AFFINE EMBEDDINGS OF CANTOR SETS AND DIMENSION OF
a-SETS

DE-JUN FENG AND YING XIONG

ABSTRACT. Let E,F C R? be two self-similar sets, and suppose that F can be
affinely embedded into E. Under the assumption that E is dust-like and has a
small Hausdorff dimension, we prove the logarithmic commensurability between the
contraction ratios of F and F'. This gives a partial affirmative answer to Conjecture
1.2 in [9]. The proof is based on our study of the box-counting dimension of a class
of multi-rotation invariant sets on the unit circle, including the af-sets initially
studied by Engelking and Katznelson.

1. INTRODUCTION

For A, B C RY we say that A can be affinely embedded into B if f(A) C B for
some affine map f: R? — R? of the form f(x) = Mz + a, where M is an invertible
d x d matrix and a € R?. In this paper, we investigate the necessary conditions under
which one self-similar set can be affinely embedded into another self-similar set.

Before formulating our result, we first recall some terminologies about self-similar
sets. Let ® = {¢;}{_, be an iterated function system (IFS) on RY, that is, a finite
family of contractive mappings on RY. Tt is well known (cf. [15]) that there is a unique
non-empty compact set K C R?, called the attractor of ®, such that

K =Jou(K).

Correspondingly, ® is called a generating IFS of K. We say that ® satisfies the open
set condition (OSC) if there exists a non-empty bounded open set V' C R? such that
¢:(V), 1 <i </, are pairwise disjoint subsets of V. Similarly, we say that ® satisfies
the strong separation condition (SSC) if ¢;(K) are pairwise disjoint subsets of K. The
strong separation condition always implies the open set condition ([15]). When all
maps in an IFS ® are similitudes, the attractor K of @ is called a self-similar set. By
a similitude we mean a map ¢ : R? — R? of the form ¢(z) = pPx + a, with p > 0,
a € R* and P an d x d orthogonal matrix. A self-similar set is called nontrivial if it
is not a singleton.

The problem of determining whether one self-similar set can be affinely embed-
ded into another self-similar set was first studied in [9], revealing some interesting
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connections to smooth embeddings and intersections of Cantors sets. It was shown
in [9] that, under the open set condition', one nontrivial self-similar set F' can be
embedded into another self-similar set £ under a C'-diffeomorphism if and only if it
can be affinely embedded into E; moreover, if F' can not be affinely embedded into
E, then there is a dimension drop in the intersection of E and any C'-image of F' in
the sense that
dimp(E£ N f(F)) < min{dimy E, dimy F'},

where f is any C'-diffeomorphism on R?, and dimy stands for Hausdorff dimension
(cf. [7, 17]).

The above affine embedding problem is also closely related to other investigations
on self-similar sets and measures, including classifications of self-similar subsets of
Cantor sets [10], structures of generating IFSs of Cantor sets [11, 3, 4], Hausdorff
dimension of intersections of Cantor sets [5, 12], Lipschitz equivalence and Lipschitz
embedding of Cantor sets [8, 2|, geometric rigidity of xm-invariant measures [13],
and equidistribution from fractal measures [14].

It is natural to expect that, if one nontrivial self-similar set can be affinely embedded
into another self-similar set which is totally disconnected, then the contraction ratios
of these two sets should satisfy certain arithmetic relations. The following conjecture
has been formulated from this view point.

Conjecture 1.1 ([9]). Suppose that E, F are two totally disconnected nontrivial self-
similar sets in R?, generated by IFSs ® = {¢;}i_, and W = {a;}J-, respectively.
Let p;,v; denote the contraction ratios of ¢; and ;. Suppose that F' can be affinely
embedded into EE. Then for each 1 < j < m, there exist non-negative rational num-
bers t; j such that ~; = Hle p - In particular, if p; = p for all 1 < i < 0, then
logv,/logp e @ for1 <j<m.

We remark that the above arithmetic relations on p;,~y; do fulfil when E and F' are
dust-like (i.e., ® and ¥ satisfy the SSC) and Lipschitz equivalent [8]. Nevertheless, no
arithmetic conditions are needed for the Lipschitz embeddings. Indeed, it was shown
in [2] that if F, F are dust-like with dimyg F' < dimyg F, then F' can be Lipschitz
embedded into F.

So far Conjecture 1.1 has been considered in [9, 1, 19, 22] in the special case that
® is homogeneous, that is, p; = p for all i. It was proved in [9] that the conjecture is
true under the additional assumptions that ® is homogeneous satisfying the SSC and
dimyg F < 1/2. Recently, Algom [1] showed that in the case that d = 1, the conjecture
holds under the SSC and homogeneity on ®, the OSC on ¥ and an additional assump-
tion that dimyg £ — dimyg F' < 0, where ¢ is a positive constant depending on dimy F'.
Very recently, Shmerkin [19] and Wu [22] independently obtained much sharper result
in the case that d = 1. Shmerkin [19] proved that Conjecture 1.1 holds under the

'Here we say that a self-similar set satisfies the open set condition if it has a generating IFS which
satisfies this condition.
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assumptions that d = 1, ® is homogeneous satisfying the OSC and dimy F < 1. Wu

[22] proved the conjecture under almost the same assumptions, except for putting the
SSC on @ instead of the OSC.

In this paper we consider the general case that ® might not be homogeneous. Let

Q denote the set of rational numbers. For uq,...,u; € R, set
k
spang(uy, . .., u) = {Z tiu;: t; € @} .
i=1
Then spang(uy, . .., u) is a linear space over the field Q with dimension < .

Our main result is the following.

Theorem 1.2. Under the assumptions of Conjecture 1.1, suppose in addition that ®
satisfies the SSC' and dimyg E < ¢, where

(1.1) c= {1/4’ W =2
1/(2\+2), if € > 3.

with A\ = dimspang(log pi, ... ,log p;). Then the conclusion of Conjecture 1.1 holds.

The proof of Theorem 1.2 is based on our study of the box counting dimension of
certain multi-rotation invariant sets on the unit circle. To be more precise, we first
introduce some notation and definitions. Let T = R/Z denote the unit circle (which
can be viewed as the unit interval [0,1] with the endpoints being identified). For
x € R, let {z} and [z] denote the fractional part and integer part of z, respectively.
Let m : R — T be the canonical mapping defined by = +— {z}.

Definition 1.3. Let ay,...,ap € R with ¢ > 2. A non-empty closed set K C T is
called an (o, ..., ap)-set if

K C U(K — (o))

equivalently if, whenever x € K, then there existsi € {1,...,0} so that x+7m(e;) € K.
Moreover, a sequence (1,)5, of points in T is called an (o, . .., op)-orbit if

Tp4+1 — Ty € {71'(0{1), s 771—(@4)}
for alln > 0.

Definition 1.4. Letay,...,ap € Rwith{ > 1. Say that aq, . .., ap are Q, -independent
(mod 1) if the following equation
tiag + ...+t =0 (mod 1)

in the variables t1, ..., t;, has a unique solution (0,...,0) in Qﬂ, where Q4 stands for

the set of non-negative rational numbers.
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Similarly we can define Q-independence (mod 1) via replacing Q4 by Q in Defini-
tion 1.4. It is clear that the Q-independence (mod 1) implies the Q -independence
(mod 1).

The study of (aq,...,ay)-sets has its origin in the early works of Engelking and
Katznelson [6, 16]. In 1961, Engelking [6] raised the question of existence of nowhere
dense (a, B)-sets (for short, aS-sets), where «, 5 are Q-independent (mod 1). Finally
in 1979, Katznelson [16] gave an affirmative answer to this question. He showed that
for any such pair (o, ), there always exist nowhere dense af-sets; furthermore for
certain special pairs (a, 3), there exist a3-sets of Hausdorff dimension 0.

In contrast to Katznelson’s result, we prove the following result claiming that,
any (oq,...,qp)-orbit passing through infinitely many points has a large lower box-
counting dimension (cf. [7, 17] for the definition).

Theorem 1.5. Let ay,...,ap € Rwith ¢ > 2. Suppose that (x,)32, is an (aq, ..., qp)-
orbit passing through infinitely many points. Write r = dimspang(1, oy, ..., ap) — 1.
Let K be the closure of the set {x,: n > 0}. Then the following statements hold.

(i) If r =1, then K has nonempty interior.
(ii) If r =2 and ¢ = 2, then either K — K = T or K has non-empty interior; in
particular,
dimyg, K > 1/2,
where dimp stands for lower box-counting dimension.
(iii) If r > 2 and £ > 3, then

dimg K > 1/(r +1).

Notice that when a,...,a, are Q-independent (mod 1), x, # z,, for different
n,m for any (o, ..., a)-orbit (z,)5,. Hence by Theorem 1.5, we have the following
corollary, saying that under the assumption of Q -independence, every af-set or
more generally, every (aq, ..., a)-set has a large lower box-counting dimension.

Corollary 1.6. Let ay,...,ap € R with ¢ > 2. Assume that aq,...,qp are Q-
independent (mod 1). Let K C T be an (o, ..., a)-set. Then the statements (i), (ii)
and (i) listed in Theorem 1.5 hold for K.

To our best knowledge, Theorem 1.5 seems to be new. It not only plays a key role
in our proof of Theorem 1.2, but is also interesting in its own right.

This paper is organized as follows. In Section 2 we prove Theorem 1.5. In Section 3
we prove Theorem 1.2. In Section 4, we pose several questions for further study.

2. BOX-COUNTING DIMENSION OF MULTI-ROTATION INVARIANT SETS

In this section, we prove Theorem 1.5. Let £ € N, ¢/ > 2 and ay,...,a;, € R. Sup-
pose that (z,)5°, is an (aq, ..., ay)-orbit that takes infinitely many values. Without
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loss of generality, we assume that xqg = 0. Then by Definition 1.3, there exists a
sequence (w,)> ; with w, € {1,...,¢} such that

(2.1) xn_z% (mod 1), n=1,2,....

Set X = {x, : n>0}. Then K = X, where X stands for the closure of X. Below
we prove parts (i), (ii) and (iii) of Theorem 1.5 separately.

First observe that dimspang(1,a1,...,a/) =: 1 +7 > 1, otherwise oy, ..., a, are
all rationals and hence X is a finite set, which leads to a contradiction. Therefore,
r>1.

Proof of Theorem 1.5(1). Assuming that r = 1, we shall show that K has non-empty
interior. Pick a suitable basis 1, 3 of spang(1, oy, ..., ay) so that

(2.2) oa;=pif+r; fori=1,...4¢,
for some p; € Z and r; € Q. Clearly, 3 is irrational.

Pick ¢ € N such that all r; are the integral multiples of 1/q. Let p = max;<;<¢ |ps|.
Since the set X = {z,, : n > 1} is infinite, we have p > 1 and moreover, by the
expression (2.2) of «;, it is not hard to see that

either U U (X+7,6+ >D{nﬁ: n €N} (mod 1)

i=—p j=—q
or U U (X+ZB+ )D{—nﬁ:nEN} (mod 1).

Taking closure and applying the Baire category theorem, we see that K = X has
non-empty interior. 0

Proof of Theorem 1.5(ii). Assume that r = 2 and ¢ = 2. It is enough to show that
either X — X is dense in T, or X has non-empty interior. As a direct consequence,
2dimpg K = 2dimp X Zdl_mB(X_X) =1,

where the second inequality follows from the simple fact that, if X can be covered by
k balls By, ..., By of radius J, then X — X can be covered by B, — B; (1 <1,j < k)
and hence by k% many balls of radius 3.

Suppose that X — X is not dense in T. Then there exists § > 0 so that X — X is
not d-dense in T. Notice that as — oy ¢ Q since 7 = 2. Consequently, there exists a
positive integer N such that the set

{k(ag — 1) : k=1,...,N} (mod 1)
is 0-dense in T. Write 7(0) = 0 and
Tn)=#{1<i<n:w;, =2} forn>1,
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where # A stands for the cardinality of A. We claim that
(2.3) sup |7(n+m)—7(n) —7(m)| < N.

n,meN

Suppose on the contrary that the claim is false, i.e.,
(2.4) |T(n4+m) —7(n) —7(m)| > N for some n,m € N.
Fix such n, m. Define

bj=1(m+j)—7(), j=0,...,n
Then |b, — bg| > N by (2.4). A direct check shows that
bjt1 = bj = Wmntjr1 — wjt1,
which implies |b;41 — b;| < 1. Since |b, — by| > N, we see that the set {bg,...,b,}
contains at least N consecutive integers, say t+1,...,t+ N. Observe that for each k,
zi = (k—7(k))ou + 7(k)as = kaq + 7(k) (a2 — 1) (mod 1).
Hence for j =1,...,n,
Tty — x5 = mag + (T(m+ j) — 7(5)) (@ — o)
=may + bj(ag —aq) (mod 1).
Therefore,
X—-—X2{wpmyj—x;: j=1,...n}
={ma; +bj(ac —ay): j=1,...n}
D{b + (ag — 1), b +2(ag — 1),...,0' + N(ag — )} (mod 1),

where b = may + t(az — aq). Consequently, X — X is d-dense in T, leading to a
contraction. This proves (2.3).

Next we use (2.3) to show that X has non-empty interior. Indeed by (2.3), we have

T(n+m)+ N < (7(n) + N)+ (7(m) + N)
and
N —71(n+m) < (N —7(n)) + (N —71(m)),

that is, the two sequences (7(n) + N),>1 and (N — 7(n)),>1 are both subadditive. It
follows that the limit 7 = lim,,_,,, 7(n)/n exists, and moreover,

T:inf—T(n)+N, —T:inf—N_T(n).
n>1 n n>1 n
That means |7(n) — n7t| < N for all n > 1, and so

(2.5) |7(n) = [n7]| < N for all n > 1.

Set 7' = (1 — T)ay + Tay, and let

Yo = {n7'} — {n7}(ay — ;) (mod 1) for n > 1.
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Then
Yn =n((1 — 7)oy + T7a2) — {n7H e — )
= nay + [n7)(e — aq)
=no +7(n)(a2 — o) + 2,
=2, + 2, (mod1),
where z,, := ([n7] — 7(n))(a2 — a;1). By (2.5), for all n > 1,
zn € {k(ae —a1): k€ Z and |[k| < N} =: Z.

Let Y ={y,: ne€ N} thenY C X+Z (mod 1). Since Z is finite, by Baire category
theorem, X has non-empty interior if so does Y.

It remains to show that Y has non-empty interior. Since r = 2, 7 and 7’ can not
be rational numbers simultaneously. Therefore,

W= {({n7},{n7'}): n > 1}
is an infinite compact subgroup of T? = R?/Z?. Then it is either the whole group T?

or finitely many lines in T? with rational slope (see, e.g. [21, Example 15.9, Theo-
rem 15.12 and Remark 16.15]). Notice that

Y ={{n7"} — {n7}(as — a1) (mod 1):n >1},

which can be regarded as the image of W under certain projection along an irrational

direction since ay — oy ¢ Q. Consequently, Y has non-empty interior and so does X.
This completes the proof of Theorem 1.5(ii). O

Before proving Theorem 1.5(iii), we first give two simple lemmas.

Lemma 2.1. Consider the following system of linear equations in the variables zy, . .., zp:
¢

(2.6) > aijz=b, j=12...

i=1
where a; ;,b; € Q for all i,j. Suppose that the system has a real solution. Then it
must have a rational solution.

Proof. This is a classical result in linear algebra. U

Recall that the canonical mapping 7: R — T is defined by = — {z}.

Lemma 2.2. For AC T and § > 0, let N5(A) denote the smallest number of intervals
of length O that are needed to cover A. Then for any positive integer p, we have

Nps(m(pA)) < Ns(A).

Proof. Suppose that A can be covered by intervals Iy,...,Ir. Then m(pA) can be
covered by the intervals w(ply), ..., m(plx). This fact is enough to conclude the
lemma. L]
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Proof of Theorem 1.5(iii). Now suppose that r > 2 and ¢ > 3. Pick a suitable basis
LBy, ..., B of spang(l, a, ..., ay) so that

(27) o; = Zpi,j5j+qi7 = 1,...,6,
j=1

for some p; ; € Z and ¢; € Q.
Fori=1,...,¢, set
N;i(0) =0, and N;(n)=#{1<j<n:w;=1} forn>1
Write

n) = Zpi,sz'(n), 1<j<r,n>0.

Then b;(n) € Z, and moreover,
(2.8) bi(n+1) — me ((n+1) = Ni(n)) = Py 1 -

Clearly, we have

5J+Z% i (mod 1).

=1

ﬁN
(2.9) = Z ( plj )BJ) + qiNi(n ))
=3h0

As ¢; € Q, the term ¢, := Y2¢_, ¢:Ni(n) (mod 1) can take only finitely many differ-
ent values. However, by assumption, x,, can take infinitely many different values, thus

the sequence (by(n),...,b.(n)),>0 of integer vectors is unbounded. Therefore, there
exist 7o € {1,...,7} and a strictly increasing sequence (ns)s>1 of positive integers
such that
(2.10) by (ns)| = 11£1a<x |bj(ns)| forall s >1, and lim |b,,(ns)| = oo.

S$—00

Choose a positive integer M so that M > 1+ 37", [3;|. Then define 5}, ..., 3} by

* Bj ifje {17"'77'}\{7.0}7
i ﬁm—{—M lf]:T'g

Correspondingly, set ¢f = ¢; — Mp;,, for 1 <i < /(. Clearly {1,5f,...,0}} is still a
basis of spang(1, i, ..., ar) and it satisfies the following relations:

(2.11) Q=Y piB+a, i=1..L
j=1
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Similarly to (2.9), for n > 0 we have
(2.12) Ty = Zb )85 + Zqz (mod 1)

Set
r y4

(2.13) Zb )8 =" pijNi(n)

Jj=1 =1

Then by (2.10), we have

| B(ns)| =

)+ )01

- (-

> by ()]
Hence, by (2.10) again, we see that
(2.14) lim |B(ng)| = oo,
S5—00

and the sequence

(2.15) (%EZZ;, . Z;EZ:;)SN is bounded.

Now we define a new sequence (7, ),>o of points in T so that 7o = 0 and
(2.16) T, = B(n) (mod1) forn>1.
By (2.12) and (2.13), we see that

‘
(2.17) Ty — Ty = Zq:‘]\h(n) (mod 1),
i=1

which can only take finitely many different values.

Next we prove a key lemma about the distribution of the sequence (z,,).

Lemma 2.3. There exists kg € N such that
sup ||kZ,|| > 1/5

n>1

for all integers k > ko, where ||z|| = inf{|z — z|: z € Z}.

Proof. We prove the lemma by contradiction. Suppose that the lemma is false. Then
there exists a strictly increasing sequence (k;);>1 of positive integers so that

(2.18) |kiZ,|| < 1/5 for all n,l > 1.
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Recall that {z} and [z] denote the fractional part and integer part of the real
number x, respectively.

Since the sequence (Z;:1pi7j{klﬁ;‘ﬁ})l>1 is bounded for every i € {1,...,¢}, by
taking a subsequence of (k;);>1 if necessa}y, we can assume that

(2.19) <1/5 for1<i</landl,m>1.

S mua ({855} — (k)

j=1

For each [ > 1, define y; o = 0 and

(2.20) Yin = ij(”){kzﬂj} = Z Zpi,jNi(n){kz@j} for n > 1.

j=1 i=1

By (2.16) and (2.13), we have y,,, = k;z,, (mod 1), and so ||y, || < 1/5 by (2.18). We
claim that

(2.21) |Yin — Yman| < 2/5 foralll;meNandn > 0.

To see it, we proceed by induction on n. Clearly (2.21) holds for n = 0, since by
definition y; 0 = 0 for all [ > 1. Now suppose that |y, — Ymn| < 2/5 for all [,m € N
and some n > 0. Since ||y;,|| < 1/5 and ||ymn| < 1/5, by (2.21) there exists z € Z
such that

(2.22) Yin, Ymn € (2 —1/5,241/5).

Observe that
‘(yl,nJrl - yl,n) - (ym,nJrl - ym,n)‘

=D (bi(n+1) = bi(n)) ({kB}} — {k‘mﬁ}“})‘ (by (2.20))
(2.23) ~

= prn+1,j({kzﬁf} - {km5§})| (by (2.8))

<1/5 (by (2.19)).

Since ||yin+1]| < 1/5, we have |y ,+1 — 2’| < 1/5 for some 2’ € Z, and so by (2.22),

|?Jl,n+1 — Yin — (Z/ —2)| < 2/5.

Combining the above inequality with (2.23) yields that

Thus, by (2.22), |Yymns1 — 2’| < 4/5. Combining this with ||y, n1] < 1/5, we have
|Ymnt1 — 2’| < 1/5. Consequently, |yint+1 — Ymnt1| < 2/5. This completes the proof
of (2.21).
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By (2.20) and (2.21),

S byn) (5} — (hni))| < 2

That is

Cﬂll\D

(/{:l Zb klﬂ [ mﬁ ])

Replacing n by ns and dividing both sides by |(k; — k.,) B(ns)| gives

" bi(ng)  [RiBi] = [k
Z B(?’Ls) . kl - km

2

S B R B

(2.24)

j=1

By (2.15), the sequence

(bl(ns) br(ns))

B(ns)" " B(ns) ) oy

is bounded and hence has an accumulation point, say (t1,...,%,). By (2.14) and
(2.24), we have

=1 for all distinct [, m € N.

—  [kiB]] = [kmB]]
Dt

. ki — km
7=1
. (k185 ] [km 55 ] .
Since — T € Q, by Lemma 2.1, there exist uq,...,u, € Q such that
T k * "
Zuj[ lﬁ]] [k b | =1 for all distinct [, m € N.
: kl - km
j=1
Finally, letting k; — k,,, — 00, we have Z;Zl u;37 =1, which contradicts the fact that
1, B7,...,Br are Q-independent. This completes the proof of the lemma. 0J

Let us continue the proof of Theorem 1.5(iii). Write m = maxi<;<¢ ), |pij|- We
claim that for every n € N, there exists k,, € {1,..., (mn)"} such that

1
9.95 kBl < —, j=1,....r
(2.25) kBl < ) G=1or
To prove this claim, fix n € N and partition the unit cube [0, 1]" into (mn)" sub-cubes
of side length . Consider the following (mn)" vectors

v = (kBy,...,kB:) (mod 1), k=1,...,(mn)".

The claim follows if v, € [0, =-)" for some k. Otherwise, such (mn)" vectors are
contained by the remaining (mn)” — 1 sub-cubes. By the pigeonhole principle, two
of them, say vy and v, are contained in the same sub-cube, and thus v, — vy €
[—-L,-L]". Then we have |[(K' — k)8;]| < -1 for all j € {1,...,r}. The claim is

proved by taking k, = |k’ — k|. Moreover, it is easy to see that k, — oo as n — 0.
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Pick ¢ € N such that all ¢/ are the integral multiples of 1/¢. By (2.11) and (2.25),
we have

- . 1 q
(226)  [lkagell <D (glpijl- kBl <gm-— ==, i=1,....6n>1
= mn n
Define y,, s € T so that
(2.27) Yns = knqrs (mod 1), mn>1 s=0,1,...,

and let Y, = {y,s: s=0,1,...} CT. By (2.26) and the definition of z, we have
|Un.s+1 — Yn.s|| < g/n for each s > 0. It follows that

4q q
I, = |:ns__7 n,s T 5 d1
SL;J(]y’ 2n y’+2n (mod 1)

is an interval in T containing y, o = 0.

By (2.17), we have qz,, = ¢%,, (mod 1) for each n > 1. Therefore, by Lemma 2.3,
there exists kg > 0 such that

| =

a:= inf S;g}g!lkqxsﬂ nf Ssggllkqxsﬂ >

Hence by (2.27), for any n so that k, > ko, we have sup,>q ||yns|| > @ > 0, and hence
the length of I, is not less than a. It follows that

Nq/n<Yn) > cm/q,

where Ns(A) stands for the smallest number of intervals of length ¢ that are needed
to cover A. Since Y,, = k,¢X (mod 1), by Lemma 2.2, we have

N1 k) (X) > Nyjn(Yn) > an/q.
Since k, < (mn)", we have
Nl/(mrn'r+1)(X> > Nq/n(X) > an/q.

Noticing that the above inequality holds for all n € N and m, ¢, are constant, we

have
1 1
dimp X > liminf og(an/q) = .
n—oo log(m™n 1) r41
Thus we have dimg K = dimg X > 1/(r + 1). d

3. THE PROOF OF THEOREM 1.2

We begin with a lemma about orthogonal groups. Let O(d) be the group of d x d
orthogonal matrices operated by matrix multiplication. It is well-known that O(d) is
a compact Lie group if we regard it as a subset of R? with the usual topology.

Lemma 3.1. For every P € O(d), there exists k € N such that the closure of
{P*i: § >0} in O(d) is a connected subgroup of O(d).
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Proof. This result might be well known, however we are not able to find a reference,
so a proof is included for the reader’s convenience.

Let P € O(d), and let W be the closure of {P?: j > 0} in O(d). It is not hard to
see that W is a compact Abelian subgroup of O(d). Hence by the Cartan theorem
(cf. [18, Theorem 3.3.1]), W is also a Lie group. Let W, be the connected component
of W containing the unit element I. Then Wj is a closed normal subgroup of W, and
it is also open in W (cf. [18, Lemma 2.1.4]). By the finite covering theorem, W has
only finitely many connected branches. It follows that the quotient group W/Wj is
finite.

Let Zg = {j € Z: P? € Wy}. Then Zj is a subgroup of Z. Since W/W, is finite,
there are distinct j;, jo € Z such that Pt and P72 both belong to a coset of ;. Hence
P27t ¢ W, and consequently, Z, contains a nonzero element j, — j;. Therefore,
Zo = kZ for some k > 1. We claim that Wj is the closure of {P*: j > 0}, from
which the lemma follows since W, is connected.

Clearly W, contains the closure of {P*: j > 0}. Conversely, since Wy is open and
disjoint from {P7: k { j}, it is also disjoint from the closure of {P7: k { j}. Thus,
Wy is contained in the closure of {P*: j > 0}. This completes the proof of the
lemma. O

Proof of Theorem 1.2. For brevity, we write ¢y = ¢;;, o ---0¢;, and p;y = piy, - pi,
for I =iy ...4, € {1,...,£}". Similarly, we also use the abbreviations ¢; and v, for
Je{l,...,m}"

Since F' can be affinely embedded into E, there exist an invertible real d x d matrix
M and b € R? such that

(3.1) M(F)+bCE.

Without loss of generality, we only prove that the conclusion of Theorem 1.2 holds
for j = 1, that is, there exist non-negative rational numbers t;,, ¢ = 1,...,¢, such
that

l
o t1,i
M= | |Pz‘ .
=1

This is equivalent to showing that a, ..., a, are not Q,-independent (mod 1), where
log p; ‘
e L R {1,...,¢}.
logm

Let P; be the orthogonal part of ;. By Lemma 3.1, there exists [ € N such that
the closure of {P : j > 0} in O(d) is a connected subgroup of O(d). In what follows,
replacing ¢ by ¢! if necessary, we may always assume that the closure {Pf 17 >0}
in O(d) is connected.
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Let z be the fixed point of ¢;. Then x € 7 (F') for any integer n > 0. By (3.1),
we have
y:=M(z)+beE,

and thus there exists a symbolic coding i1i5 -+ € {1,..., ¢} such that

(3.2) y = lim ¢;_;,(0).
Clearly y € ¢;,..4, (F) for each n > 0, which implies that
(3.3) (MW(F)) +b) N iy.i, (E) # 0 for any k,n > 0.

Since ® satisfies the strong separation condition, we have
(3.4) § = n;éljn dist(¢s(E), ¢;(E)) > 0.
Moreover, for each n € N, we have
(3.5) dist (¢s,..0,(E), E\ ¢4..0,(E)) > piy..in_.6 > 0.

For k,n > 0, by (3.3) and (3.5) we have
(36)  M@N(F)+bC i, (E) if  diam((M(Yy(F)) < piy..i,,0.

Now for n > 1, define
(3.7) $p =min{k > 0: M(Y(F)) +bC ¢4, (E)}.
Then by (3.6), s, < co. Write
(3. | M| = max{|Mv|: v € R with |v| = 1},
[M|] = min{|Mwv|: v € R with |v| = 1},

where | - | denotes the standard Euclidean norm.
By (3.7)-(3.8), we have
| M|~y diam F' < diam M (7" (F)) < diam ¢y, 4, (E) = p4y..q, diam E.

Thus, we have

7" diam £
3.9 for all n > 1.
(3.9) Piy.in M| diam F oratmn =
For the lower bound, we claim that
Sn 5
(3.10) s N if s, > 1,

where ¢ is defined as in (3.4) and p* := max;<;<¢ p;. Indeed, suppose that (3.10) fails
for some n with s,, > 1. Then

diam M (7" (F)) < [|M ||y~ diam F < (p*) " piy..in0 < Piy.in_i0.

By (3.6), M (¢ Y (F)) +b C ¢;,...,(F), which contradicts the definition of s,. This
completes the proof of (3.10).
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For 1 < i < ¢, let O; be the orthogonal part of ¢;. From M (" (F))+b C ¢, i, (E)
we have

(Piyoin) (M (95" (F)) +b) C E.
Hence
Pt W Qu(F) +b, CE

for some b, € R? where Q,, = (O;, 0-+-00;, ) !MPj". Taking algebraic difference,
we have

(3.11) P i Qu(F—F)CE—FE, n>1.
Fix a nonzero vector v € F' — F. For any integer k > 0, we have
P € Yy (F) —yi(F) C F — F.
Hence by (3.11),
(3.12) Pt AP Qu(Pfv) € E—E, VYn>1, k>0.
Taking norm on both sides yields
(3.13) Pt AR M Pt € {|ay — wo| 21,22 € EY, V> 1, k> 0.

Next we continue our arguments according to whether the sequence (|M P/ v|)§i0
is constant.

Case (1): the sequence (|Mva|)]9';0 is constant.
In this case, applying (3.13) with & = 0 we obtain
U:={lz1—as|: z1,20 € E} DV :={p;';, 7i"a: n > 1},

where a is the positive constant |M P/v|. Set b, = inf V and b* = sup V. By (3.9)-
(3.10), 0 < b, < b* < 0.

Define f: [b.,b*] — T by f(t) =logt/log~y (mod 1). Since b, > 0, f is Lipschitz
on [b,, b*]. Hence we have

(3.14) dimp f(V) < dimpg V < dimp U < dimp(F — E) < dimg F x E = 2dimy E.

where dimp stands for upper box-counting dimension (cf. [7]). Recall that a; =
—log p;/log 1 for 1 < i < (. Clearly,

(3.15) dim spang(ay, . .., ay) = dimspang(log py, . .., log pg) =: A.

Let w =iyiy... € {1,..., 0}, where iis ... is the symbolic coding of y (see (3.2)).
Define a sequence (z,(w))se; C T so that

Tp(w) = ZO% (mod 1) forn > 1.
k=1
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Set X (w) = {z,(w): n € N}. Then we have

log a
V) D X(w)+ mod 1).
FV) D X () + 2% (mod 1)
Combining this with (3.14) yields
(3.16) dimyg E > (1/2) dimp X (w).

Now suppose on the contrary that -, # Hle p* for any non-negative rational
numbers ¢; 1, ..., %1 . Thisis equivalent to the fact that o, . . ., ay are Q4 -independent

(mod 1). Notice that X (w) is an (aq, - - -, ay)-set. By Corollary 1.6, we have

di_mBMZ{l/Q’ if 0 =2,

1/(r+1), if¢>3,

where 7 = dimspang(1, ay,...,ar) — 1. By (3.15), A = dimspang(ay, ..., ap) > .
Hence by (3.16), we have

1/4, )

1 -
dimyg F > — dimpg X (w) = = dimg X (w) >
w2 35 dimp X(w) . ()_{1/(2)\+2), if £ >3,

2

Therefore, dimyg F > ¢, where ¢ is given as in (1.1). It contradicts the assumption
that dimy E' < ¢. This completes the proof of Theorem 1.2 in Case (i).

Case (i1): the sequence (|MP{U|);?';O is not constant.

For any integer p > s, let n = n, be the largest integer so that s, < p, and define

(3.17) ULy = pi, i, N Y, Ug,p = Pz’:.l..in’YfHQnPf)Hfs"U;
taking k = p — s, and p — s, + 1 in (3.12) respectively, we have
(318) Ulp, U2p cF—-F.

By (3.17), we have

us| _ |MPPo|
Nlurgl  [MPv]

Furthermore, by (3.9)-(3.10), there exist two positive constants ¢y, ¢2 so that

(3.19)

for all p > s.

(3.20) [urpl, ugy| € [c1,c0]  for all p > s.

Now let W denote the closure of {PY: p > 0} in O(d). As we have assumed, W is
a connected subgroup of O(d). Moreover, W is also the closure of {P/: p > s;} since
W =P -W.
Write
U* ={|x1 — z3]: 1,29 € E} N [eq, 3.

Define
Uz

71U

m: U x U = R, (ug,ug) —
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and
| M Py gv|

[Mgo|
It is clear that U* is a compact subset of [c1, ¢] with ¢; > 0, thus 7 is Lipschitz and

m (U* x U*) is compact. Moreover, my is continuous. By (3.18)-(3.20) and the fact
that W is also the closure of {PF: p > s;}, we have

(3.21) m(W) C m(U* x U).

m: W =R, g—

We claim that s is not a constant function. Otherwise, suppose that

|MPigv|
|Mgv|

for all g € W. We have a # 1 since the sequence (|MP{v|)52, is not constant. If
a < 1, then [MP/v| — 0 as p — oo, and so |[Mgv| = 0 for some g € W. This is
impossible since M is invertible. If a > 1, then |M Pfv| — oo as p — oc. This is also
impossible since |P{v| = |v] for all p > 0.

Due to the above claim and the connectedness of W, the set mo(W) is connected
and contains at least two different elements, hence it is a non-degenerate interval.
Therefore by (3.21),

4dimy £ > dimg U* x U* > dimyg m (U* x U*) > dimg mo(W) = 1.

Thus, dimyg £ > 1/4 > ¢, a contradiction again. Therefore Case (ii) can not occur.
This completes the proof of Theorem 1.2. 0

4. FINAL QUESTIONS

Here we pose several questions about Theorem 1.5:

(Q1) The lower bounds given in Theorem 1.5 on the lower box-counting dimension
of (a1, ..., a)-orbits might not be sharp. Are there any better or optimal
bounds? How about the packing dimension of the closure of these sets? 2

(Q2) Tt is easy to see that Theorem 1.5 can be extended to high dimensional tori.
Is it possible to extend the result to general compact Lie groups?
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2In Theorem 1.5(i), since dimg(K — K) = 1, by [20, Theorem 3] we have dimp K > 1/2.
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