(e) (ri;) ™ p(9) X pluijs) < (1) p(¥), V1<s< k.

Let 0 < A < 1 be given. We construct a sequence of positive integers {N; ; }ien1<j<2
such that

Ni,l log Tia

(f) For any 7 € N, — A <2 %and

Niilogri1 + Nislogro

(2) max{rivf’l,rgf} < (riﬂ,j)?i for j =1,2.

Also we select a sequence of positive integers {L;}32; such that
(h) For any i €N, L; min {Ni;[logri;|} = 2* max {Ni1|log rial}
Now we define a sequence {B}}°, of subsets of 2 in the following manner

N1 Ni2 N1 Ni2

A A A A

7 N N 7 N 7 N
Bl,l?'” 781,1761,27'” 781,27"' )Bl,lu"' 781,1)81,27"' 761,2
NS >

~
Li(N11+N12)
N2y Na 2 Na N2 2
7 % N 7 - Y 7 % N 7 -\ N
82,17'” 782,1762,27'” 782,27"' 762,17"' 782,1782,27"' 782,2
N ~~ o
Lo(N21+Na2)
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That is, we first let B;; appear in the sequence for N; ; times, then let B; o appear
for Nio times. Repeat this pattern for L; times. After that, we let By; appear
for Ny, times, then By, appear for N;, times. Repeat this pattern for Lo times.
Continuing this process we get the desired sequence, which is relabeled as {B}}5°;.
Let

G ={Sp..0,(Up) : k € Nyv; € Bf for 1 <i < k}.
and

F — ﬂ U Smw-..vn (70)

n=1v1€BT,... v €B;;
Then G fulfills the Moran structure and F' is the Moran set associated with G. The
condition (g) on {N;;} is made so that the assumption (5.1) is satisfied. Hence by
Proposition 5.1, dimy F' = liminf,,_ . s,, where s,, satisfies

> ()T =1 (5.15)

v1EBT,... ,un€B},

The further conditions (f) and (h), together with (5.15) will guarantee that

alz) = Aag + (1 — Nag, VaxeF, (5.16)
and
dimy F' > A7 (o) + (1 = A7, (az). (5.17)

The proofs of (5.16) and (5.17) are similar to those of (5.3) and (5.4) in Proposition
5.2, we just omit the details to avoid repetition. O

Our main result is the following theorem about the multifractal formalism.

Theorem 5.4. Let u be a self-similar measure associated with an IFS {S;}™, that
satisfies the WSC and let Uy = U(x,ry) be the open ball in (2.5) of the definition of
WSC. Then

(1) EUO (Oé) 7& @ Zf and O?’Lly ZfCY € [amina amax];
(ii) For any o € [min, Cmax];
dimy Ey,(a) = 755, (o) (:= inf{aq — 7,(q) : ¢ € R}). (5.18)
Moreover, 7(q) = 1y,(q) for ¢ > 0, and
dimy F(a) = 7*(a) ;== inf{ag — 7(q) : ¢ € R}, Va € [amm, 7 (0-)].
(5.19)
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Proof. If Ey,(«) # 0, we can choose a(z) = «. By Corollary 3.2, o = a(z) €
[Qmin, Omax]- Conversely, suppose & € [min, Omax)- Since 7y, (+) is concave, for any
@ € (Qmin, Omax), there exist ¢i,¢q» € R such that 7{, (-) exists at ¢; and ¢, and
7,(@1) < a < 77 (g2). Hence o is a convex combination of a; = 77, (¢;) (j = 1,2)
and Proposition 5.3 implies Ep, () # () for @ € (Quin, Qmax)- Moreover Proposition
5.2 implies that Ep,(a) # 0 for & = qupn Or Qpa. Hence Ep,(a) # 0 for any
@ € [Omin, Omax)- This completes the proof of (i).

To prove (ii), note that for any open set V C R? with (V) > 0, and o € R so
that Ey(«) # 0, we always have

dimg By () < 7 ().

In fact, the above inequality holds for any compactly supported Borel probability
measures on R? (see, e.g., [2, 21] for a proof). Combining this with Proposition 5.2
and Proposition 5.3, we have

dimpy By, (a) = 17, (a)

: /
if & = Qmin, @ = Quax, OF @ = 77, (q).

Now, in general, we assume & € (Qmin, ¥max)- Lhen there exists t € R such that
o € [17, (t+), 7, (t—)] and accordingly

() = at — 1y, (1).

Denote a = 77, (t4), b = 7, (t—) and write @ = Aa + (1 — A)b for some A € [0,1].
Select t,, Tt and s,, | t such that a, = 7(, (t,) and b, = 77, (s,) exist. Then there
exist A, € [0,1] such that o = A7, (t,) + (1 — An) 77, (55) and lim, oo Ay = A
By Proposition 5.3, dimy Ey,(a) > N\, 7*(a,) + (1 — A\p)7%(b,). Letting n tends to

infinity, we have
dimy By, (o) > A1 (a) + (1 — X755, (D)
= Aat = 75,(1)) + (1 = A) (bt — 75, (1))
= at — 1y, (t) = 77, ().
Combining this with (5.18) we obtain dimy Ey,(a) = 775, («). Hence we have proved
that dimy Ey, () = 7" («) for any « € [min, Omax]-

To see the last part, by Proposition 3.1 we have 7(q) = 7y,(¢q) for ¢ > 0. To

show (5.19), it suffices to show the lower bound. Let a € [oupin, 7'(0—)]. Then
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a € [y, (t+), 775, (t—)] for some t > 0. Hence, we have
dimg E(a) > dimg Ey,(a) = 77, (a) = at — 117, (2)
= at—1(t) > 7 ().
This completes the proof of the theorem. O

Remark 5.5. Regarding of Theorem 5./ (i1), we have a slightly stronger result that

for each & € [Qmin, Omax], there is a Borel probability measure v on Ey,(«) such that

1 B(z,6
lirérliglf %(g’)) =T15,(a)  forv-a.e. w. (5.20)
Indeed, as proved in Propositions 5.2-5.3 and Theorem 5.4, there is a Moran set
F C Ey,(a) such that dimpg F' = 13 (o). The existence of v then follows from

Proposition 5.1.

Corollary 5.6. The above theorem remain valid if Uy is replaced by U, = S,(Up)
for any word u € A*. Furthermore, 1y, (q) = 1u,(q) for all ¢ € R.

Proof. To see (iii), let u € A*. Then by Lemma 2.5 and the definition of the L2
spectrum, we have 7g, () = Tu,. Since S,(Up) also satisfies the maximality (2.5),
the statements (i) and (ii) also hold if Uy is replaced by S, (Uy). O

By Theorem 5.4, we have dimy F(a) = 7*(a) for a € [amin, 7/(0—)]. It is inter-
esting to consider the dimension spectrum dimy E(«) for those o € (7/(0—), max)-
The following two corollaries determine the dimension spectrum under certain ad-
ditional assumptions, which are satisfied for some concrete examples of self-similar

measures (see Section 6).

Corollary 5.7. Under the condition of Theorem 5.4, assume that 7(q) = 1y,(q) for
all ¢ < 0. Then dimy E(a) = 7*(a) for any @ € [min, Omax] -

Proof. On one hand, the inequality dimy E(«) < 7*(a) always holds for any com-
pactly supported probability measure. On the other hand, by Theorem 5.4 and
the assumption 7(q) = 7y,(q) for all ¢ < 0, we have dimy E(«a) > dimy Ey, () =

0, (@) = 7 (). O
Set U = {U : U = U(x,r) attains the maximality in (2.5) } and W = {J,;o, U.
Corollary 5.8. Under the condition of Theorem 5.4, assume that dimy K\W = 0.

Then for all & € [Qmin, Omax], dimpg E(a) = 77 ().
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Proof. We first show that 7y, = 7y, for any U; € U. Since Uy N K # (), there
exists a u € A* such that S, (Up) C Uy. It implies that 7, (q) < 75, we)(9) = T0,(q),
where the last equality follows from Lemma 2.5. Symmetrically we have the opposite
inequality.

Now observe that if U(x,r) € U, then U(y,r") € U if y and r" (r' < r) are close
enough to = and r. Hence each U(z,r) is the union of some U(y,r") € U with
y € Q% and ' € QF. As a consequence, there exists a sequence U; € U such that
W = U;2, Ui. Since dimy K\W = 0, E(«) differs only from Ew (o) = ;2 Ev, ()
by a set of Hausdorff dimension 0. Hence by Theorem 5.4, we have

dimy F(a) = dimg Ewy (o) = dimy (U EUi(oz)>

= supdimy Ey,(a) = sup 775, (o) = 77, ().

This completes the proof of the corollary. O

6. EXAMPLES AND REMARKS
In the following we use some simple examples to illustrate the theorems.

Example 6.1. Consider the IFS S;(z) = 4(x +2j — 2) for 1 < j < 4, let p be the

self-similar measure satisfying

4
p=> pjpoS;’,
j=1

where p = (1/8,3/8,3/8,1/8). The IFS has attractor K = [0, 3] and satisfies the
WSC. The measure p is just the 3-fold convolution of the standard Cantor measure.
This example has some special interest as it is known that the dimension spectrum
contains an isolated point and 7(¢) contains one non-differentiable point at ¢ < 0
and the multifractal formalism for p breaks on an interval corresponding to the non-
differentiable point gy < 0 ([19, 23]). The failure of the formalism is due to the fact
that p is too small on the intervals [0,37"] or [3 —37™,3] (n € N) and a modified

multifractal formalism is given in [13].

In the present situation, a simple calculation shows that we can take ¢ = 5 and
Up = (5/18,17/18) to attain the maximality in (2.5). To see this, we assume that

Uy = U(wo, 7o) attains the maximum in (2.5) with 0 < rqg < 1. Let k& > 1 be the
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integer so that 37% < rq < 37**1. Then by the definition of T, (see (2.1)), we have
I,y = {Su: ue A}
= {¢(x) =3Max+2): i=01,...,(3"" —3)/2}.

Since T, = [g-x11, U(xg, 37%1) also attains the maximum in (2.5). Hence we may
take ro = 37%*1. Then

#S,,(Uy) = #{0<i< (3 —3)/2: [2i/3% (20 +3)/3*] N U(xo, 375 # 0}
= #{0<i< (3 =3)/2: i A= ((3zy—6)/2,3%2,+3)/2)}.

Since A is an open interval of length 9/2 which contains at most 5 integral points,
we have #S,.(Up) < 5. A direct check shows that the maximality 5 can be attained
if we let k& > 2 and choose xq = 37%(2i + 5.5) for any integer i € [0, (3**! — 11)/2].
For example, we can take k = 2 and xy = 11/18 (corresponding to ¢ = 0). In this
case, Uy = (xo — 1/3,29 + 1/3) = (5/18,17/18)). It follows from Theorem 5.4 that
|, satisfies the multifractal formalism. As a direct check, we have

gkt 11

wolJ) U BF@i+55) -3 3752 +55) +3") =(0,3).
k=2 =0

Hence the condition of Corollary 5.8 is fulfilled, and we have dimy E(a) = 77 (o)
for @ € [min, Omax]. This gives an alternative proof of the result obtained in [13].

Example 6.2. More generally, consider the IFS S;(x) = %@ +j—1)for1 <j<m,

where Nym € N, m > N > 2. The attractor of the IFS is K = [07%]' Let

it be the corresponding self-similar measure associated with a probability vector

(p1,-.. ypm). The multifractal structure of u was considered by Shmerkin in [36].

Using an argument analogous to Example 6.1, we can show that the integer ¢ in

(2.4) is equal to the least integer not less than 2N + E—j Moreover, the maximality

of (2.5) is attained for those intervals U = U(xg, N7**1) such that k& > 2 and
m—1

NFgg — N — 2= € (i — {®=1},i) for some integer i € [O,% — (- 1],
m—1 m—1

where {%=} denotes the fractional part of = . A direct check also shows that
W D (0,%=1). Hence K\W has Hausdorff dimension 0 and thus the result of
Corollary 5.8 holds, i.e., dimy E(a) = 75, (a) for & € [min, Omax]. This completes a
result obtained by Shmerkin ([36, Theorem 1.6]), who proved a modified multifractal
formalism on the range (aunin, @max) under an additional assumption m < 2N — 3
(which forces p to be an attractor of an infinite IFS without overlaps). Shmerkin

also gave some further conditions on the probability vector (p1, ... ,pn) to guarantee
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7 = Ty for each open interval such that V' C int(K) and to verify the validity of the
multifractal formalism (which is also a consequence of Corollary 5.7).

Example 6.3. Another simple example is the Bernoulli convolution associated with

the IFS {pz, pxr + 1} with p = ‘/52_1, which is also called Erdds measure [37]. There

is a large literature concerning the fractal dimensions and multifractal structure of

this measure (see [10] and references therein). It is the first example of self-similar
measure found to have a phase transition [10] (see also [15]). Through a rather
tedious calculation we can show that ¢ = 5 and the maximum in (2.5) can be
attained at Uy = U(z, p?) for any x € (2p,1+ p?) (we omit the details). It is known
that the measure satisfies the multifractal formalism [15].

There are more extensive class of examples of WSC studied in [22], [10], [39].
More generally, let {S;}i", be an IFS given by

Si(z) = (=)™ p"x + k, i=1,...,m, (6.1)

where 1/p is a Pisot number, m; € {0,1}, n; € N and k; € Z. Then the IFS satisfies
the WSC according to an arithmetic property of Pisot numbers (see [21, p.70] for a
similar argument). Testud constructed some simple self-similar measures generated
by IFS of the form S;(x) = Z2 +k; ('¢; = 1) such that the dimension spectra are
very wild and not concave at all [39].

For such IFS, one may design a finite algorithm to determine the corresponding
integer ¢ and choose a suitable interval Uj to attain the maximum in (2.5).

Theorems 1.1-1.2 remain valid when the open ball Uy is replaced by certain open
sets. Indeed, let V be an arbitrary bounded open set so that V N K # (), and let
r > 0. Then from the assumption of the WSC, one deduces that

sup  #S,,(Sw(V)) < o00.
weA*U{I}

Hence the supremum is attained at some w € A*U{d}. Denote ' = #S,,_,,(Su(V)).
Let Vo = S, (V) and 79 = p,r. Then as an analogue of Proposition 2.4,

Spur()(Su(‘/E])) - {Suw; : 1 S Z S gl}’ V u e ./4* U {79},

where S, 1 <4 < f/) are distinct elements in #S,,(Vp). All the results after
Proposition 2.4 then remain valid when U, is replaced by Vj.
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Example 6.4. Consider an IFS {5;}?_; in R? given by
Si(z,y) = (z/2,y/2) +a;, i=1,...,5.

where a; = (0,0), az = (0,1), a3 = (1,0), ay = (1,1) and a5 = (1/2,1/2). The
attractor K of the IFS is [0,2]2. We can take Vy = (1/2,3/2)? (accordingly ry = 1
and ¢/ =5).

We remark that all the IF'S in the above examples satisfy the finite type condition,
a notion introduced by Ngai and Wang [26] which is stronger than the WSC [27].
Roughly speaking, in the definition of the finite type condition, we require not only
(2.4) to hold, but also all the maps S, o S;! with S,,S, € S, (U(x,7)), * € R and
r > 0, form a finite set. It was shown in [9] that for a self-similar measure on R, if
its generating IF'S is equi-contractive and satisfies the finite type condition, then the
Li-spectrum 7 is always differentiable over (0, 00), furthermore, an analogue of The-
orem 1.2 holds [11]. The results are based on a dynamical representation for these
measures through a non-trivial sub-shift coding, the thermodynamic formalism for
matrix-valued functions as well as the multifractal structure of Lyapunov exponents
for products of non-negative matrices. However for self-similar measures with the
WSC, it seems difficult to set up such a sub-shift representation. We remark that
the differentiability property of the L? spectrum has been further studied for some
specific non-equi-contractive IFS with the finite type condition [38]. It still remains
open whether 7 is differentiable over (0, +00) for all self-similar measures satisfying
the WSC.

For a general self-similar measure with the WSC, we conjectured that the multi-
fractal formalism always holds whenever o« = 7/(q) for ¢ < 0. So far, this is true for
all known examples such that 7 can be calculated explicitly. In particular, Testud
[39] showed that this is true for a specific class of self-similar measures generated by
IFS of form (6.1) under certain assumptions.

Finally, we remark that our main results can be extended to the following class

of self-affine measures.

Example 6.5. Consider an IFS ® = {S;}™, in R? given by
Si(z)=Aw+¢, i=1,...,m,

where A is a d X d integral expanding matrix such that all the eigenvalues of A
have the same modulus and, ¢; € Z¢ for all 7. In this case, ® is not necessary to be

a self-similar IFS, but it has some similar properties as a self-similar IFS with the
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WSC. Indeed, let K denote the attractor of ®. It is easy to check that there is an
integer ¢ such that

sup #{Su: ue A", S(K)NA"(U(x,1)) # 0} =¢. (6.2)

zeR4, neN
Assume that the supremum in (6.2) is attained at * = zp and n = ny. Take
Uy = A™(U(zo,1)) and let w; (i = 1,...,¢) be words in A" such that S,,’s are
different and S,,,(K) N Uy # 0. As an analogue of Proposition 2.4, we have for any
ue A* (k> 0),

{S,: v e A" with Sy(K) NSy, (Ug) # 0} = {Suw, : i=1,... 0}

An essentially identical argument then shows that our main results (Theorems 1.1-
1.2) remain valid for any self-affine measure p generated by ®. This completes a
recent result of Deng and Ngai [5], who showed that in this special self-affine case,
7 is differentiable over (0, 00) and dimy F(a) = 7*(a) for o = 7'(q), ¢ > 0.

7. APPENDIX

In this part we give a full proof of Proposition 3.3. We need the following lemma,
which can be proved in a similar way to the proof of the Besicovitch covering lemma
(see [24, p.32-33]).

Lemma 7.1. Let {B(x;,r) : i € I} be a family of disjoint closed balls in R? of
radius r. Then for N > 1, there exists an integer n < (8N)? such that the index set

Z can be partitioned into Iy, ... ,Z,, and for each 1 < j < n, the balls in the family
{B(z;,Nr) : 1 € I,;} are disjoint.

Proof of Proposition 3.3. For the given 9,rg > 0, we choose a small 0 < e < 1
such that

(@—0/2)e < 1v(g+e)—1v(g) < (a+5/2)e
and

(@—=0/2)e < 7v(g) —1v(e—€) < (a+3/2)e,
continue by picking 0 < v < min{ed/8,1} and 0 < 7 < min{rg, 1} such that for all
0<t<r,

Ov(gt) <tV Op(qgxet) < tvEEI=, (7.1)
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We fix the targeted 0 < r < min{r;,37'/7} such that
PVt < Oy (g ). (7.2)

(We will require further restrictions on r in the sequel.) By the definition of ©y (¢;7),
we can find a family B = {B(x;,r)} of disjoint balls contained in V' with centers in
supp(p) such that
Ov(g;r)/2 < > u(B)* < Oy(gr).
BeB
Combining this with (7.1) and (7.2) yields
V@t < Z uw(B)! < rv(@-7. (7.3)
BeB
Set
B, ={B¢€B:uB)>r*7r}, By ={B € B:uB)<r*t}
and 83 = B\(Bl U Bg) Then
YouB) = Y u(B) - p(B) < Oy(g+ ey

BeB; BeB,
< prv(ero—r—cla=b) < v (a)+ed/2—

Similarly, we have

Z ,U,(B)q = Z M(B)Q*e . M(B)E < @V(q _ 6;7’)7’6<a+5)
BeB, BeBs
< pvila—eo=rte(atd) ~ prv(g)+ed/2—y

These two inequalities together with (7.3) and (7.2) imply

SuB)y = (-3 -3 Juny

BEeBs3 BeB BeB; BeB2

v

rv(@+2y _ gpmv(@)+ed/2=y — rv(a)+3y (r 7 — 27“55/2_47)
> rTv(q)Jri’W(T—v —2)> rv(@+3y (7.4)
Note that for each B € Bs, u(B)? < max{r(@+9)a} = raa=dldl Hence

Z w(B)? < (#Bs) r@a—9olq|

BeBs3

which combining with (7.4) yields
HBy > y v (@) +68lgl+3 (7.5)

Next we will choose the family of balls in the proposition. We conduct the con-

struction by considering the two cases ¢ < 0 and ¢ > 0 separately.
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Case (i): ¢ <0. Let B3 = B, U B} where
Bé = {B(QT,T) € 83 : M(B(ZL‘,T/N)) < Ta+2(5}

and
By ={B(x,r) € B3 : pu(B(xz,r/N)) > 7»“”5}_
Then by (7.1)
Z w(B(z,7/N))1™¢ < Oy(q—er/N) < (r/N)va=9=
B(z,r)eB

< (T/N)Tv(q)—E(aJrﬁ/?)—“/'

On the other hand, we have ZB(W)GBQ pw(B(z,r/N))T=¢ > (#Bf) ret20@=) If we
choose 7, in addition to 0 < 7 < min{r;,37/7}, such that 7 < N7v(0)=<la+d/2)=,

then the above two inequalities imply that

#Bé < TTV(q)faq+366/2726q72'y _ r*T?}(&)"r?)E(S/Q*Q(SQ*Q’Y' (76)
By (7.5), (7.6) and (7.1), we have
#B; = #B3 — #B;

p v (@)+8lal+3y 7 () +3e6/2-20g—2y

v

v

P TS (al+1) .~ (37 _ Bed/2-27) (using ¢ < 0)

P @)+l +1)

V

where the last inequality follows from r=0(r37 — ¢3¢0/2=27) > p=4(p37 — p47) >
r~7" —1 > 1. Hence the family BY of balls satisfies properties (3.3) and (3.4) of the
proposition when g < 0.

Case (ii): ¢ > 0. Unlike the above case, we need to use B(z, Nr) for the estima-
tion. To ensure that B(z, Nr) C V, we need to consider an auxiliary open set U
with U C V and 7¢(q) = 7(q). All the definitions of €, 8,v,r,r and By, By, Bs in
Case (i) should now be made using U instead of V. In addition, r; is asked to be
small enough such that B(z, Nry) C V for any € U. Because 1y(q) = 7v(q) for
q > 0, the formulas (7.3), (7.4) and (7.5) remain valid.

Let By = {B(z, Nr) : B(x,r) € Bs}. By Lemma 7.1, there exists [ < (8N)? such
that gg can be partitioned into subfamilies (:;1, e ,51 such that the balls in each
subfamily are disjoint. Without loss of generality we assume that #51 > #gg Jl =
#B3/l. Then for 0 < r < ry;/N, (7.1) implies

> u(B)! < Op(g; Nr) < (Nr)™v @,
B€C~1
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(Strictly speaking, because we are using U instead of V', we can not apply (7.1)
directly. However the above formula still holds by making r smaller if necessary).
Let C; = C} UC! where

Ci={BeC: u(B)>(Nr)*>}, ¢/ ={BeC: pB)<(Nr)* >}
We have

S0 u(B) = Y p(B) = (HC (N2,

BeC, BEC’
It follows that
#6;1 < (Nr>f‘r‘*/(a)+26q7'y.

If we choose v and r to satisfy the following additional conditions:

v <8q/5, 177 > 2(8N)IN V(@) Hoaty

then
#C > #C - #C]
> #B; - 40
> (BN) ST (N T by (7.5)
> (Np)™™ T +5\q\+4’y(r (8N~ d 7 —(=7i () +6g+47) _ (NT)(S‘]—S')/)
> (NP @Ol > () @)ollal ),

Therefore the family C7 of balls satisfies an analogue of (3.3) and (3.4), in which the
number r is replaced by Nr. O
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