DIMENSION OF INVARIANT MEASURES FOR AFFINE
ITERATED FUNCTION SYSTEMS

DE-JUN FENG

ABSTRACT. Let {S;}ica be a finite contracting affine iterated function system
(IFS) on R%. Let (¥, o) denote the two-sided full shift over the alphabet A, and 7 :
¥ — R be the coding map associated with the IFS. We prove that the projection
of an ergodic o-invariant measure on ¥ under 7 is always exact dimensional, and its
Hausdorff dimension satisfies a Ledrappier-Young type formula. Furthermore, the
result extends to average contracting affine IFSs. This completes several previous
results and answers a folklore open question in the community of fractals. Some
applications are given to the dimension of self-affine sets and measures.

1. INTRODUCTION

1.1. Motivation and the main result. Let Mat,(R) denote the set of real d x d
matrices. By an affine iterated function system (affine IFS) on R? we mean a finite
family S = {S;};ea of affine mappings from R to R?, taking the form

(11) SJ(I‘) :MjaH—aj, Jj €A,

where M; € Maty(R) and a; € R% Here, in contrast to the usual definition of
affine IFS, we do not assume that M; are invertible or contracting (in the sense that
|M;|| < 1 where || - || is the matrix operator norm). We say that S is contracting
if all M; are contracting. It is well-known that if S is contracting, there exists a
unique non-empty compact set K C R? such that

K = 8;(K).
jEA
We call K the self-affine set generated by S. In particular, if all the maps in § are
contracting similitudes, we call K a self-similar set. As usual, a contracting S is
said to satisfy the open set condition if there exists a non-empty open set U C R?
such that S;(U), j € A, are disjoint subsets of U; moreover, S is said to satisfy the
strong separation condition if S;(K), j € A, are disjoint.

Let (3,0) be the two-sided full shift over the alphabet A, i.e. ¥ = AZ and o :
Y — X is the left shift map. Endow ¥ with the product topology and let M, (%)
denote the space of g-invariant Borel probability measures on X..
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Definition 1.1. Let m € M,(X). An affine IFS S = {M;x + a;}jep is said to
be average contracting with respect to m if, for m-a.e. ¥ = (,)52_ € X, the top
Lyapunov exponent \(x) defined by

1
Az) = lim —log ||My, -+ M,, .|

n—oo M,

18 strictly negative.

We remark that the above limit in defining A(z) exists and takes values in [—00, 00)
for m-a.e. . This follows from the Furstenberg-Kesten theorem [35] or Kingman’s
sub-additive ergodic theorem [45].

Now let m € M, (3) and suppose that S is average contracting with respect to
m. The canonical coding map 7 : ¥ — R?, given by

m(xz) = lim S,, 08, 0---05, (0)

n—o0

— lim (agc0 + My ag, 4+ My, - - Mxnflaxn) ,

n—oo

(1.2)

is well-defined on ¥ up to a set of zero m-measure ([16, 14]); see Section 3 for a
self-contained proof. The push-forward m,m of m by 7, given by

(mem)(F) = m(x~*(F)) for any Borel set ' C R?,

is called an invariant measure or stationary measure for S. When m is ergodic, w,m
is called an ergodic invariant measure for S. Moreover if m is a Bernoulli product
measure, m,m is called a self-affine measure generated by S; if in addition, S consists
of similarities, then m,m is called a self-similar measure.

The main purpose of this paper is to study the dimension of invariant measures
for affine IF'Ss. Recall that for a probability measure n on a metric space X, the
local upper and lower dimensions of n at x € X are defined respectively by

logn(B(z,r)) log n(B(z,r))

dimyee(, ¥) = limsup ———"-* dim, (9, ¥) = liminf

r—0 log r r—0 log r ’

where B(x,r) stands for the closed ball of radius r centered at x. If

di—mloc(na :U) = di_nhoc(nv .Z'),

the common value is denoted as dimy,.(7, ) and is called the local dimension of n at
x. We say that n is exact dimensional if there exists a constant C' such that the local
dimension dimy,.(n, z) exists and equals C' for n-a.e. x € X. It is well-known that if
n is an exact dimensional measure in R?, the Hausdorff and packing dimensions of
71 coincide and are equal to the involved constant C', and so are some other notions
of dimension (e.g. entropy dimension); see [72, 22]. Recall that the Hausdorff and
packing dimensions of n are defined by

dimpn = inf{dimyg F': n(F) > 0 and F is a Borel set},
dimpn = inf{dimp F': n(R?\ F) =0 and F is a Borel set},

where dimy F, dimp F' stand for the Hausdorff and packing dimensions of F', respec-
tively (cf. [23]).
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A folklore open problem in fractal geometry asks whether every ergodic invariant
measure for an affine IF'S is exact dimensional. As the main result of this paper, we
give the following affirmative answer.

Theorem 1.2. Let S = {M;x + a;}jen be an affine IFS on R? and m € M,(%).
Suppose that S is average contracting with respect to m. Let . = m,m. Then

(1) dimyee(p, z) exists for p-a.e. x € R
(ii) Assume furthermore that m is ergodic. Then u is exact dimensional and
dimy i satisfies a Ledrappier- Young type dimension formula.

The precise dimension formula of 1 and some of its applications will be given in
Sections 1.2-1.3.

We remark that Theorem 1.2 also holds in its one-sided version. To be more
precise, let (X1 o) denote the one-sided full shift over the alphabet A, i.e.,

Y ={(n),: w, € A for all n > 0},
and o is the left shift map. Let 7: ¥ — XT be the natural projection defined by

T = (Tn)pl oo F rt = (Tn)nzo-

It is well known that the push-forward map 7, : M, (X) = M (ET), m — 7um, is
bijective, and moreover, 7.m is ergodic if and only if m is ergodic (see e.g. [15, pp. 21-
22]). Let m™ € M,(X") and assume that S is average contracting with respect to
m = (1) '(m"). Define 77 : BT — R? by (2,,)%%, + lim, 00 Sy 0 - -+ 0.5, (0).
Then w(z) = 7t (z") and so 7" is well defined m*-a.e. Moreover, (7).(m") = w,m.
Hence the conclusions of Theorem 1.2 hold for (7 7). (m™).

Below we first give some background information about the above study.

The problem of the existence of local dimensions has a long history in smooth
dynamical systems, as well as in the study of IFSs. It is of great importance in
dimension theory of dynamical systems and fractal geometry. In [72], Young proved
that an ergodic hyperbolic measure invariant under a C? surface diffeomorphism is
always exact dimensional. (Here by hyperbolic one means that the measure has no
zero Lyapunov exponent.) For a hyperbolic measure p in higher-dimensional C?
systems, Ledrappier and Young [46] proved the existence of §* and 6%, the local
dimensions along stable and unstable local manifolds, respectively, and the upper
local dimension of p is bounded by the sum of ¢" and ¢°; moreover they obtained
a formula for " and 6® in terms of conditional entropies and Lyapunov exponents,
which nowadays is called “Ledrappier-Young formula”. Eckmann and Ruelle [19]
indicated that it is unknown whether the local dimension of y is equal to the sum of
0% and ¢° if p is a hyperbolic measure. Then the problem was referred as Eckmann-
Ruelle conjecture, and was finally answered affirmatively by Barreira, Pesin and
Schmeling in 1999 for C1** diffeomorphisms [10]. Later, the result of exact dimen-
sionality was further extended by Qian and Xie [62] and Shu [69] to C* expanding
endomorphisms and C? non-degenerate endomorphisms, respectively.

For the study of IFSs, it is well-known that if S is a contractive IFS consisting of
similarity maps, or more generally, a contracting C' conformal IFS, then under an
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additional assumption of the open set condition, the push-forward measure of any
ergodic invariant measure by the coding map is exact dimensional with dimension
given by the classical entropy divided by the Lyapunov exponent (cf. [12, 40, 58]).
The result essentially follows from the Shannon-McMillan-Breiman theorem in en-
tropy theory. However, the problem becomes much more complicated without as-
suming the open set condition. In [29], by introducing a notion of projection entropy
and adopting some ideas from [46], Feng and Hu proved that for any contracting C*
conformal IFS, the push-forward measure of every ergodic invariant measure under
the coding map is exact dimensional, with dimension given by the projection en-
tropy divided by the Lyapunov exponent. Later this result was further extended to
some random self-similar measures [25, 68] and push-forward measures of ergodic
invariant measures for some random conformal IFSs [52]. It is worth pointing out
that the exact dimensionality of overlapping self-similar measures was first claimed
by Ledrappier; nevertheless no proof has been written out (cf. [59, p. 1619]). This
property was also conjectured later by Fan, Lau and Rao in [27].

The first result for affine IFSs is due to Bedford [11] and McMullen [51], who
independently calculated the Hausdorff and box-counting dimensions of a special
class of planar self-affine sets (which are now called Bedford-McMullen carpets) and
showed that they are usually different. McMullen [51] also implicitly proved the
exact dimensionality of self-affine measures on the Bedford-McMullen carpets, and
calculated the precise value of the dimension. Later, Gatzouras and Lalley [36] and
Barariski [1] obtained similar results for a class of more general carpet-like self-affine
sets in the plane. In [44], Kenyon and Peres extended Bedford and McMullen’s
result to higher dimensional self-affine carpets, and moreover, they proved the exact
dimensionality and gave a Ledrappier-Young type dimension formula for arbitrary
ergodic invariant measure on these carpets. For more related results on carpet-like
self-affine sets, see the survey paper [24].

In [29], Feng and Hu proved that for each contracting invertible affine IFS in R¢,
Theorem 1.2 holds under an additional assumption that the linear parts of the IFS
commute (i.e. M;M; = M;M;). It remained open whether this additional assump-
tion could be removed. Very recently, Barany and Kaenméki [4] made a substantial
progress. They proved that for contracting invertible affine IFSs, every planar self-
affine measure (more generally, every self-affine measure in R? having d distinct
Lyapunov exponents) is exact dimensional, and moreover, under certain domination
condition on the linear parts {A/;}, the push-down of every quasi-Bernoulli measure
on the self-affine set is exact dimensional, with dimension given by a Ledrappier-
Young type formula. Some other partial results were also obtained in [2, 64, 32].
Along another direction, it is proved that for a given ergodic m € M, (%), m.m
is exact dimensional for “almost all” contracting invertible affine IFSs satisfying
| M;|| < 1/2 ([42, 41, 66]); however, the result does not apply to any concrete case.

Theorem 1.2 finally gives a full affirmative answer to the problem of the existence
of local dimensions in the context of affine IFSs. It completes the aforementioned
previous works on the problem.
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Exact dimensionality and Ledrappier-Young type dimension formula play a sig-
nificant role in many of the recent advances in dimension theory of self-affine sets
and measures (see e.g. [2, 3,4, 5,6, 7, 8,9, 18, 26, 39, 54, 61, 64]). In the remaining
part of this section, we will present some applications of Theorem 1.2 along the lines
of these developments.

The proof of Theorem 1.2 is based on some ideas from the work of Ledrappier
and Young [46]. It also adopts and extends some ideas used in [29, 4, 62] for the
construction of measurable partitions and the density estimates of associated con-
ditional measures. Since our construction of measurable partitions is much different
from these works (see Remark 4.3), and the IFSs in consideration may be non-
invertible and non-contractive, many estimates of conditional measures need to be
rebuilt or re-justified. A key part of our arguments is on the estimation of the
so-called “transverse dimension” of these conditional measures, where significant ef-
forts are made to handle the situation when the linear parts of the IF'S do not satisty
any domination condition (in such case the angles of Oseledets subspaces may be
arbitrarily close to zero). Our strategy is to build an induced dynamics so that we
are able to focus on the trajectories where the angles of Oseledets subspaces are
larger than a positive constant.

1.2. Dimension formulas. Throughout this subsection, under the assumptions of
Theorem 1.2, we further assume that m is ergodic. We are going to present certain
dimension formulas for y = m,m and related conditional measures.

First notice that in this ergodic case, the condition (3) in Definition 1.1 is equiv-
alent to

1
(1.3) A= lim — [ log||M,, -+ M,, .|| dm(z) <0.

n—oo N,

By Oseledets’ multiplicative ergodic theorem [55], there exist an integer 1 < s < d,
numbers A = Ay > -+ > \; > —o0, positive integers ky,..., k, with Y7 k; = d,
and measurable linear subspaces

Rdzvx[);‘/;};_ug‘/;s:{o}? T €N,

such that for m-a.e. © = (z,)%°

n=—oo’

(1) M»T—l‘/xi C Vai—lx;
(i) dimV; = D iivn By o
(iii) limy, oo % log |My_, -+ My_,v|| = Aiyq for v e VAV

When the matrices M; (j € A) are assumed to be invertible, then (i) becomes an
equality. It in general is a containment because M; may be singular. The numbers
A1, ..., As are called the Lyapunov exponents of (M;);ea with respect to m, and k;
the multiplicity of \;, i = 1,...,s. Recall that m(z) is well-defined for m-a.e. x.
Hence there exists a Borel set ¥/ C 3 with o(X') = ¥’ and m(X') = 1 such that =
is well-defined on ¥’ and the above properties (i)-(iii) hold for z € 3.
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—1
j=—o00

We remark that these linear subspaces V' only depend on i and 2~ := (z;)
since by (i)-(iii), one has

xT

. 1
V), = {v cR%: lim —log||M,_, ---M,_v|| < >\i+1} :
n—oo N

Using this property, we construct a family of measurable partitions &, ..., &, of ¥’
as follows:

&G(2) ={yeY:y =2, ry—7mxcV'},

here &;(x) is the &-atom that contains x (see Sections 2.2 and 4 for the details).
Moreover, let

(1.4) P={[j]nY: jeA}

be the canonical partition of ¥/, where [j] := {z = (z,)° €3 : xo=j}. Define

(1.5) hi = H,(P|&), i=0,...,s,

where H,,(-|-) stands for the conditional entropy and @ is the o-algebra generated
by & (see Sections 2.1-2.2 for the definitions).

We remark that the spaces V! are strictly decreasing, R = V2 D V1D ... D
Vs = {0}. Therefore, the partitions & become finer as i increases: the partition
&o is the partition according to the “past” x~, then & is the partition according to
the past joined with the partition according to translations of V', etc. Therefore h;
decrease with 4, since h;;; is conditioned on partition &;;; which is finer than the
partition & on which h; is conditioned.

Now we are ready to present the dimension formula for 7, m.

Theorem 1.3. Let S = {M;x + a;}jen be an affine IFS on R and m be an ergodic
o-invariant measure on . Suppose that S is average contracting with respect to m.
Let = m,m. Then

i+1

s—1
. hiv1 — hy
(1.6) dimy p = ZE:O S
where h; are defined as in (1.5).

We remark that both the nominators and denominators in (1.6) are non-positive.
Next we give similar dimension formulas for certain conditional measures associated
with m. For i = 0,...,s, let {m$} be the system of conditional measures of m
associated with the partition & (cf. Section 2.2). For a linear subspace W of R?, let
W+ denote the orthogonal complement of W in R¢, and let Py : R? — W denote
the orthogonal projection from R? to W.

Theorem 1.4. Under the assumptions of Theorem 1.3, for any 0 <i < j < s and

m-a.e. v € ¥/, the push-forward measures m,(m$), (P(Vg)LT)*(m§i> of m§ are exact
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dimensional with

s—1

: - hev1 — he
1.7 dimy (., m% _ Doy = Tt
(1.7)  (ra () = 3 25

2 hear — h

' &) = E Dl T
(18) dimis <(P<v£)”)*(mx)> = Ay
Moreover, for m-a.e. v € ¥ and any 1 < j <'s,

= Ty — b
' _Z e+1 — 1

(19) it (7)., Py (7)) = T N

From the above theorem, we can deduce certain dimension conservation property
for the measures m,(m$) and p. To state the result, let G(d, k) denote the Grass-
mannian manifold of k-dimensional linear subspaces of R%. For a Borel probability
measure  on RY and W € G(d, k), let {nw. = 1" },cga denote the the system of
conditional measures of 7 associated with the measurable partition (y given by

Cw={W+a: ac W}

These conditional measures are also called the slicing measures of n along the sub-
space W (cf. [50, §10.1]). Following Furstenberg [34], we give the following.

Definition 1.5. A measure 1 is said to be dimension conserving with respect to the
projection Py, if

dimH n= dimH Nw,z + dimH ((PWL)*U)
for n-a.e. z € R

Fori € {0,...,s — 1}, define II; : ' — G(d, > _;,, k;) by
(1.10) I (z) = V.

The push-forward measures (II;).m, ¢ = 1,...,s — 1, are called the Furstenberg
measures or Furstenberg-Oseledets measures associated with (M;);en and m. An
ergodic measure v € M, (%) is said to be quasi-Bernoulli if there exists a positive
constant C' such that

C () < v((17) < Cu(lw (1)
for any finite words I, J over A, where
I ={reX: z;=4;for 0 <j<n-—1}

for I = 1p...4,—1. Similarly, we say that v is sub-multiplicative if there exists a
positive constant C' such that v([I.J]) < Cv([I])v([J]) for any finite words I, J over
A.

Theorem 1.6. Under the assumptions of Theorem 1.3, we further assume that
s>2. Letie{l,...,s—1}. Then the following statements hold.
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(i) For m-a.e. x € ¥/, m, (mg") is dimension conserving with respect to P(Vi)L
and moreover, the projected measure (P(Vi)LW)*(mff’) 18 exact dimensional,
and so are the slicing measures (7r* (mﬁf’))v y for m, (mﬁ?)-a.e. Y.

(ii) Assume that m is quasi-Bernoulli. Then for (I1;).m-a.e. W, u is dimen-
siton conserving with respect to Py 1, and moreover, the associated projected
measure and almost all slicing measures are exact dimensional.

(iii) Assume that m is sub-multiplicative. Then for (I1;).m-a.e. W, there ezists
a subset Ay of R with u(Aw) > 0 such that for every z € Ay,

dityoc (1w, 2) = i he = he

loc\MW,z) yar /\Z+1 )

. — h€+1 — hy

dimyoe ((Pyws) 1, Pyre(2)) = Z BV
—0 {41

and so, dimy p = dimyee(pw,z, 2) + dimyee ((PwJ_)*/,I/, PwL(Z)) . When m is
quasi-Bernoulli then one can take the set Ay such that p(Aw) = 1.

We remark that part (ii) of Theorem 1.6 was previously proved in [4] under the as-
sumptions that S is contracting, invertible and its linear parts satisfy certain domina-
tion condition. According to part (iii) of the theorem, when m is sub-multiplicative,
p partially satisfies dimension conservation. It is unknown whether part (ii) al-
ways holds when m is only assumed to be ergodic. However, as is illustrated in the
following theorem, this is true in the special case that the linear parts of the IFS
commute.

Theorem 1.7. Let S = {M;x +a;}jen be an affine IFS on RY, average contracting
with respect to an ergodic m € My(X). Let p = mom. Assume s > 2 and in
addition that M;M; = MyM; for j,j' € A. Then fori € {1,...,s — 1}, VI is
constant m-a.e., denoted by W;, moreover, i is dimension conserving with respect
to P(WZ)J-

It is worth pointing out that if x is a contracting self-similar measure in R? with
a finite rotation group, then for each proper subspace W of R¢, 11 is dimension con-
serving with respect to Py. The result is due to Falconer and Jin [25]. Under an
additional assumption of the strong separation condition, this result can be alter-
natively derived from a general result of Furstenberg (cf. [34, Theorem 3.1]). We
remark that this dimension conservation property also extends to ergodic invari-
ant measures for rotation-free self-similar IFSs (see Remark 6.3). However, as was
proved by Rapaport [63], this dimension conservation actually can fail for some self-
similar measures with infinite rotation groups. Finally we remark that Theorems

1.6-1.7 can be applied to analyze slices and projections of certain self-affine sets (see
Remark 7.5).

1.3. Semi-continuity of dimension and applications. Here we present a semi-
continuity result on the dimension of ergodic invariant measures for affine IF'Ss and
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give its application to the dimension of self-affine sets. Again let S = {M;z + a; }iea
be an affine IFS on R? average contracting with respect to an ergodic invariant
measure m on X. Write a = (a;);ep. To emphasize the dependence on a, let m,
be the coding map associated to S and let h; o (i = 1,...,s) be the conditional
entropies of m defined in (1.5). Then we have the following.

Theorem 1.8. (1) The mapping a — h;a is upper semi-continuous for each
ie{l,...,s}.
(2) Moreover, the mapping a — dimy ((7a).m) is lower semi-continuous.

Part (1) of the above result was first proved by Rapaport [64, Lemma 8] in the
case when m is a Bernoulli product measure and S is invertible and contracting.
Part (2) was shown by Hochman and Shmerkin [38] for a special class of self-similar
measures on R. In Remark 8.2 we give a further extension of Theorem 1.8.

Below we present an application of Theorem 1.8 to the dimension of self-affine
sets and associated stationary measures. For this purpose, in the remaining part
of this subsection we assume that ||| < 1 for j € A and write M = (M,);ea.
Let K(M,a) be the self-affine set generated by the IFS S = {M;z + a;}jer. In
1988, Falconer [21] introduced a quantity associated to M, nowadays usually called
the affinity dimension dimapr(M), which is always an upper bound for the upper
box-counting dimension of K (M, a), and such that when [|M;|| < 1/2 for all j, then
for LY a.e. a, dimy K(M,a) = min(d, dimapr(M)). In fact, Falconer proved this
with 1/3 as the upper bound on the norms; it was subsequently shown by Solomyak
[70] that 1/2 suffices.

The analogue of affinity dimension for measures is the Lyapunov dimension, which
we denote dimpy (m, M); see Section 7 for its definition. In [42], Jordan, Pollicott
and Simon proved that the Lyapunov dimension dimpy(m, M) is always an upper
bound for the Hausdorff dimension of (7,).m, and moreover when ||M;| < 1/2 for
all j, then for £L¥-a.e. a, dimy((7a).m) = min(d, dimpy (m, M)).

Recall a set in a topological space is said to be of first category if it can be written
as the countable union of nowhere dense subsets. As an application of Theorem 1.8,
we get the following result.

Theorem 1.9. Suppose that || M;|| < 1/2 for j € A. Then the following hold.
(i) For every ergodic o-invariant measure m on 3, the exceptional set
{ac RIAL: dimy ((74)»m) # min(d, dimgy (m, M))}

is of first category in RN
(ii) The exceptional set

{a e R : dimy K(M,a) # min(d, dimapr(M)) }
is of first category in RUM

The above result says that these exceptional sets are also small in a topological
sense. A fundamental and challenging question is to specify those translation vectors
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not lying in the exception sets. Significant progresses have been made recently in
[2, 26, 4, 64], showing that under certain additional assumptions, the Hausdorff
and Lyapunov dimensions of a self-affine measure (or more generally, the push-
forward of a quasi-Bernoulli measure) coincide if the involved Furstenberg measures
have enough large dimension. In next theorem we will drop off some redundant
assumptions used in these works and further extend the result to the push-forward
measures of ergodic sub-multiplicative measures.

Recall that for a Borel probability measure 1 on a metric space, its upper Hausdorff
dimension dimy 7 is the smallest Hausdorff dimension of a Borel set F' of 1 measure
1. Setdy=0and dy=k; +---+ ks for 1 </ <s.

Theorem 1.10. Let S = {M;z+a,}jep be a contracting affine IFS on R? satisfying
the strong separation condition and m € My(X) be ergodic and sub-multiplicative.
Let i be the unique element in {1,...,s} so that d;_y < dimpy(m,M) < d;. Then

(1.11) dimg(m.m) = dimpy (m, M)
provided one of the following conditions holds:
(a) s =1.
(b) i=s>1, A\; # —00 and
(1.12) dimy; ((Is—1)«m) + dimpy (m, M) > ds_1(d — ds—1 + 1).
(c)1<i<s—1, and
(1.13) dimy; ((IL;)em) — dimpy (m, M) > d;(d — d; — 1),
(1.14) dimy; ((IT;—1)«m) + dimg(mem) > di—1(d — d;—1 + 1).

The conditions (b), (c¢) in the above theorem were introduced in [64] and [4],
respectively, in slightly stronger forms. For a contracting invertible affine IF'S, Ra-
paport [64] proved the implication (b)=- (1.11) in the case when m is Bernoulli
and (M;);ea satisfies an irreducibility assumption; whilst Bardny and Kéenmaéki [4]
proved (1.11) under the assumptions that the conditions (1.13)-(1.14) hold for all
i€ {l,...,s—1}, mis Bernoulli and d = 2, or m is quasi-Bernoulli and {M,};ea
satisfies a domination condition.

We remark that (1.14) always holds whenever ¢ = 1, since dy = 0. It is worth
pointing out that for every affine IFS & = {M;x + a;};en on R?, there exists at
least one ergodic m € M, (%), called Kdenmdki measure, so that dimpy(m, M) =
dimaprp(M). This was first proved by Kéenmaéki [43] in the case when S is invertible,
and it extends to the general case by the sub-additive thermodynamic formalism [17].
Very recently, Bochi and Morris [13] showed that whenever S is invertible, each
Kéenmaki measure is sub-multiplicative. Hence for an invertible S satisfying the
strong separation condition, if one of the conditions (a)-(c) in Theorem 1.10 fulfills
for some Kédenmiki measure m, then dimy K (M, a) = dimapr(M) = dimg(7.m).

To check the conditions (b)-(c¢) in Theorem 1.10, one needs to estimate the (up-
per) Hausdorff dimension of Furstenberg measures (II;).m. So far there have been
only a few dimensional results on these measures. In the case d = 2, Hochman
and Solomyak [39] calculated the Hausdorff dimension of Furstenberg measures for
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Bernoulli m under some mild assumptions. In [8, Sect. 2.4], Bardany, Rams and Si-
mon determined the Hausdorff dimension of Furstenberg measures for some special
triangular affine IFSs in R9, in which m could be any ergodic measure.

We remark that the conditions of Theorem 1.10 might not be sharp. Very re-
cently, Bardny, Hochman and Rapaport [3] made a significant progress in dimension
theory of affine IF'Ss, showing that the Hausdorff and affinity dimensions of a planar
self-affine set coincide under the strong separation condition and certain irreducibil-
ity assumption; and similarly, the Hausdorff and Lyapunov dimensions of a planar
self-affine measure coincide under the same assumptions. In [37], Hochman and Ra-
paport further showed that the strong separation condition can be replaced by the
exponential separation condition, which is substantially weaker.

1.4. Organization of the paper. The paper is organized as follows. In Section 2,
we provide some density results about conditional measures, and present a version of
Oseledets’s multiplicative ergodic theorem due to Froyland et al. [33]. In Section 3,
we give some auxiliary results on the coding maps for average contracting affine IFSs.
In Section 4, we construct a finite family of measurable partitions of X for a given
average contracting affine IFS and give some necessary properties. In Section 5
we prove an inequality for the transverse dimensions of the conditional measures
associated with these measurable partitions. In Section 6, we prove Theorems 1.2-
1.4, 1.6-1.7. In Section 7, we give some properties of Lyapunov dimension. In
Section 8, we prove Theorems 1.8-1.10.

2. PRELIMINARIES

2.1. Conditional information and entropy. Let (X, 5, m) be a probability space.
For a sub-o-algebra A of B and f € L'(X,B,m), we denote by E,,(f|A) the the
conditional expectation of f given A. For a countable B-measurable partition & of
X, we denote by I,,(§|.A) the conditional information of & given A, which is given
by the formula

(2.1) L(€lA) = = 3 xalog En(xalA),
A€

where y 4 is the characteristic function on A. The conditional entropy of & given A,
written as H,,(£|.A), is defined by the formula

mmm:/ummmL

(See e.g. [57, 71] for more details.) The above information and entropy are uncon-
ditional when A = N, the trivial o-algebra consisting of sets of measure zero and
one, and in this case we write

Ln(§N) = 1,(§) and  Hu(SIN) = Hin(§).

For a countable partition £, we use 5 to denote the o-algebra generated by . If £
is an uncountable measurable partition of X (which will be defined in Section 2.2),

E is defined as the sub-c-algebra of B whose sets are ¢-saturated (i.e. unions of
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elements in §). If &,..., &, are countable partitions, then &§ V ---V &, = VI &
denotes the partition consists of the sets A; N ---N A, with A; € §. Similarly for
o-algebras Ay, As,..., A1V Ay V- or \/. A; denotes the o-algebra generated by
U; A

In the following lemma, we list some basic properties of the (conditional) expec-
tation, information and entropy. The reader is referred to [57, pages 20-21 and 38]
for details.

Lemma 2.1. LetT be a measure-preserving transformation of a separable probability
space (X,B,m). Let &n be two countable Borel partitions of X with H,,(§) < oo,
H,,(n) < oo, and A a sub-c-algebra of B. Then we have

)

(i) En(flA) o T =E,(foT|T'A) for f € LY(X,B,m).

(ii) In(&JA) o T = L (T[T A).

(iii) L, (€ V1l A) = Ln(§A) + Lu(n]E V A).
) H.
)

(iv) Hn(§VnlA) = Hin (| A) + Hn(nE V A).

(v) If Ay C ./42 -+ 18 an increasing sequence of sub-o-algebras with A, 1T A,
then sup,, L,({|A,) € LY, and 1,,,(§]A,) converges almost everywhere and in
L' to 1,,(¢)A). In particular, lim,, o H, (€] A,) = H,(E|A).

For the convenience of the reader, below we state an almost trivial property of
the conditional expectation. For a proof, see e.g. [29, Lemma 3.10].

Lemma 2.2. Let (X,B,m) be a probability space and A a sub-o-algebra of B. Let
A € B with m(A) > 0. Then

Epn(xalA)(z) >0

for m-a.e. x € A.

The following lemma is a variant of Maker’s ergodic theorem ([49]).

Lemma 2.3 ([48], Corollary 1.6, p. 96). Let T' be a measure-preserving transfor-
mation of a probability space (X,B,m). Let g, € L'(X,B,m) be a sequence that
converges almost everywhere and in L' to g € L*(X, B, m). Then

- J o) —
Jim ng _i(T7%) = Ep(g|T)(2)
almost everywhere and in L', where I={BeB: TYB)=B}

2.2. Conditional measures. Here we give a brief introduction to Rohlin’s theory
of Lebesgue spaces, measurable partitions and conditional measures. The reader is
referred to [65, 56, 20] for more details.

A probability space (X, B, m) is called a Lebesgue space if it is isomorphic (mod 0)
to a probability space which is the union of [0, s] for some s € [0, 1] with Lebesgue
measure and a finite or countable number of atoms. Now let (X, B, m) be a Lebesgue
space. A measurable partition 1 of X is a partition of X such that, up to a set
of measure zero, the quotient space X/n is separated by a countable number of
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measurable sets {B;}. The quotient space X/n with its inherited probability space
structure, written as (X, B,, m,), is again a Lebesgue space. Also, any measurable
partition 1 determines a sub-o-algebra of I3, denoted by 7, whose elements are unions
of elements of . Conversely, any sub-o-algebra B’ of B is also countably generated,
say by {Bj}, and therefore all the sets of the form NA;, where A; = Bj or its
complement, form a measurable partition. In particular, B itself is corresponding
to a partition into single points. An important property of Lebesgue spaces and
measurable partitions is the following.

Theorem 2.4 (Rohlin [65]). Let n be a measurable partition of a Lebesgue space
(X, B,m). Then, for every z in a set of full m-measure, there is a probability measure
m! defined on n(x), the element of n containing x. These measures are uniquely
characterized (up to sets of m-measure 0) by the following properties: if A C X is
a measurable set, then x — ml(A) is n-measurable and m(A) = [ m2(A)dm(z).
These properties imply that for any f € LY(X,B,m), m(f) = E,(f|n)(z) for m-
a.e. z, and m(f) = [E,(f|n)dm.

The family of measures {m/’} in the above theorem is called the canonical system
of conditional measures associated with 7.

Throughout the remaining part of this subsection, we assume that (X, B, m) is a
Lebesgue space. Suppose that Y is a complete separable metric space and 7 : X — Y
is a B-measurable map. Let B(Y) denote the Borel-c-algebra on Y.

According to Rohlin’s theory (cf. [65, Section 2.5], [56, Chapter IV]), the mapping
7 induces a measurable partition

(2.2) E={r"'(y): yeV}

of X with & = 7 'B(Y) (mod 0), and (X¢, Be, me) is isomorphic (mod 0) to (Y, B(Y), m.m).
The system of conditional measures {m$} is also called the disintegration of m with
respect to .

For y € Y, we use B(y,r) to denote the closed ball in Y of radius r centered at
y. Moreover we write for x € X,

(2.3) B™(x,r) = m 'B(nz, 7).

Furthermore, we say that Y is a Besicovitch space if Y is a complete separable
metric space and the Besicovich covering lemma (see e.g. [50]) holds in Y. Besi-
covich spaces include, for instance, Euclidean spaces, compact finite-dimensional
Riemannian manifolds and complete separable ultrametric spaces.

Lemma 2.5. Let 7 : X — Y be a measurable mapping from a Lebesque space
(X, B,m) to a Besicovitch space Y. Let n be a measurable partition of X. Then the
following properties hold.

(1) Let A € B. Then for m-a.e. x € X,
n T
lim m2(B™(z,r) N A)
=0 mg(B7(z,r))

= Eu(xali V7' B(Y)) ().
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(2) Let « be a finite or countable measurable partition of X. Then for m-a.e. x €
X,
ml (B™(z,7) N a(x))
ma (B (z,7))

Furthermore, set

P—I}(l) log =L, (a|p V7 'B(Y)) ().

— inflo ml (B™(z,7) N a(z))
9(x) = = inflog == e )

and assume H,,(a) < co. Then g >0 and g € L'(X,B,m).

Proof. These properties have been proved in [29, Lemma 3.3, Proposition 3.5] in the
case when Y = R%. The proofs there remain valid for the general case when Y is a
Besicovitch space. U

Remark 2.6. In the above lemma, we have E,, (x4l V 7 B(Y)) = Epn(xalf) V €)
and L, (a|f V7 'B(Y)) =L, <a|77 % é) m-a.e., where & is given by (2.2). This is
because € = 7 B(Y) (mod 0).

Definition 2.7. Two probability measures my and mo on a measurable space (X, B)
are said to be strongly equivalent if there exists a positive constant C' such that

C™'my(A) <my(A) < Cmy(A) for all A € B.

Lemma 2.8. Let 7 : X — Y be a measurable mapping from a Lebesque space
(X, B, my) to a Besicovitch space Y. Let & be the measurable partition of X given
in (2.2). Suppose my is another probability measure on (X, B) strongly equivalent
to my. Then for mi-a.e. x, (my)5 and (my)s are strongly equivalent.

Proof. 1t is a direct consequence of the following standard result (see, e.g. [47,
Proposition 6.1]): Let « be a measurable partition of a Lebesgue space (X, B, m)
and v another probability measure on B which is absolutely continuous with respect
to m. Then for v-a.e.z, the conditional measure v is absolutely continuous with

respect to mg on «(z) and
dvy  law)

dmg [, 9 dmg’
where g := dv/dm. d

Lemma 2.9. Let 7 : X — Y be a measurable mapping from a Lebesque space
(X, B,m) to a Besicovitch space Y. Let £ be the measurable partition of X given in
(2.2). Suppose A € B with m(A) > 0 and let my be the probability measure given
by ma(E) = m(ANE)/m(A) for E € B. Then for m-a.e. x € A, (m4)s = (m)a,
that s,

mi(ANE)

(WLA)6 (E) = mg (A)

T

for all E € B.

Proof. Again it is a direct consequence of [47, Proposition 6.1]. U
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2.3. Induced transformations. Let (X, B, m,T) be an invertible measure-preserving
system. Fix N € Nand F' € B with m(F) > 0. By the Poincaré recurrence theorem,
the first return map to F associated with TV, defined by

rp(z) =inf{n > 1: T""(z) € F},
exists almost everywhere. The map Tr : F' — F' defined almost everywhere by
Tp(x) = TV ()

is called the transformation induced by T™ on the set F.
Forn>1,set F, ={z € F': rp(x) =n}. Write

b
m(F)

where m|p stands for the restriction of m on F, that is, m|p(B) = m(B N F)
for B € B. The following result is well-known (see e.g. [20, pp. 61-63] and [60,
pp. 257-258] for a proof).

B|FI:{BHFZ BEB}, mpgp = m\p,

Lemma 2.10. (i) The induced transformation Tk is a measure-preserving trans-
formation on the space (F, B|p, mp).
(ii) The family of sets {TNIF,},>1 0<j<n_1 are disjoint, and hence

[e.e]

Z nm(F,) <1.!

n=1
o0

(iii) Z m(Fy,) logm(F,) < oo.
n=1

Set Z={BeB: T7'(B) =B} and Ir := {B € B|r : (Tr)"'(B) = B}. Recall
that N is a fixed positive integer and rp is the first return map to F' with respect
to TV. The following result will be needed in the proof of Theorem 1.2.

Lemma 2.11. Let g € L(X,B,m). Set G(z) = SN =Y o(Tig) forz € F. Then

G € L'(F,B|rp,mp). Moreover, -

for m-a.e. x € F.

IThis is actually an equality in the ergodic case, but since we consider also non-ergodic measures,
there is only an inequality.
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Proof. First notice that

1
Gldmp = ——— G| dm
(Gl dme =y 2 [, 161
oo Nn—1

IA
E
\'};H
g
1M
T
=y
@)
3
a
3

oo Nn—1
X,
= —— lg| dm  (since T is invertible and preserves m)
1 oo N—-1n-1
- gl dm
1 N—-1 oo n—1
=— gl dm

< N /||d
P — m’
_m(F)Xg

where in the last inequality we have used the fact that for any k, the sets in the
collection {TNIT*F, : n € N,0 < j < n — 1} are disjoint (see Lemma 2.10(ii)).
Hence G € L'(mp). Below we prove (2.4).

Consider the sequence of integer-valued functions (ng(x))s,, which are defined
on F' almost everywhere by ng(x) = 0, and

k—1

ng(x) = ZTF(TJ{;x) for k > 1,

k—1 ‘ k—1 NT‘F(TIJ;:E)—I '
G(Thx) =) g(I*(Ty))
7=0 7=0 p=0

k—1 Nrp(Thz)—1
g(TNnj (a:)erx)

I
]
=N
3
S
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By the Birkhoff ergodic theorem, we have

1
(2,5) k—-+oo Ng(x
= NE,,(9|Z)(x)
for m-a.e. x € F. Applying the Birkhoff ergodic theorem again, we have

Jim ZG TVa) = By, (G|Zp)(z)  and

lim nk}i@ = lim EZTF(TIJTZ’) =E,. (rr|Zr)(z)

k——+oo

for m-a.e. z € F. Here we have used the fact that rp € L'(F,B|r,mp), which
follows directly from Lemma 2.10(ii). Taking quotient we get

Jim ZG Ti) = B (GIT2) () Bony e 1) o)
for m-a.e. x € F. Comblnlng this with (2.5) yields (2.4). O

2.4. Oseledets’ multiplicative ergodic theorem. For z,y € R?\{0}, let £(z,)
denote the angle between the lines ¢, and ¢,, where ¢, stands for the line in R?
passing through the origin and z. In such definition, we always have £(x,y) €

[0,7/2] and
(=lPllyll? = {z, y)?)Y/?

JEail
where (-, -) is the standard inner product in R?. Similarly the angle between linear
subspaces U,V of R? with U NV = {0} is defined by

in£(U,V) = inf in £ .
sin£(U, V) 2\ (0} yeV\ {0} (z,)

We will require the following version of Oseledets’ multiplicative ergodic theorem,
due to Froyland et al. [33, Theorem 4.1

sin £(x,y) =

)

Theorem 2.12. Let T be an invertible measure-preserving transformation of the
Lebesgue space (X,B,m). Let M : X — Maty(R) be a measurable function such
that

/1og+ 1M ()] dm(z) < co.
Then there exists a measurable set X' C X with T(X') = X' and m(X') = 1,
such that for each x € X', there are positive integers s(x), ki(x),. .., ksm)(x) with
ki(x) + - + ky@)(x) = d, numbers A\ (x) > -+ > Ay (x) > — and a splitting
Ri=El'a®- - @ E\ so that the following hold.
(i) M(x)E! C EL, (with equality if \;(z) > —00).
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(iii)

(iv)

(v)

(vi)
(vii)

DE-JUN FENG
For 1 <i<s(x) and v € E}\{0},
1
lim — log ||[M(T" ) - M(x)v] = \i(),
n—oo N,

with uniform convergence on any compact subset of E'\{0}.
For 1 <i < s(x),

1
lim —  max log |M(T " z) - M(T ")
n—00 M weE! _, . |lv]|=1
1
= lim — min log |M(T 'z) - M(T "z)v|| = \i(z).

n—oo Nowek! . |lv]|=1

1 . .
lim —log £(®icrEfnys ®jesEin,) =0 whenever INJ =1,
n

n—+o00
The function s : X' — N is measurable and T-invariant.

The mappings © — N(x), EX k;(x) are measurable on {x : s(x) > i}, and

Remark 2.13. (1) Theorem 2.12 is only stated in [33] for the case when m is er-

(4)

godic. It extends directly to the general case by using ergodic decomposition.
When M (x) is invertible for all = this is the classic Oseledets’ multiplicative
ergodic theorem, but we emphasize that the above is valid even in the non-
invertible case (in which case the usual statements of Oseledets’ theorem
only provide a flag and not a splitting).

The uniform convergence in part (iii) of Theorem 2.12 is not stated in [33].
However it is well-known when A takes values in GL(R, d), and the argument
works also in the general case of Maty(R)-valued cocycles. See e.g. [31,
p. 1111] for a sketched proof. Part (iv) of Theorem 2.12 was only implicitly
included in the proof of [33, Theorem 4.1].

The numbers Ai(x), ..., As@m)(2) are called the Lyapunov exponents of M at
x with respect to m. The number k;(x) is called the multiplicity of \;(x).
Moreover, {(Xi(x), ki(2)) }1<i<s(e) is called the Lyapunov spectrum of (M, m)
over X'.

The decomposition @ffl) E! is called the Oseledets splitting of RY, and B!,
1 <i < s(x), are called the Oseledets subspaces.

3. CANONICAL CODING MAPS FOR AVERAGE CONTRACTING AFFINE IFSs

For z > 0, write log" 2 = max{0,log z} and log™ z = max{0, —log 2}, with the
convention log) = —oo. In this section, we prove the following proposition, which
will be used in the proof of our main result.

Proposition 3.1. Let S = {S;(z) = Mz + a;}jen be an affine IFS on RY and m €
M, (X). Suppose that S is average contracting with respect tom. Let w: % — R be
given by (1.2). Then there exists a Borel set E C ¥ with o(E) = E and m(E) =1
such that for any x = (,)5°_ € E,

n=—oo
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(i) w(z) is well-defined, i.e. the limit in defining w(x) in (1.2) exists and is finite.
(i) Syo(moz) = 7(x).

(iii) limp o0 = log™ [|m(o™2)| = 0.

Part (i) of the above proposition was first proved by Brandt [16] in the special
case when m is a Bernoulli product measure, and it was then extended by Bougerol
and Picard [14] to the general case when m is ergodic. For the convenience of the
reader, we shall provide a self-contained proof of part (i).

Before proving Proposition 3.1, we shall first prove the following auxiliary result,
which is a variant of Proposition 2.1 in [30].

Proposition 3.2. Let T : X — X be an ergodic measure-preserving transforma-
tion on a probability space (X,B,m). Let {f.}32, be a sequence of non-negative
measurable functions on X such that log"™ f; € L*(m) and

(3.1) fari() < ful@) fi(T"z)

for alln,k € N and x € X. Set A\ =lim,,_,(1/n) [log f, dm. Then for any e > 0,
the following properties hold:

(i) If A # —o0, then for m-a.e. x € X, there exists a positive integer no(x) such

that
(3.2) |log fo(T*z) —nA| < (n+ k)e
for allm > ny(x) and k > 0.
(ii) If A = —o0, then for any N > 0 and m-a.e. x € X, there exists a positive
integer no(x) such that
(3.3) log f(T*z) < —Nn + (n + k)e

for allm > ny(z) and k > 0.

Proof. Here we modify the arguments of [30, Proposition 2.1]. By sub-additivity,
A< [log fi dm < [log™ f1 dm < oo. Below we first prove (i).

Assume that A # —oo. We first prove that log f; € L*(m) for each j € N. To see
this, observe that by (3.1),

7—1
log* f; < Zlog+(f1 oT*") € L'(m).
k=0

It remains to show that log™ f; € L'(m). Suppose this is not true, then
/log fjdm = /log+ fj —log™ fj dm = —o0,
so by the sub-additivity of {f,},
1
)\zngfg/logfkdm:—oo,

leading to a contradiction. This proves that log f; € L*(m) for each j.
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Next let € > 0 and take 0 < § < €¢/6. By the Kingman’s sub-additive ergodic
theorem, for m-a.e. x € X there exists n;(z) such that

|log fn(x) —nA| <nd  for all n > ny(z).
Setting no(x) 1= maxi<j<n, (x) |log f;(x) — jA|/6, we see that ny(z) < oo a.e. and
(3.4) |log fr(z) — kA| < (no(x) + k)§  for all k € N.
Hence by (3.1) and (3.4), for every n > ny(x) and k > 0 we have
log fu(T*x) 2 log fuii(r) — log fi(w)
> ((n+ k)X = (na(z) + n+ k)d) — (kX + (na(z) + k)9)
=nA — (2na(x) + n + 2k)o
>nA — (n+ k)e.

(3.5)

To see the opposite inequality, take ¢ large enough such that |5 — A| < d, where

b= %/logfe dm.

Applying the Birkhoff ergodic theorem to the integrable functions log f; (j = 1,...,20),
we obtain

(3.6) lim — log fi(TPz) =0 for1<j <2¢and m-ae. x.

p—0o0 p

Let n > 20 and z € X. Write n = ¢f + s with £ < s < 2¢ — 1. By sub-
multiplicativity, we have

fol( (Hf TP”J) (T, =0,1,... 01,

where we take the convention that fy = 1. Taking product of these inequalities

yields
-1 a1 -1
£< <H fj(@) (H fE(Tp$)> (H fsj(Tq”jfc)> :
j=0 p=0 Jj=0
so for k> 0,

alt+k—1 —1
(fn Tk (H f] Tk ) ( H fg(Tp$)) (H fs_j(TqZ—l—k-&-jx)) .

Taking logarithm and dividing both sides by ¢ we have

n+k—s—1 k—1
(3.7) log(fu(T"2)) < ( > o fe(Tiw)) - (Z%leg fAT"x)) A+ A,

=0 =0

where A := Zj é é log f; (T*z), A Zf (1) é log fi_j (T +k+ig),
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Similar to (3.4), by using the Birkhoff ergodic theorem and (3.6), we see that
for m-a.e. x there exists ng(z) such that for every n > ng(z) and every k > 0 and
1<j <20
n+k—s—1

Z %logfg(Tix) —(n+k—s)p
i=0
k—1

> § log fi(T'e) —

i=0
|log f;(T*2)| < (ns(x) + k)5,

where the third inequality implies that A; < (n3(z) + k)0 and

Ao < (ns(z)+ ¢l +k+0—1)5 < (n3(z) +n+ k).

< (n+k—s)d,

< (n3(x) + k)9,

Applying the above inequalities to (3.7), we see that for m-a.e. x € X, for every
n > ng(z) and every k > 0,

log fu(T*x) < (n+k — 5)(B+68) — (kB — (n3(w) + k)8) + (n3(x) + k)&
+ (n3(z) + n+k)o
= (n—s)B+ (2n + 4k + 3nz(x) — 5)0
<nA+ (n+k)e.

From this and (3.5) we see that (3.2) holds for every n > ny(z) := max{nq(z), n3(x)}
and every k > 0. This prove (i).

To see (ii), suppose A = —oo. By the Kingman’s sub-additive ergodic theorem,
lim,, o (1/n)log f,(z) = —oo for m-a.e. z. Fix N and define

fn(x) = max{f,(z),e ™™} forneN, zc X.

Then lim,,o(1/n)log fu(z) = =N for m-a.e. . Meanwhile it is direct to check
that {f,}°°, is sub-multiplicative (i.e., (3.1) holds for {f,}), so by the Kingman’s
sub-additive ergodic theorem,

lim (1/n) /logfn dm = —N.

n—oo

Applying (i) to {f,}5°, yields that for m-a.e. € X, there exists a positive integer
no(x) such that

log fo(T*z) < log fu(T*z) < —Nn + (n+ k)e
for all n > ng(x) and k& > 0. This completes the proof of the proposition. g
As a direct corollary of Proposition 3.2, we have the following.

Corollary 3.3. Under the assumptions of Proposition 3.2, for any e, N > 0 and for
m-a.e. x € X, there exists c(x) > 0 such that

| fu(TF2)| < c(x) exp(nmax{\, —N})exp((n + k)e)
foralln >1 and k > 0.
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Proof of Proposition 3.1. Without loss of generality we may assume that m is er-
godic, since the general case can be proved by considering the ergodic decomposition
of m.

Set fu(x) = ||Myy -+ M, || for x € ¥ and n > 1. Let fo(x) = 1 for convention.
Since § is average contracting with respect to m, we have

1
lim — [ log f, dm =: X\ < 0.

n—oo N,

Let 0 < e < —\/3. Applying Corollary 3.3 to {f,} and the shift map o : ¥ — %
(in which we take N = 2¢), we see that for m-a.e. x, there exists ¢(z) > 0 such that

fn (O'kl'> < C(x)ef2nee(n+k)e

for any n > 1 and k£ > 0. It follows that for m-a.e. x,

Z HM»’% ’ Ik+n 1au’vk+n” < (HlaXHa,H an g :U)
n=0
(0.)

< (maXHGzH Ze 2ne ,(ntk)e
n=0

= (max [la[|)e(x)(1 — e7) "™

for all £ > 0. It follows that for m-a.e. x, m(o*xr) is well-defined and ||7(c*z)| <
(max; [|a;]|)e(z)(1 — e=)~teke for all k > 0. That is enough to conclude the propo-
sition. [

4. MEASURABLE PARTITIONS ASSOCIATED WITH AFFINE IFSs

Let 8§ = {M;x + a;};jea be an affine IFS on R? and m € M, (X). Suppose that
S is average contracting with respect to m. In this section, under an additional
assumption formulated later in (4.7), we construct a finite family of measurable
partitions of ¥ and give some properties of these partitions and the corresponding
conditional measures of m.

Define M : ¥ — Maty(R) by
M(x) =M, ,, x=(z,);°

n=—oo"

Applying Theorem 2.12 to the measure-preserving system (X, 07!, m) and the
matrix cocycle M, we get a measurable ¥’ C ¥ with o(¥’) = ¥ and m(X') =1, so
that the Lyapunov spectrum

{(/\z<x)7 ki(‘r))}lgigs(x)
and the Oseledets splitting
Rd:E;@...@E;(m)

are well-defined for x € ¥’ (cf. Remark 2.13). In this case, for any x € ¥ and
1 <i<s(x),
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1 ,
(4.1) lim —log ||M,_, --- M, ,v|| = X\(x) forve E\{0},
n—oo 1,
with uniform convergence on any compact subset of E%\{0},

1
lim —  max  log|| M, - M,, v

n—00 71} UeEénx’ [lv]|=1

(4.2) 1
= lim —  min log || My, - - - M, ,v|| = Xi(z),
R0 N Ve, [0]|=1
and
1
(4.3) lim sup — max log || My, - -+ M, vl < Ni(2).
n—oo T UGEBSYZ)Ein [lv]]=1

In addition, by Proposition 3.1 we may assume that the coding map 7 is well-
defined on ¥’ and that

1
(4.4) lim —log" |7(c"z)|| =0 for x € .

n—oo N

Define for z € ¥/,
(4.5) Vi=a'" El fori=0,... s(x)—1, and V@ .={0}.

Jj=i+1
By (4.1), we have

xT
n—oo

(4.6) Vi= {U € R%: limsup — - log M, - M, v < /\i+1(m)}

forx e i=0,...,s(z) -1

For x = (93])], w € X, we write z~ ([L'J)]_ioo The following simple fact is our

starting point in constructing measurable partitions of >'.

Lemma 4.1. Let z,y € ¥ with x= = y~. Then s(x) = s(y) and \;(z) = \i(y) for
1 <i < s(x). Moreover, V; =V, for 0 <i < s(z).

Proof. For x € ¥/ and v € R?\ {0}, define
1
AMz,v) = lim —log||M,_, --- M,_,v]|.
n—o0o N

By (4.1), the above limit always exists and takes values in {\;(z) : 1 <1 < ( )}

Clearly A(x,v) only depends on v and z~. Hence for x,y € ¥’ with x , we
have s(z) = s(y) and \;(z) = N\;(y) for 1 <i < s(x); by (4 6) we also have V! = V/
for 1 < < s(x). This completes the proof of the lemma. O

In the remaining part of this section, we always make the following assumption:
(4.7) s(x),k1(x), ..., ks (x) are constant for m-a.e. x € .

Here we don’t make the stronger assumption that m is ergodic. Let us write these
constants as s, kq, ..., ks.
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Below we construct a finite family of measurable partitions &g, ..., &, of ¥'.
Let & be the partition of ¥’ so that the £y-atom containing x = (xj);f‘ioo e Y is
given by
So(x) ={y = (y)j2_ €X' yj =, for j < —1}.
By Lemma 4.1, V; = V! for any y € §(z) and i € {0,1,...,s}.
Similarly, for i € {1,..., s}, we define the partition &; of ¥’ by
i(r) ={y= (1)l €&la): Ty—mz €V}, weX

Lemma 4.2. &, ..., & are measurable partitions of (3, B(X'), m).

Proof. By Rohlin theory (cf. [65, Section 2.5], [56, Chapter IV]), it is enough to
show that for every i € {0,1,...,s}, one can construct a measurable mapping ;
from Y’ to a complete separable metric space Y; such that &; is induced by m;, in the
sense that & = {7; '(y) : y € Y;}. Below we construct such mappings ;.

Let ¥~ := {(zn),2_ o : 2, € Aforalln < —1} and endow it with a suitable
metric compatible to the product topology. For j € {0,...,d}, the set of all j-
dimensional affine subspaces in R? forms a closed smooth manifold, which is called
the (d, j)-affine Grassmannian and is denoted by Graff(d, j).

Set V; = ¥~ x Graff(d, ki + -+ ks) fori € {0,...,s — 1} and Y, = ¥~ x R%
Define m; : X' = Y; (i=0,1,...,s) by

x> (27, V! + ma).
It is readily checked that for each i, 7; is measurable and &; is induced by ;. U

Remark 4.3. The above construction of the measurable partitions &g, ..., &, is dif-
ferent from that built in the previous work of [29, 4]. In [29], the partitions were
made on the one-sided shift space due to the simple structure of Oseledets splitting
subspaces. In [4], the partitions were made on the product space of the self-affine set
and the flag manifolds.

Let P be the canonical partition of > given in (1.4). For n € N| set

n—1
736‘_1 = \/ o P,
Jj=0

where V stands for the join of partitions (cf. [57]).
For convenience, write
(4.8) Qne ={r €Y ¢ ||ro’z|| < (1/2)e’/? for all j > n}

for n € Nand e > 0. Below we give several lemmas to further illustrate the properties
of & and the associated conditional measures.

Lemma 4.4. (1) Forz e, i€ {0,...,s} andn €N,
&i(z) NPy~ (w) = 07" (&i(0")).
As a consequence, &NV Pyt = (07"&) V Py = 07",
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(2) Letx € X' and e > 0. Then there exists no(x) such that fori € {0,...,s—1},

™ n(Xit1(z)+2e€) T\ —
49 Quns@npyiec{ g e 7 o

when n > ng(x), here B™(x,r) is defined as in (2.3). Moreover,

. B (x,e"M0T29) - if N (x) # —o0
(4.10) Que NPy () { B (x, e/ if Aim = —00

when n > ng(x).

Proof. We first prove (1). Let v = (z;)2_ € ¥, i € {0,...,s} and n € N. We

j=—00
only prove that & () NPy (z) C o7 "(&(0"x)). The proof of the other direction is
similar.
Let y = (4;)32 o € &(2)NPY~ ' (2). Then my—mz € Vi and y; = x; for j < n—1.
By Proposition 3.1(ii),

ﬂ-y — T = SyO..-ynfl (ﬂ'o’ny) - ng...xn,1 (ﬂ-o-na:)

(411) = Sxo...xn_l(ﬂ-o-ny) - Saco...xn—l(ﬂ-gnx)

= Mwon-mnq(ﬂ-any - WU”I),

here and afterwards we write M; for M;, --- M;, . Since 7y — 7z € V!, by (4.11)

and (4.6) we have

1...%n

lim sup log | My, 2 1ao.zn o (m0"y — " z)||

= lim sup log | M, , o ,(my — mx)|| < Aig1(z) = Ny (o).

k—oo T k

Applying (4.6) to V7., gives 70"y — mo"x € V', . In the meantime, since y; = z;
for j <n—1, we have also 0"y € {y(c"x). Therefore y € 07" (&;(c"x)). This proves
&) VPP (x) € o (E(om)).

Next we prove (2). Let x € ¥, i € {0,...,s — 1} and € > 0. By (4.3) and (4.4),
there exists ng = ng(x) such that for any n > nyg,

(4.12) max || My, 00| <

: _2 .
veVi, | [v]=1 e /e if A\ipq(x) = —o0

{ en()\i+1(x)+€) lf )\i-i-l(x) ?é -

and

1
(4.13) |momz|| < §€n6/2.
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Now let n > ng and y € @, .N&(z) NPy~ (x). Then ||[romy|| < (1/2)e/? y~ =2,
ny — mx € V! and furthermore by (1), 70"y — mo"x € V%,,. By (4.11)-(4.13),

oz
|y — 7z|| = || Mey...z,_, (w0 y — o™ z)||
< (L max Wapn ol Inoy = nos]
VeV, [[v]|=1

en(z\i+1(x)+26) if >\i+1(l’) # -0
< 1 .
< e—n/e if )\H—l(x) = -

This proves (4.9). Moreover, since V! = R?, the above argument for the case i = 0
actually proves (4.10). O

Recall that for a measurable partition n of X', {m!} stands for the canonical
system of conditional measures associated with 7 (cf. Section 2.2).

Lemma 4.5. Leti € {0,1,...,s}. Then for m-a.e. x € ¥/, the following hold.
(1) mg6(A) = m

. Si(A n—1
(2) m? "S(A) = Ma (5' i 7)01 (z)) for any n € N and measurable A C ¥'.
mg' (Py ™ (2))
mg (0 "ANPy ()
. (4)

on

(¢™A) for any n € N and measurable A C ¥'.

= m&(Py"(x)) for any n € N and measurable A C

(3)

¥

Proof. All the results follow from the o-invariance of m and the uniqueness of con-
ditional measures. For the reader’s convenience, we include below the detailed ar-
guments.

To see (1), fix n € N and define a family of probability measures {j, }.esr such
that u, is supported on (67"&;)(z) = 0 "(&(0™x)) and satisfies
fiz(A) = m&., (6™ A)  for any measurable A C 3.

Then by Theorem 2.4, for every measurable A C ¥’ and m-a.e. x,

a(A) = B (Xonal&) (0"2)
= E,(Xona© g"’g_”gi)(x) (by Lemma 2.1(i))

= Epu(xalo ™€) (@).

It follows that z +— p,(A) is o~"&;-measurable and m(A) = [ pz(A)dm(x). There-
fore, {y1,} is a canonical system of conditional measures associated with o~ "¢;. By
the uniqueness of conditional measures, we have j, = m2 "% for m-a.e. z. This
proves (1).

To see (2), let n € N and notice that 0"¢; = &V Py~ ! by Lemma 4.4(1). Similar
to the proof of (1), we define a family of probability measures {v, },esv such that v,
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is supported on (07"&)(x) = &(z) NPy~ (x) and satisfies

mg (AN Py (2))
ms (Py ()

vy(A) = for any measurable A C X',

Then by Theorem 2.4, for every measurable A C ¥’ and m-a.e. x,

(4.14) ve(A) = Z xs(z) - hp(z),

Bepy~!

where hp := Em(XAﬂB|gi)/Em(XB|§;)- Since hp is @—measurable, the mapping = —

—

va(A) is & V Py~ -measurable (i.e. o~"¢-measurable). Moreover by (4.14),

[ty dmie) = 3= [ sahs dm

Bepy~!

= > /Em(XBhB@) dm

Bepyp!

= 3 [ Bulxal@ha dm

Bepyp!

= 3 [ Bultansl) am

Bepy !

= Y m(ANB)=m(A).

Bepy~!

Hence the family {v,} is a canonical system of conditional measures associated with
o~ ", and so (2) follows by the uniqueness of conditional measures.

Finally we prove (3). By (1), we have

mfz‘ 3:("4) _ m&

o™ U”:L‘(o-n(o-inA)) = mg_"fi (UinA)'

Applying (2) to 0™ A (instead of A) yields that

mG(c " ANPy ()
m (Py~ ()

which implies (3). O

mGng(A) =mg "¢ (07" A) = ,

Now for i € {0,1,..., s}, define
(4.15) hi(x) = En(filD)(z), ze€X,

where f; = Im(P@) and Z = {A € B(Y): c7'A = A}. Clearly f; > 0 a.e. By
Lemma 2.1(v), f; € L*. Tt follows that h; > 0 a.e. and h; € L*.
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Lemma 4.6. Leti < {0,1,...,s}. Then for m-a.e. x € ¥,

n—1
logm$ (Pt (z)) = — Im(P@)(ojx) and
(4.16) 7=0
1
— nh_}rgoﬁlogm (Py () = hy(x).
Furthermore,
(4.17) — lim — - logm(P Yz)) = ho(z)  form-a.e. v €Y.

Proof. Let i € {O, 1,...,s}. By Theorem 2.4,

log m&i( Z xa(z)logm§( Z xa(z)log Epn(xal&) ()

AePy~! Aepyt

and hence — log m& (P~ (x)) = L,(Pe~"|&)(z) for m-a.c. z. By Lemma 2.1,

n—1
L.(PrY&) = Lu(PlE) + L, (_\/ aIPlE v ﬁ)

73’51 +1, (\/ 0_]73‘0 1) (by Lemma 4.4(1))

=L, (PI&) + Lu(Py &) o0 (by Lemma 2.1(ii)).

Therefore by induction we have
(4.18) m(PEYE) = ZI (P|&) o o’

Now (4.16) follows from (4.18) and the Birkhoff ergodic theorem.

To see (4.17), applying the Shannon-McMillian-Breiman theorem (see e.g. [57,
p. 39]) to the transformations o and o' respectively, we have the following conver-
gences (pointwise and in L1):

1
= Jim_—logm(Pg™" (z)) = En(g1|T)(x),

(4.19) 1
— lim —logm(Pg(n_l)(I)) =E,.(92|Z)(x),

n—-+4oo N,

where g1 1= 1,(P| V32, o7IP), g2 1= Lu(P| Vs, oP). Noticing that & = Vg, oI P,
we have gy = Im(P|é:0) = fo and so E,,(¢2|Z) = ho. To prove (4.17), by (4.19) it
suffices to show that

(4.20) E..(¢117)(x) = E\n(92|Z)(z) for m-a.e. .
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To see (4.20) first observe that for z € ¥/, Pg(n_l)(anx) = 0" (P} (z)) and hence
m(Pg(nfl)(U”x)) = m(c™(Py () = m(Py~"(x)). For any B € T, we have

[ Tom(P (@) dm(a)

x5 () log m( O(n 1)( z)) dm(z)

Il I
m\\\\\

x(c"x)logm(P° (n—1)(0"T)) dm(x) (by the o-invariance of m)
xs(c"z)logm(Py(z)) dm(z)
x5(z) logm(Py(z)) dm(x) (by xp =xpoo™as BeT)

logm(Py~(x)) dm(x).
Dividing both sides by n, letting n — oo and applying (4.19), we have

/ B, (g1|Z) dm — / E,(o|) dm  for all B € T.
B B

Therefore E,,(¢1|Z) = E,,(g92/Z) almost everywhere. This completes the proof of the
lemma. U

Below we give an interesting corollary of Lemma 4.6, although we will not use it
in the rest part of the paper.
Corollary 4.7. Let i € {0,1,...,s}. Then h; = 0 a.e. if and only if m§ = 6,
(i.e. m§({z}) = 1) for m-a.e. x € ¥'.

Proof. By Lemma 2.1(v), f; := Im(P@) > 0 a.e. and f; € L'. Hence by (4.15),
h; = 0 a.e. if and only if f; = 0 a.e. However according to the first equality in (4.16),
the condition f; = 0 a.e. implies that for m-a.e. z, m&(Py~*(z)) = 1 for every n > 1
and hence
mé (o)) = m§ (é(2) NP () = m§ (P(2)) = 1,
using the fact that m$ is supported on &(z) C &(x). Conversely, by the first
equality in (4.16) (applied to n = 1), we obtain that f;(z) = —logm& (P(z)); hence
the condition
méi({z}) =1 a.e.

implies that f; = 0 a.e. This completes the proof of the corollary. O

We end the section by the following.

Lemma 4.8. Let ¢ > 0 and define Q. as in (4.8) for n € N. Then for m-
a.e. x €Y,

& n—1
hm m:l? (QTL,G m 7)0 (x)) — 1

i=0,1,...,s
e g (P () ( )
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and »
m(Qu NP (@)

o m(P @)

Proof. The equalities follow from the Lebesgue density lemma for Polish ultrametric
spaces (see, e.g. [53, Proposition 2.10]) and the facts that the sequence (@, ¢) of sets is
monotone increasing as n increases, and J,, Qn.c is of full m-measure by Proposition

3.1(ii). O
5. TRANSVERSE DIMENSIONS

In this section, we prove an inequality for the transverse dimensions of the condi-
tional measures that we constructed in Section 4.

Recall that S is an affine IFS on R? of the form (1.1), average contracting with
respect to some m € M,(X). Let m be the associated coding map. Let M : ¥ —
Matq(R) be the matrix cocycle given by M () = M,_,, and {(A\i(2), ki(2)) h<i<s(z), zesr
the Lyapunov spectrum for M with respect to the transformation o~1. Suppose that
(4.7) holds, i.e. there exist s, ki, ..., ks so that s(z) = s, ki(z) =k; (i1 =1,...,s) for
m-a.e. v € Y. Let ®5_, E! be the Oseledets splitting of R%, and {0} =V C --- C
V9 = R4 the associated filtration.

Let &y, &1, ...,& be the measurable partitions of >’ that we constructed in Sec-
tion 4. For x € ¥ and r > 0, set

(5.1) Li(x,r)={yeX : dist(my+ V), me+ V) <r}, i=1,...,s

and define
log m& " (Ty(, 7))

¥;i_1(z) = liminf , 1=1,...,s.
1) r—0 log r
We call ¥y,. .., 95_1 the transverse dimensions of m. Intuitively we may view 9J;(x)

as the dimension of m along the direction E:.

The main result of this section is the following, which plays a key role in the proof
of Theorem 1.2.

Proposition 5.1. For m-a.e. x € Y,

hZ(SC) — hl;l(l’)
- >
192—1(3:) el )\1(33) )
where h; are defined as in (4.15).

1=1,...,5,

This result can be viewed as an analogue of Proposition 11.2 in [46]. A stronger
version of the result, with the inequality being replaced by the equality, was proved
earlier in [29, Theorem 6.2], [2, Theorem 3.3|, and [4, Propositions 5.3 and 7.3| under
various additional assumptions.

The proof of Proposition 5.1 is quite long and delicate. Besides extending some
ideas from the previous works [46, 29, 4], we need to employ certain new strategy
as well.
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We first introduce some notation and give several lemmas.
Forx € ¥ 1€ {l,...,s} and r > 0, set
By(r)={ve E,: [v] <r}

and
Ti(w,r) = {y € &1(x) : 7y — 7w €V} @ Bi(r)}.

Lemma 5.2. Letx € ¥, ie€{l,...,s}, n €N andr > 0. For

0<a< Uengf,ﬂl\vuzl [ ss—]
we have
(5.2) Ti(z,ar) NPy (z) C o "T;(0™x, 7).
Proof. Let y € Tj(z,ar) NPy (). By definition,
(5.3) y €& a(r)NPyHx) and

(5.4) my — mx € V! ® B (ar).

By (5.3) and Lemma 4.4(1), y € 0~™(&_1(c™x)). Moreover since y € Py~ *(x), by
(4.11),

(5.5) Ty — 78 = My, o, (mo"y —mo"x).

Since y € &_1(z), by definition 7y — 7z € V7' = Vi@ Ei. Applying (4.6) to V™!
yields
1
lim sup P log |M,_, . ,(my —mx)|| < N\i(z) = Ni(0"x),
k—o0

where the last equality follows from Theorem 2.12(vii). Hence by (5.5),

lim sup
k—o00

1 n n n
L log ||M$7k-~~1'71m0~~~$n71(7ro- Yy—Tmo I)” < )‘1(0 l‘)

Applying (4.6) to V/u, gives mo™y — wo"x € Viuy = Vi, @® EL.,. Write
Ty —7mr=v, +w; withv; € V! and wy € E,
oty — o™ = vy +wy  with vy € Vi, and wy € El, .
By (5.4), wi € By(ar) and hence [fwi| < ar. Since Myy.q, Vi, C V; and
Myyoow, Elny, C EL by (5.5) we see that wy = My, ., ,ws and so
ar 2 [Jwr|| = [ May...o,_y w2 = alfwal].

It follows that ||we]| < r. Hence wo"y — o™z € V., @ BL.,(r). This together with

oz onx

y € 0 "(&-1(0"x)) yields that y € o0~ "T;(c"x,r). Therefore
Ti(z,ar) NPy (z) C o "T;(0™x,r)

and we are done. O
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Let 0(x) denote the smallest angle between the Oseledets subspaces, i.e.

InJ=0

We have the following.
Lemma 5.3. Forz e ¥ i€ {l,...,s} andr >0,
Ti(z,r) C&o1(x)NTy(z,r) C Ti(z,r/sinb(z)).

Proof. We first prove that Ti(z,r) C &_1(x) N Ty(x, 7). Let y € Ti(x,r). Then by
definition, y € &_1(z) and 7y — 7z = v+ w for some v € V!, w € E?, with |Jw|| <,
which implies that
dist(my + VI, mo + V) < JJw| < 7.

Hence y € &_1(x) NT;(z,r). This proves the relation T;(x,r) C &§_1(x) N T;(z, 7).

Next we prove that &_i(z) NT(z,7) C Ti(x,r/sin(f(x))). Let U, :== V' oV}
denote the orthogonal complement of V;/ in V;~'. Let z € &_1(x) NTy(z,7). Then
mz —mx € V70 and dist(rz + Vx4 V) < 7. Hence 72 — mx = v + u for some
ve Viand u € Ul with [Ju|| < 7. Sincev+u € V) ' =V!®EL v+u= v +w for
some v; € V! and wy € E'. Notice that w; = (v —v) + u with u L (v —v;). We
have
[l [l r

”w1H - Siné(wbv — Ul) - Slﬂ@(.’lj) o Slne(x)

Thus 7z — 7@ = v; + wy, where v; € V! and wy € E! with ||wy]] < r/sinf(z).
Therefore, z € T;(x,r/sinf(x)) and we are done.

Now we turn back to the proof of Proposition 5.1. Clearly, to prove the proposition
it is sufficient to show that for any € > 0, there exists F'(¢) C ¥’ so that
hi_l(fl?) — hl(l’)
—i(x) + €
and lim._,om(F(e)) = 1.

Here and afterwards in this section, we may assume that A\, # —oo a.e., since

(5.6) Vio1(x) > for m-a.e. x € F(e) and i € {1,...,s}.

Proposition 5.1 holds automatically when i = s and As(x) = —o0.
We first construct F(e) for € > 0. Set
(5.7) Fo(e) :={x € X' : sinf(z) > €}.

By (4.2), there exist a large integer N(e) and a Borel set F(e) C Fy(e) with
m(F(e)) > (1 —e)m(Fop(e)) so that for i € {1,...,s},

(5.8) 1 Mayz, v 2 € e N7 o]
for x € F(e), n > N(e) and v € E,.,. Clearly, m(F(e)) — 1 as e — 0.

In the remaining part of this section we prove (5.6) for the constructed F'(-). From
now on, we fix € > 0 and write simply F' = F'(¢) and N = N(e).
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Let op : F — F be the transformation induced by oV on the set F' (cf. Sec-

tion 2.3). That is, or(z) = oV"*@(z), where
rp(z) = inf{n >1: "o € F}.

The map o is well-defined on F' up to a set of zero m-measure. Let mpg be the
Borel probability measure on F' defined by
m(F N D)

m(F)
Recall that mp is op-invariant.

For x € F, set

mp(D) = for any Borel set D C F.

l(x) = Nrp(x) and
5.9
(5.9) pi,x) = /@ Ri@)=e) i=1,...,s.

Then we have

Lemma 5.4. Forz € F, i€ {1,...,s} andr >0,

(5.10)  &-1(z) NIy (x, p(i,z)r)N Pg(m Yx) € oD (T, (opa,r) N &1 (opT)) .
Proof. Fix x € F, i € {1,...,s} and r > 0. Set a = ¢ 'p(i,x). Since {(z) =
Nrg(x) > N, by (5.8),

(5.11) a = e @M=D <inf{|| M@ ()] 1 v € Bl o] =1},

where M"™(z) := My,....,, ,. Observe that

Eio1(x) Ny (z, p(i,x)r)
C T; (z, p(i, x)r/sinf(x)) (by Lemma 5.3)

C T (z, e ' p(i, z)r) (since sinf(x) > €)
=T (x,ar).
Hence
&a(@) T (2, plis 2)r) NP7 ()
C T (z,ar) N PO ()
C o 'O, (of @y, r) (by (5.11) and Lemma 5.2)
= o O (opx,T)
C o' (Ty(opx,r) N &1 (opT)) (by Lemma 5.3).
This completes the proof of the lemma. O
Now write
(5.12) F,={zeF: rp(z)=n}, n=12....

Recall that {m&} is the canonical system of conditional measures associated with
&,1=0,...,s. The following result is an induced version of Lemma 2.5.
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Proposition 5.5. Let i € {1,...,s}. Then for m-a.e. x € F,

(5 13) mgi—l <Fl(flf, ,,,) N ’Pg(x)_l(l’>) 00 kN—1 R '
. ] = — L, )(o?x).

Furthermore, set

m§ <Fi(m, )N Pg(x)_l(x)>
5.14 r) = —inflo
(5.14) g(z) = — inf log T (o)

Then g > 0 and g € L' (F, B|p, mp).

Proof. Fixi € {1,...,s}. Write d; = >_°_, | k;. Define ¢; : X' = Y, := G(d, d;) xR?
by

gbl(:zr) = (‘/;, P(Vzi)L (7T£L‘)) .
Then ¢; is measurable. Moreover,
(5.15) &i(r) ={y € &(x) : di(y) = di(x)}, z€X
Endow Y; with the following product metric p;:

pi (V,a), (W,b)) = max{|[Py — Pwl|, la —b]|}.

It is not hard to see that Y; is a Besicovitch space. For x € ¥/ and r > 0, set
Be(z,r) == {y € X': pi(dy, pix) < r}.

Then by definition,

(5.16) Eo(x) N B% (x,r) = &(z) N Ti(z,r), reX, r>0.
Hence for x € F and r > 0,

(5.17)

o m§~! (Fi(x, )N Pg(m)fl(x» o m& (fo(x) NTy(z,7) N Pg(x)fl(x))

m§ " (D, 7)) mi " (éo(w) N Ti(x, 7))

m&i-! <§0(m) N B%(x,7) N Pg(x)_l(a:))
ms " (o(x) N B (z,7))

m&i-! <B‘7’i (x,7) N 735‘””)*1(;5-))
ms ! (B (x,7))

. i1 i
) mg "t (BY(x,7) N A)
=2 D xmmla)los = rmn

k=1 pgepiN-1

= log

= log
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By (5.17) and applying Lemma 2.5(1) to ¢; : 3’ — Y;, we have for m-a.e. x € F,

mé—! (Fi(x, r) N Pé(“‘l(x)>
lim log

r—0 mé—! (Ti(x, 1))

=3 Y aon(@)logBy (xaler v 7BV ) (@)

AephN-1

= Z Z Xanr, (z) log E,, <XA’§> (z)
k=1 acp

o0

=Y @) > val@)logEn (xal&) (@)

h=1 AepEN-1

— =S v @ (P 6 (@)

00 kN—1

= =3 a0 Y TaPIE)@E)  (by (418)),

This proves (5.13).

Next we prove that g € L'(mp). We mainly follow the arguments in [29, Lemma

3.3 and Proposition 3.5]. By Theorem 2.4, for any given C' € & 1, the conditional
§i—1

measures my ' (z € C) represent the same measure supported on C', which we
rewrite as mgo. Fix C € §,_1, k € Nand A € Pé“N’l. We define measures pc and

ve on Y; by pc(E) = me(¢;'E N A) and ve(E) = me(¢; 'E) for all E € B(Y;).
By the Hardy-Littlewood maximal inequality (see, e.g. Theorem 2.19 in [50]), there
exists a positive constant a (which depends on Y;) such that

. ho(B(z,1))
o _— < .
uc{zeYl iggl/c(B(z,r))<u < au (u>0)
Hence for any u > 0,

, . . mc (B%(z,r)NA)
: < .
me < {m ex ig(f) me (B (z.7)) <u,nNA| <au

Integrating C' over &;_1, we obtain

§i—1 bi
F(B%(z,r)N A
m({xEZ’:infm ( (z,7) )<u}ﬂA>§au.

r>0 bt (B%(z,T))

L4 omi (BY ()N A) . . .
Write ¢ (x) = inf 7 . Then the above inequality can be rewritten
r>0 mx'L*l <B¢z (‘1"7“))

(5.18) m(AN{g* <u}) < au.
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Note that by (5.14) and (5.17), g(z) = = >_,2, ZAGP§N_1 Xr.na(z)log g2 (). Since
g is non-negative,

/gdm _ /Oom{g>t}dt

_ / m(Fe O AN {4 < e')) dt

k= 1A€P’“N L

Z Z min{m(Fk NA),ae™"} dt (by (5.18))

<
k=1 pephN-1 0
< Z > (=m(F.nA)logm(F, N A) + m(F, N A)(1+loga))
k=1 pgepkN-1
< 1+10ga+2 Z m(Fr N A)logm(F, N A))
k=1 pcpkN-1
> m(FkﬂA) m(FkﬂA)
< 1+loga+ m(F] — lo
s 2 Ty )
= AeP}
flog 2 ]
0
®m(F)
- 1
< 1+loga-+ m(Fy) | kN lo A)+1o )
gt 3o (ko) + 1oz
< o0 (by Lemma 2.10(ii)-(iii)).
This finishes the proof of the proposition. U

Finally we are ready to prove (5.6), the last step in the proof of Proposition 5.1.

Proof of (5.6). Fix e > 0 and write F' = F(¢). Let 1 € {1,...,s}.
For x € ' and n € N, define

n—1

puli,z) = [[ oli, k).

k=0

where ok := (o), and p(i, z) = e“@X@)=9 (as defined in (5.9)). Moreover, write

m% (L (, pu(i, x)))

mfy’pz (s (opz, pn_1(1, UFSB)))’

n(z) :=log m%’fl (T (z, pn(d, I))) '

H,(z) :=log
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Then for m-a.e. x € F,

m (D (a,pali, ) NRY ()
m&zs (Ui (apa, pu_i(i,op1)))
g™ (G T i) P )
mses (Ui (07, par (i, 0r2)))

H,(x) + Gp(z) = log

< log ( (T (opx, puai(i,opz)) N &1 (0pT)) mpg(x)_l(x)> (by (5.10))
- mg’Fx (I'i (orT, pp-1(i,0pT)))
<log £ (7T (or, paa iy o)) N P (@)
- mg’w (T (orz, p1(i, orz)))
_ 1Og (0 (opx, pp_1(i,0rx))) QPE(I) 1( ))
m&e(m)m (Li (opz, pr_1(i,0pT)))
= logm&—1(P{ 7 (2)) (by Lemma 4.5(3))

kEN-1

==Y xn @) Y La(PlE ) (07n) = Qia(z)  (by (4.16)),
k=1 j=0

that is, H,(z) + G,(z) < Q;—1(x). Therefore for m-a.e. x € F,

n—1

~log m&-! <ri<x,pn<z',x>>>=—< Hn_j<a%x>> log m&; 1 (Do, 1))

Il
o

J
n—

~ Y H,_j(opx)

v
o —

3
|

> (Gaejlohr) = Qima(0h))

J

I
=)

and thus

—logms " (Ty(x, pu(i, x)))
n

[asry

n—

> (Gunsl0hr) = Qi (0h))

=0

|
S|+
<.

Notice that by Proposition 5.5, when n — 400,

kEN—-1

Gn— Qi = — ZXFkZI (P|&) o o?
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pointwise and in L'. By Lemma 2.3, for m-a.e. v € F,

&i—1 .
li}lgiogf —logma (1;; (2, puli, 2))) > En,. (Qi — Qi—1)|Zr)(x),

where Zp := {B € B|r : 0z'(B) = B}. In the meantime, by the Birkhoff ergodic
theorem,

Jim — log(p (i, )) = By (N(- i + | ) (0)
= N(=Ai(@) + €)Epn,(rrZr)(z) mp-ae.,

where we use the fact that \; is o-invariant and thus op-invariant. Hence for m-
a.e. r € F,

i1 i1 )
liming 8™ (L@ r) gy logms (T (@, o6, 0)))

r—0 log r n—00 log(pn (i, 7))
> E,.. ((Qi — Qi 1)|Tr)(z)
— N(=Ai(@) + €)En, (rr|Zr)(x)
_ B (L) -LEE)D @
- ) e (by Lemma 2.11)
hi_l(l‘) — hz<CL’)
—Xi(z)+e
That is, (5.6) holds. This completes the proof of Proposition 5.1. O

6. LOCAL DIMENSIONS OF INVARIANT MEASURES FOR AFFINE [F'Ss

In this section, we prove Theorems 1.2-1.4 and 1.6-1.7.
Let M : ¥ — Maty(R) be the matrix-valued function defined by

M(I) =M, ,, z= ("L‘]);:ioo
Let m € M,(X). Let
R =& WE  (zey)
be the Oseledets splittings of R? associated with (3,0~!,m) and M (see Section 4),
and 0 > A(x) > -+ > Ay (x) > —oo the corresponding Lyapunov exponents.
Below we prove parts (i) and (ii) of Theorem 1.2 separately.

Proof of Theorem 1.2(1). In the beginning we assume that the condition (4.7) holds,
that is, for all x € Y,

s(z)=s, and dimE! =k fori=1,...,s.
(Just keep in mind that we don’t assume that m is ergodic at this moment.)
Write V) = @_, Bl for i = 0,...,s — 1, and V7 = {0}. Clearly
{0} =vicvstc...cV?=R%
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Let &, &1,...,& be the measurable partitions of ¥’ constructed as in Section 4.
Furthermore, we set

(6.1) E1={X,0} and  A\o(z) = A\ () for z € X

Clearly {_4(x) = ¥’ for any z € ¥'. By Lemma 4.4(2), we have

(6.2) Qne NE(@) NP Y (2) € B (z, "M@ty i = 1.0,...,5—1

when n is large enough. Here B™(z,r) is defined as in (2.3).

For i = —1,0,...,s, let {m$} be the canonical system of conditional measures
associated with &. By the definition of £_;, we see that m&-* = m for any z € .

For x € ¥ and i € {0,1,...,s}, let h;(z) be defined as in (4.15). Due to (4.17)
we write
h_l(l') = h()(l‘)
According to Lemmas 4.6 and 4.8,
(6.3)
lim — log m%(Qn,e n Pg_l(x))
n—00 n

For z € ¥’ and r > 0, let I';(x,r) be defined as in (5.1), that is,
Di(z,r)={ye¥: dist(ry+ V!, me + V) <7}, i=1,...,s.

= hi(z) for m-a.e. x € 3, 1=-1,0,...,s.

Write for convention that
Fo ([L’, ’I“) =Y.
It is easy to see that for i = 0,1,...,s,
(6.4) Dife,r) = {y € X'+ || Py (my — 7)< ),
where (V/)* stands for the orthogonal complement of the space V' in R% and Py
is the orthogonal projection from R? to W.

Moreover, define

log m§ (D1 (z,7))

(6.5) Vi(z) = hgl_}glf log

Clearly ¥_i(z) = 0 for every z € ¥’ since I'g(z,r) = ¥’. Combining this with
Proposition 5.1 yields

J/’)_hz(x) (i=-1,0,...,s — 1)

hiya(
6.6 9,(z) >
(6. () 2 M
for m-a.e. x € ¥,
For i = —1,0,...,s and x € ¥, define

_ 1 & B~ 1 1 B
5;(x) = limsup ogmf( (x,r))7 5.(x) = lim inf ogm§ ( (m,r))‘
r—0 log r 50 log 7

We claim that for m-a.e. x € ¥/,

(C1) ds(z) = d4(x) = 0.
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(C2) hHl/\x) zx;%(m) > 6;(x) — 6441 () for i = —1,0,...,5 — 1.
i+l

(C3) 8iya(2) + 0:(2) < B,2) for i = —1,0,...,5— 1.
(C1)-(C3) together with (6.6) force inductively that for

It is easy to see that
m-a.e. x € Y,
hia(z) = by |
(6.7) Ui(z) = () () fori=s-1,...,0,—1,
Aiy1()

5,(x) = &(x) fori=s,s—1,...,0,—1

—1

(we write the common value as J;(x)), and furthermore
s—1

hjv1(x) — hy(z)
6.8 0, as !
09 Z L D ey
fort=-1,0,...,s. In partlcular
s—1
hiyi(x) — hi()
(6.9) dimyee (mem, 7)) = d_1(x) = do(x Z Vi ( Zz; e

for m-a.e. x, which proves Theorem 1.2(i) under the additional assumption (4.7). In
the following we prove (C1)-(C3) respectively.

Proof of (C1). Since & (x) = 7Y (mz) N &(x) € B™(z,r) for any z € ¥ and r > 0,
we have
mg (B™(w,7)) = m§ (&(x))

=1
and so m& (B™(x,7)) = 1 for all x € ¥'. Thus &,(v) =d,(z) =0forallz € ¥'. O

Proof of (C2). We give a proof by contradiction, which is modified from [46, §10.2]
and the proof of [29, Theorem 2.11]. Assume that (C2) is not true. Then there
exists i € {—1,0,...,s — 1} such that

hivi(z) — hi(z) < <
)\H_l (x) < (Sl(l‘) — 5i+1(x)

on a set U = U; C ¥/ with positive measure. Fix such i. Removing a suitable
subset from U if necessary, we may assume that one of the following holds: (a)
Nit1(z) # —oo for all z € U; or (b) A\jy1(x) = —oco and 6;(x) > 0;41(x) for all z € U.
Notice that (b) can not occur unless i = s — 1, since \;1;(z) # —oo for i < s — 1.

Now we first assume that the scenario (a) occurs. Then there exist o > 0 and
real numbers h;, b1, Aiv1, 04, 0,01 with ;11 < 0 such that

hiv1 — hy

6.10
(6:10) Nt

<gi_3i+1_a

and for any € > 0, there exists B, C U with m(B,) > 0 so that for =z € B,
|hl({23') — hl| < 6/2, |h1+1($) — hi+1| < 6/2, >\i+1($) < >\7j+1 + 6/2
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and B - B B

51(.T) > (51 — 6/2, 5i+1(ﬂf) < 51'4_1 + 6/2
Fix € € (0, —X;11/3). There exists ng: B, — N such that for m-a.e. z € B, and
n > no(x), we have

0 log m&i+ (B”(x,e”()‘”ﬁ%)))
n(Aip1 + 2€)

(2) —% log m&§+ (Py(x)) > hiy1 — € (by (4.16));

(3) Q”f N&(x) NPy (z) C BT (x, "+ 729)  (by (6.2));

@)~ logm§(Qu P ) <hite (b (63),

< 5i+1 + €

Take Ny such that
A= {x € B.: ng(x) < No}

has the positive measure. By Lemma 2.5(1) and Lemma 2.2, there exist ¢ > 0 and
A" C A with m(A’") > 0 such that for x € A’, there exists n = n(x) > Ny such that

ms* (LN A)
m&* (L)

(5)

> ¢, where

L := B"(x, e”(’\i+1+2€));
1 &i BT ’2 n(Xi+1+2€) .
(©) ogms (B™(x,2e ) ST e
’I”L()\Zurl + 26)
log(1
(7) log(1/c) < e
n
Take x € A’ such that (1)—(7) are satisfied with n = n(z). Write C' = £;41(x) and
C" = &(x). Then by (5) and (1),
m&+ (LN A) > emb+ (L) > ce Pt +29@ite),

But for each y € LN A, by (2), m§* (Pr ' (y)) < e ™h+179 Tt follows that the
number of distinct Py~ '-atoms intersecting C'N L N A is larger than

m§+ (LN A)enhie=o),
However each such a P~ *-atom, say Py (y), intersects C’NLNA. This implies that
QncNC' NPy Yy) is contained in €' N B™(z, 2™ +1729)) To see this implication,

let z € Py t(y)NC'NLNA;since z€ LN A, we have d(rz, mx) < e"P+1%29) and
thus

Que NC' NPy (y) = Que N&i(2) NP1 (2)
C B (2" 729) - (by (3))
C B™(x, 26”()‘”1“6)),

80 Q. NC' NP Hy) C C'" N B™(x,2e"i+1729)) a5 desired. In the meantime, by
(4), m& (Qn. NPy Hy)) > e ™hi+9) . (To see it, picking w € Py~ y)NC'NLNA, we
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hive € () = & () and ths mE (Q VPG~ (1)) = mi(Qu VPG~ () > 77050 )
Hence

m (B (x, 2" i1 +29)) 4#{Pr~Latoms intersecting ¢’ N L N A} - e~"hite)
mé&i+t (L N A)e”(hi“’e)e’"(hi“)

Cen()\i+1+26)(gi+1+€) en(hi+1fe)€fn(hi+e).

ARV

v

Combining the above inequality with (6) yields
(Aig1 +26)(0; —€)

_ 1
(6.11) > (N1 +2€)(0i41 +€) + % + hiy1 — hiy — 2¢

> <)\i+1 + 26) ((5i+1 + 6) + hi+1 - hz — 3e.

Taking € — 0 yields h; 1 — h; < Aip1(6; — d441), which leads to a contradiction with
(6.10) (keep in mind that A\;1; < 0).

Next we assume that the scenario (b) occurs, that is, A\jyi(2) = —oc0 and &;(x) >
d;+1(x) for all z € U. In this case, i = s — 1, and thus by (C1), §;,,(z) = &;41(z) =0
for all z € U. So &;(z) > 0 for all z € U. Hence there exist real numbers h;, hiy1,0;
with &; > 0, so that for any ¢ > 0, there exists B, C U with m(B,) > 0 such that
for x € B,,

|hl(.’17)—h1’ < 6/2, ‘hi+1($)—hi+1| <€/2, gl(LU) 231—6/2

Set A\iy1 = (=1/¢) — 2¢ and 6,1, = 0. Then an argument similar to that for the
scenario (a) shows that the previous estimates (1)-(7) hold, and moreover, the in-
equality (6.11) still holds. Taking € — 0 gives §; < 8,41 = 0, leads to a contradiction
with &; > 0. O

Proof of (C3). Here we give a proof by contradiction, following the lines of the
proof of [29, Theorem 2.11], in which the arguments were adapted from the original
proof of [46, Lemma 11.3.1]. Assume that (C3) is not true. Then there exists
i € {-1,0,...,s — 1} such that 0, ,(x) + ¥;(xz) > 0,(x) on a subset of ¥’ with
positive measure. Hence there exist 3 > 0 and real numbers 9;, §; ;,¥; such that

(6.12) Ojpq + Vi >0, + B,
and for any € > 0, there exists A, C 3" with m(A.) > 0 so that for z € A,
(6.13) 10;(x) = 6,1 < €/2, [0;41(2) — G| < €/2, [Pi(x) — | <e/2.

Let 0 < e < /4. Find N; and a set A, C A, with m(A.) > 0 such that
(6.14) m§+ (B™(x,2e™™)) < e i) for 2 € AL and n > Nj.

By Lemma 2.5(1) and Lemma 2.2, we can find ¢ > 0 and A” C Al with m(A”) >0
and Ny > Nj such that for all x € A” and n > N,

mg (AL N B (z,e™"))
ms (B"(z,e™))

> C.
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For z € A” and n > N,, we have
m%’(B”(x, e ") < c_lmfj(A; N B™(xz,e™™))

(6.15) =c / mg+ (ALN B (x,e7")) dms (y)

—et [ AN B e ) dn )
Tip1(z,e™m)

where in the last equality, we use the fact that y € T'; 1(z,e™"), if y € &(z) and
Eiv1(y) NALN BT (xz,e7") # 0. To see this fact, let y € &(x) such that & 1(y) N
AN B (z,e™") # 0. Take w € &§41(y) N ALN B™(z,e™). Then 7w — 7y € V™,
|mw — mz|| < e™™ and w™ =y~ = 2~ which implies V;*! = V™" = V*'. Hence
dist(ry + VT me + VI = dist(rw + VI rz + VI < lrw — x| < e,

and thus y € [';11(z,e™™). This completes the proof of the fact. In the above
argument, since ||Tw — 7zl < e, we have A.N B™(x,e™") C B™(w,2e™") and thus

77151'*1(14/6 NB™(z,e™)) = m&+ (AN B™(z,e™™))
met (BT (w,2e7"))
e "= (by (6.14)).
Combining the above inequality with (6.15) yields
mS(B™(z,e™)) < ¢ te = ImS (T 4 (2, e7™)) (x e A, n> Ny).

xT

<
<

Letting n — oo, we obtain d,(x) > 9,,, — e+ U;(z) for € A?. Combining this with
(6.13) yields
0; 20, t VUi —4e> 4,4 +0; — B,

7 = =

which contradicts (6.12). O

So far we have proved Theorem 1.2(i) under the additional assumption (4.7). Now
we consider the general case that the integer functions s(z) and dim V!, 1 < < s(x),
may not be constant over ¥’. In such case, by Theorem 2.12 there exists a finite

Borel partition
k
=]
j=1

of ¥ so that for each j, 3; is o-invariant, and s(z) and dim V! are constant restricted
on X;. Ignore those indices j with m(X;) = 0. We define probability measures m;
by

m‘gj

m(%;)

Then m; € M,(X;). Since now (4.7) holds for m; (in which ¥’ is replaced by ¥;),
we see that (6.9) holds when replacing m by m;. In particular, the local dimension
dimy,e (. (m;), ) exists for mj-a.e. x € ¥;. Equivalently,

(6.16) lim logm(X; N B™(z,1))
‘ r—0 logr

mj:

exists for m-a.e. v € XJ;.
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By Lemma 2.5(1) and Lemma 2.2, for m-a.e. x € ¥, the following

lim m(3; N B™(x,r))
r=0  m(B™(z,r))

exists and takes positive value. This together with (6.16) yields that the local
dimension dimjec(m.m, 7z) exists for m-a.e. x € ¥;. Since j is arbitrarily taken,
dimyee(mem, mz) exists for m-a.e. @ € ¥'. This completes the proof of Theorem
1.2(i). O

Proof of Theorems 1.2(ii) and 1.3. Since now m is assumed to be ergodic, the con-
dition (4.7) holds and the functions \;(x), h;(z) (i = —1,...,s) considered in the
proof of Theorem 1.2(i) are all constant, which we denote by \;, h; respectively. The
formula (1.6) just follows from (6.9). O

Proof of Theorem 1.4. It is based on the proof of Theorem 1.2. To see (1.7), let
i€{0,...,s—1}. By (6.8), for m-a.e. z € ¥/,

At (. (), ) = 6, = 5 e~
) k=i A1
Equivalently, for m-a.e. z € ¥/ and mS-a.e. y € &(x),
s—1
i (1. (). ) =, = 3 B =0
k=i k+1

Hence for m-a.e. z € X', 7, (m$) is exact dimensional with dimension given by (1.7).
Next we prove (1.8) and (1.9). By (6.7), for m-a.e. x € ¥,
hivy1 — hi

(6.17) 9i(z) = 0; =
)‘i+1

fori=—-1,0,...,s —1.

Let I'y(x,r) (x € ¥'), 0 <i < s, be defined as in (6.4).
Fix je{l,...,s}. Fori=—1,0,...,j and x € ¥, define

1 S(T, 1 &i(T.
¥, +(z) = limsup og mg'( ](33,7“))’ ~v. () = liminf og m ( ]<x771)).
7 r—0 IOgT —,J r—0 10g7’

We claim that
(6.18) Ei(x)NTj(z,r) =&(x)N g Y (B(gx,7)),

where g : &(x) — (VI)" is defined by y — P(Vj)J_<7Ty). To see this, let y €

&(x)NTj(z, 7). Then dist(ry+ V7, mz+V7) < r, equivalently, ||gy — gz|| < r; hence
y € g Y(B(gz,r)). This proves the direction & (z) NT;(z,r) C &(z)Ng~ (B(gz,r)).
The other direction can be proved similarly. This completes the proof of (6.18).
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Now due to (6.18), we have m&i ([';(x,r)) = m$i (¢~ (B(gz,r))), and so

T

Tig (@) = Dt (P 2m), (mS), Py (n))

(6.19)
(z) = dimy,, ((P(Vg)m)*(mg'), P(Vg)l(m)) .

S

f)/

Lij
We claim that for m-a.e. x € 3, the following properties hold:
(D1) 7,,(2) = 7, (x) = 0.
(D2) hi — hiy1 > —)\i+1(7i,j(x) - 7i+1,j(95)) fori=-1,0,...,5 — 1.
(D3) 7., (z)+0; <~ (x)fori=—-1,0,...,5—1.

Li+1,5 4,7
Clearly (D1)-(D3) together with (6.17) force that for m-a.e. x € ¥/,

L’j(x) =%;;(x) fori=jj—1,...,0,—1,

(we write the common value as v; ;(x)), and furthermore

I I hsr — b
(6.20) Yorg(@) =Y 0k =Y P and
k=0 k=0 k+1
I ey — b
(6.21) Yig(r) =Y —E—=% forie{0,1,...,5—1}.
~ Ak

Now (1.9) just follows from (6.20) and the fact (6.19). To see (1.8), let i € {0,...,j—
1}. By (6.21) and (6.19), we have for m-a.e. x € ¥/ and m§-a.c. y € &(z),

j—1
‘ | hit1 —h
dimyee ((P(VJ)J_W)*(m%)y P(vg)l(ﬂy» =%4(x) = ; ’“Jr)\lk—ﬂk,

where we use the fact that V) = V! for y € & (), due to y € §(z) (see Lemma 4.1).
As a consequence, for m-a.e. x € ¥, (P(Vj)ur)* (m§) is exact dimensional and (1.8)
holds. To complete the proof of Theorem 1.4, in the following we prove (D1)-(D3)
respectively.

By the definition of &, for x € ¥ and y € ;(z), we have 7y — 7z € V7 and
thus 7y + VJ = 7o + V7. It follows that y € T';(x,7). Hence &(z) C T;(x,r) and
thus m/(L';(x,r)) = 1 for # € X’ and any r > 0. Hence 7, ;(z) = ij(ac) = 0 for all
x € 3. This proves (D1).

The proofs of (D2) and (D3) are almost identical to that of (C2) and (C3), respec-
tively. Indeed we only need to modify the proofs of (C2) and (C3) slightly. More
precisely, among other minor adjustments, we may simply replace the terms 9;, d;,1,
B™(z, e"Pen1420) BT (g 2enPin1t29) BT (1 ™) therein by 7 j, Yis1,j, Lj(x, ePi1t29))
(2" +1+29) "and I';(z, e ™) respectively. This completes the proof of Theorem
1.4. ]

As a corollary of Theorem 1.4, we have



46 DE-JUN FENG

Corollary 6.1. Under the assumptions of Theorem 1.3, for i € {0,...,s — 1} and
m-a.e. x € X,
logm§ (Tiga(z,7))  hipr —h

(622) 191(513) = ll_I)l’(l) log?" == /\H_l S ki+1~

Proof. Fix i € {0,...,s — 1}. As is proved in Theorem 1.4, for m-a.e. z € ¥/,
hiy1 — h;

lim logm§ (Ti41(x, 7))
i1

r—0 log r

= %’,z'+1($) =

To see (6.22) it remains to prove that hl%:“ < kiy1. By Theorem 1.4, for

m-a.e. x € XY/, the measure n, = (Pvm)mr)*(m%) is exact dimensional with
-

(
dimension hl;—“hl However, 7, is supported on the affine subspace wx + (V& Vi)

of dimension k;,1, where V! & V™! stands for the orthogonal complement of V!

. ; . Riv1—h:
in V!. Hence dimy 7, < k;41, and so, Il—H < ki1 O
X3

Lemma 6.2. (i) Let m € My(X) be quasi-Bernoulli. Then for m-a.e. x € X,
Ty (mﬁ,o) 18 strongly equivalent to m,m.

(ii) Let m € My() be sub-multiplicative. Then for m-a.e. x € ¥, m,(m) is
absolutely continuous with respect to mom.

Proof. We first prove (i). Since m is quasi-Bernoulli, by definition there exists a
positive constant C' such that

Ctm([I))m([J]) < m([1J]) < Cm([1]))m([J])
for all finite words I, .J over A. Below we show that for m-a.e. x € X,
(6.23) C™'m([1]) < m@([1]) < Cm([1])
for all finite words I over A. This is enough to conclude the strong equivalence
between 7, (m§0) and m,m, since mx only depends on z7 1= (x,,)%,.

To see (6.23), note that the measurable partition & is induced by the mapping
7Y =Y, o = (2,) L. Thatis, &(2) = {y € ¥ : 7y = 72} for every z.
Applying Lemma 2.5(1) to 7 : ¥ — ¥~ yields that for m-a.e. z,

m([z_p ... x_11])

(6.24) m3 (1)) = Em(xn|m ™ (B(X7)))(x) = lim

T n—00 m([x,n .. .1771])

for all finite words I over A. (6.23) is then obtained from the quasi-Bernoulli property
of m.

Next we prove (ii). Here m is assumed to be sub-multiplicative and we only have
the one-sided inequality m([1J]) < Cm([I])m([J]). However this is enough to derive
from (6.24) that for m-a.e. z, m$([I]) < Cm([I]) for all finite words I over A. As a
consequence, (mﬁ,o) is absolutely continuous with respect to w,m, with a uniformly
bounded Radon-Nikodym derivative. O
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Proof of Theorem 1.6. We first prove (i). Fixi € {1,...,s — 1}. By Theorem 1.4,
for m-a.e. € ¥/, m, (m§) and (Pysyom), (mf) are exact dimensional with

s—1

his1 — h
di » & _ k+1 k
imy (m. (m§)) ; v
and B
di , N
i ((Prgem), () = 3 =0,
k=0 k+1
hence,
(6.25) dimy (7, (m&)) + dimg ((Pyzem) (m$)) = dimg (7, (m&)) .

Next let x € ¥ and write W = V!, v = m%, n = m,v. Notice that v is supported
on &(z). Consider the measurable partition ¢ of R? given by

C:={W+a: acW}.

Set 771 = {&(x)Na (W +a) : a € Wt}. Then 71 is a measurable partition
of &(x). Let {nglg}yeso(x) be the system of conditional measures of v associated
with 771, and {n$}.cre the system of conditional measures of 7 associated with (.
Write ny. := nS. By the uniqueness of conditional measures, we have for v-a.e. y,

(6.26) T (V;r_1C) = Wy

Notice also that for y € &(z), the atom (77'¢)(y) is nothing but &(y). Hence we
have V;_1< = mgi for m-a.e. x and m$-a.e. y. This combining with (6.26) gives

(6.27) me(mf) = (7 () v, -,

for m-a.e. . Plugging the above equality into (6.25), we see that 7, (mfco) satisfies
dimension conservation along V.. This proves (i).

Now we turn to the proof of (ii). Suppose that m is quasi-Bernoulli. By Lemma
6.2(1), for m-a.e. x € ¥ m, (mgo) is strongly equivalent to p = m,m; as a con-
sequence, (P(VIi)L']T)*(mgo) is strongly equivalent to (P(VJ)L)*M. It follows that

for m-a.e. x € Y/, (P(sz‘)J_)*,LL is exact dimensional with dimension ZZ_:I() %
Equivalently, for (Hi)*m—a.e. W, (ij_)*,u is exact dimensional with dimension
i—1 hgy1—hy,
k=0 " App1

Again since m, (mfco) is strongly equivalent to u for m-a.e. x, applying Lemma
2.8 to the orthogonal projection Fy:i1 : R? — (Vi)+, we see that m-a.e. x, Wi ma
is equivalent to (ﬂ'* (méo))

. . —1 hgp1—h
dimension ), _, “EH—E

Vige = T (mfg), and SO fiyi r, 18 exact dimensional with
ST Equivalently, for (Hi)*m—a.e. W and p-a.e. z, pw, is exact
s—1 hk+17hk

dimensional with dimension ) ,_; Recall that we have proved that for

Ak+1 4
(Hi)*m-a.e. W, (PwL)*[,L is exact dimensional with dimension 22;10 % This
is enough to conclude (ii).
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Finally, we prove (iii). Suppose that m is sub-multiplicative. By Lemma 6.2(ii),
for m-a.e. x € ¥/, m, (mg‘)) is absolutely continuous with respect to . Hence there
exists H C ¥/ with full m-measure such that for any x € H, there exists a Borel
set F,, C R? with positive p-measure such that (m,(m))p, is strongly equivalent to
pr,, where vy stands for the probability measure defined by v4(-) = v(AN-)/v(A).
As is proved in part (ii), when m is quasi-Bernoulli, we can take F, = 3.

Now fix x € H and i € {1,...,s — 1}. Set W = V! and write for convenience

/

ni=m(m®), 0= mmP)r, W= s

Applying Lemma 2.9 to the projection Py . : R — R and using the Borel density
lemma, we see that for p-a.e. z € F, (equivalently for n-a.e. z € F}),

dimyee (1) w2, 2) = dimiee(nw,z, 2),

dimuee (1) w2, 2) = dimuoe (w2, 2),
dimyy. ((PwL> 0, Pyi(z ) = dimye, ((PwL)*’r],PwL(Z))7
dime ((Pws) 4, P (2)) = dimiee (P ), pt, Pie(2)).
Since ' and ' are strongly equivalent, by Lemma 2.8, for u-a.e. z € F,

(6.28)

dimioc (1) w2, 2) = dimioe (1) w2, 2),
dimye. ((PwL)*’f]/7 Py (z)) = dimye, ((Pwi)*lu/, Pwl<2)).
Combining the above equalities with (6.28) yields that for p-a.e. z € F,
dimyee(pw,z, 2) = dimiee (w2, 2),
dimy,e ((ij_)*ﬂ, Py (2)) = dimyoe ((ij_)*'r], Pyi(2)).
Now (iii) follows from (i). This completes the proof of the theorem. g

Proof of Theorem 1.7. Here we only give a sketched proof. It is based on [29, The-
orem 2.11] and its proof.

Since the linear parts M; of S commute, R? can be decomposed into the direct
sum 17 @ - - - @ Ty of some subspaces with dimensions ¢, . . ., ¢, so that for each pair
(7,p) € Ax{1,...,0}, M;T, C T, and M, is “weakly conformal” on T}, in the sense
that there exists aj, > 0 so that lim, o [[M"0||"/" = a;, for v € T,\{0}. Hence
under a suitable coordinate change, S can be written as the direct product of some
“weakly conformal” affine IFSs Sy, ..., S;on R ... R% (cf. [29, Definition 2.10]).

Set A, = > ieam(J])loga;p for p =1,... . Permutating S;’s if necessary, we
may assume that
AL > > A
For p € {1,...,¢} and let 7, be the orthogonal projection from R? to Y, :=

R% x --- x R%, and let mS be the conditional measure of m associated with the

measurable partition {7~' o7, (y) : y € Y,} of ¥. It is implicitly proved in [29,

Theorem 2.11] that there exist h,,(c) = ho > hy > --- > hy > 0 such that for

m-a.e. © € ¥ and p € {1,...,¢ — 1}, the measure 7r*( gf’) is exact dimensional
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=1 hjp1—h,
Jj=p Xj+1
=1 hji1—h;
=0 Ny
when § is invertible and contracting. But it can be extended to the general case
like Theorem 1.6.) Applying this result to the IFS &; x - - - x S, gives that (7). is
p=1 hjy1-h;

=0 N

with dimension , and moreover, ;1 = m.m is exact dimensional with

dimension ) (We remark that this is only proved in [29] in the case

exact dimensional with dimension )

Set = m.m. Let {/J,YPL7Z} denote the system of conditional measures of p asso-
ciated with the measurable partition {lel(y) . y € Y,} of R% Similar to the proof

of (6.27), we can show that for m-a.e. x € 3, Pyt rw = T (mg”). It follows that pu
is dimension conserving with respect to the projection 7,. Moreover, O is exact
dimensional for p-a.e z.

Now let 1 < p; < --- < py =¥ be those integers so that

Xl :-.-:Xpl >Xp1+1:"':Xp2 > PR >Xp5/71+1 :"':XPS/'
It is readily checked that s = s/, \; = \,, and Vi = W := Y- for 1 <i < s and
m-a.e z. In particular, Py,. = 7, for i = 1,...,s — 1. Hence p is dimension
conserving with respect to the projections Py, i =1,...,s — 1. U

Remark 6.3. The proof of Theorem 1.7 implies the following result: Let & =
{S;(z) = rjz + a;};en be a self-similar IFS on R? with r; > 0, average contracting
with respect to an ergodic m € M, (X). Then for any proper subspace W of R¢, w,m
is dimension conserving with respect to Py . This generalizes the result in [25, 34].

To see it, let p = dim W and let vy, ..., v be an orthonormal basis of R? such that
span(vy, ...,v,) = W. Then one can check that S can be written as the product
Sp X -+ - x 8§y of some one-dimensional IFSs on X7, ..., Xy, where X; = span(v;), and
moreover \; = --- = Ag. Now the desired dimension conservation property follows

from the proof of Theorem 1.7.

7. LYAPUNOV DIMENSION

Throughout this section, let m be an ergodic o-invariant measure on X and M =
(M;)jen be a tuple of d x d real matrices satisfying

1
A(M,m) := lim —/log | My -+ My, || dm(z) < O.

n—oo M,

Let S = {S;(x) = M;z + a,}jea be an affine IFS on RY. Let {(\;, k;) }1<i<s be the
Lyapunov spectrum of M with respect to (X,071, m). Set

Lo=0 and Li=-Y Mk for i=1,... s
/=1

Clearly Ly < Ly < -+ < L. Following [42], we give the following.
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Definition 7.1. The Lyapunov dimension of m with respect to M, denoted as

dimpy (m, M), is defined to be

( j—1

hm(o) — L;_ _

( E kg) + % if Li—y < hy(0) < L; for some j € {1,...,s},
=0 7

d hpy (o)
\ Ls

if hunl0) = L.

Let m be the coding map associated with S. Recall that h;, 0 < ¢ < s, are the
conditional entropies of m defined in (1.5), and hg = hy,(0). The following result
says that the Lyapunov dimension of m is always an upper bound for the Hausdorff

dimension of m,m. This result was first proved in [42] under a stronger assumption
that ||M;|| < 1 for all j.

Proposition 7.2. dimyg m.m < min{d, dimpy(m, M)}. Moreover, the equality holds
if and only if one of the following holds:

(1) hy(o) > Ls, and h; = hy,(0) — Ly for alli € {1,...,s}.
(2) hy(o) € [Lj—1, Lj) for some j € {1,...,s}, and

10 if ] <1 <s.

Proof. Since A(M, m) < 0, the IFS S is average contracting with repect to m. By
Theorem 1.3, dimyg m,m = Zf;é hjl—;hl Recall that
0> AM,m) =X >--- > Ay > —00,
and
hm(0) = ho > hy >--- > hy > 0.

Moreover by Corollary 6.1, h; — hiy1 < (—=Ai41)kiyq for each i. Hence dimy mom is
bounded above by

s—1
A := max ZL: h(o) =20 > -+ > 2, >0, 222 < kg for all i
— Aip A1

——

Now it is readily checked that the following hold: (a) if h,,(0) > L, then A = d
and the maximum in defining A is attained uniquely at (z¢,x1,...,z;) where z; =
hp (o) — L; for 0 < i <s; (b) if hy,(0) € [Lj_1, L;) for some j € {1,...,s}, then

(& hn(0) — Ly
3= () s

and the maximum is attained uniquely at (z1,...,xs) where z; = h,,(0) — L; for
i < j—1andO0 for i > j. As a consequence, the results of the proposition hold. [
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Remark 7.3. By Proposition 7.2, if dimg m.m = min{d, dimpy(m, M)}, then
J
he — hy_
Z%:min{k1+---+kj,dimH7r*m} forg=1,...,s.
¢
=1
This result was partially proved in [4, Corollay 2.7].

Proposition 7.4. Suppose that S is contracting and satisfies the strong separation
condition. Then the following statements hold.

(i) hs =0, hy(o) < Ly and dimpy(m, M) < d.
(i) Let j be the unique element in {1,...,s} so that Lj_y < hy,(0) < Lj. Then
dimy mom = dimpy (m, M) if and only if

- )
he — hey he — hy_y
De el g STl
A e 2T |
/=1 l=75+1
where dy =0 and d; ==k +---+ k; for1 <i <s.

J

(7.1)

Proof. (i) We first claim that hs = 0. Since S satisfies the strong separation condi-
tion, &s(x) = {x} for each x € ¥'. Thus & = B(X') and hence hy = H,,(P|¢s) = 0.

Next we prove that h,,(0) < Ls. Clearly this is true if Ly = oo (equivalently, if
As = —00). Below we assume that Ay > —oo.

Let K denote the self-affine set generated by S. For 6 > 0 let K be the closed
d-neighborhood of K, i.e. K5 = {z: d(z,K) < ¢}. Since S satisfies the strong
separation condition, we can pick a small § such that S;(Ks) (i € A) are disjoint
subsets of the interior of K5 and hence L4(Ks) > Y, L%(S;(Ks)). It follows that
P =D ien | det(M;)] < 1.

Since m is ergodic o-invariant, by [31, Lemma 3.2] and the Shannon-McMillan-
Breiman theorem, for m-a.e. x € X,

1 dth Tn—1 . oo Tp—
(r2)  tim LM g 2an])

n— 00 n n—00 n

= —hp(0).
For ¢ > 0 and n € N, let A, . denote the set of words I of length n over the
alphabet A such that
|det(M;)| > e ™E=me m([I]) < g~ Mhm(@)Fne
By (7.2), limy,, 500 D jep, . m([I]) = 1. Notice that
pr =" |det(Mp)] > Y | det(M;)]

IeA™ IEAn,E

> Z e—an—ne m([l])

e—nhm(a)—l—ns
IeAn,(

— o Ls—hm(0)+2¢) | Z m([1])

T€A
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Letting n — oo and € — 0, we obtain the desired inequality h,, (o) < Ls+logp < Ls.
Now the inequality dimpy(m, M) < d follows directly from Definition 7.1. This
proves (i).

Finally we prove (ii). Since hy = 0 and 0 < hyy — hy < (—X¢)k, for each ¢
by Corollary 6.1, we see that (7.1) holds if and only if hy—y — hy = (—A¢)k, for
1</ <j3—1and hy =0 for 5 < ¢ < s. By Proposition 7.2, this is equivalent to
that dimy m,m = dimpy (m, M). O

Remark 7.5. Theorem 1.6 (resp. Theorem 1.7) can be applied to estimate the
dimension of slices and projections of certain self-affine sets. To see it, let K a self-
affine sets generated by a contracting affine IFS {S; = M;z+a;};en on R%. Suppose
that there exists an ergodic m € M, (X) so that

(7.3) dimpy m.m = dimyg K.
Follow the notation in Theorem 1.6 and assume s > 2. Since the slicing measures
(m(mf))vz,, are supported on the slices K N (V; + y), by using Theorem 1.6(i)
and a general inequality in Theorem 2.10.25 of Federer [28], we obtain that for
ief{l,...,s—1} and m-a.e. x,

s—1

dimyg K N (V) +9) = Z M for (Puyiyam), (mé)-ae. y € (Vi)*
Y £+1
and
(7.4)
s—1 i—1
dimy {y € Py (K) : dimg K N (V} +y) = ;he%;hg} = ;M#;hg.
If in addition to the assumption (7.3), we further assume that
dimyg m.m = dimpy (m, M),
then
(7.5) dimy Py (K) = min{dim(V})", dimy K} for m-a.e. z.

Indeed by Remark 7.3, the sum in the right-hand side of (7.4) is equal to
min{dim(V})*, dimg 7.m},
and hence equal to min{dim(V;})*, dimyg K}. Now (7.5) follows from (7.4).

8. SEMI-CONTINUITY OF ENTROPIES AND DIMENSIONS

In this section, we prove Theorems 1.8-1.10. Set
(8.1) fl@) = My M,, || forz e
n=1

Lemma 8.1. Let n be a Borel probability measure on ¥ with n({f = occ}) = 0.
Then (Wa)*n depends continuously on a, in the sense that (7Tan)*17 converges to

(7ra)*17 weakly when a,, converges to a.
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Proof. For x € ¥ with f(z) < oo, ma(w) is well-defined for every a € RU*! and
moreover,

(8.2) [7a(2) — mp(2)]| < f(z)[la = bl

For N € N, set Ay := {z : f(z) < N}. Since n({f = oo}) = 0, it follows that
n(Ay) — 1 as N — oc.

Let (a,) C RY4" so that lim,,_, a, = a. For convenience, write v,, = (Wan)*n and
V= (ﬂa)*n. To show that v, converges weakly to v, by the Portmanteau theorem,
it suffices to show that limsup,, .. v,(F) < v(F) for any compact set F' C R,

Now fix a compact set F' C RY. Let € > 0. Take a small 7 > 0 so that v(V,(F)) <
v(F') + €, where V,.(F') stands for the r-neighborhood of F'. Take a large N so that
n(X\ Ay) < e. Pick ng so that ||a, — a|| < r/N when n > ny.

By (8.2), for z € Ay and n > ny we have |7, (z) — ma(z)|| < N|la, — a|| < 7.
Hence Ay N7 (F) C Ay N ' (Vo (F)) for n > ng. It follows that for n > ny,
vo(F) = n(m,,) (F))
< n(E\ Ay) + Ay N, [ (F))
< e+ n(Ay N (Vi(F)))
< e+ v(Vo(F))
< v(F) + 2e.

Hence limsup,, . vn(F) < v(F) 4 2¢. Letting € — 0 gives limsup,,_, . Vn(F)
v(F'), as desired.

CIIA

Proof of Theorem 1.8. We first prove part (1) of the theorem. This is done by
extending an idea of Rapaport [64, Lemma 8§].

It is implicitly proved in Proposition 3.1 that m({f = co}) = 0, where f is defined
asin (8.1). Let i € {1,..., s} and write ; » for §; so as to emphasize its dependence
on a. Since

0=m({f =och) = [ mEn({f = ochdm(a),

the set A, := {x €Y mir({f =o0}) = 0} has full m-measure.

Noticing that & is independent of a, and §; , is a refinement of &, (i.e. any set in
&ia is a subset of an element in &), we have

hia = Hp(PlEia)
— [~ ogm$(Pla)) dm(a)
_ / / —logm{+(P(y)) dmS (y) dm(x)
— [ H,5(Pltia) dm(a),
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Fix ag € R In what follows we show that hi» is upper semi-continuous in a
at ag. Since A,, has full m-measure, hia = [, H_ & (P|&a) dm(z). Hence it is
aq T

sufficient to show that a — H ¢ (P|{;a) is upper semi-continuous at ag for every

x € A,,. For this purpose, fix x € A,, and write C' = &(x), W = V! and m¢c = m$.
Then by the definition of &; ,,

H, & (Pl&ia) = Huo(Plrg" o Pyl (B(WH))).

Following the proof of [71, Lemma 8.5] or [64, Lemma 8] with minor changes, we
can construct a sequence (6n) of finite Borel partitions of W+ such that (i) o(,) 1
B(W+) and (i) me o my ' (P, (9B)) = 0 for any B € |J,, fn. Since o(,) T B(W),

Hyo(Plrgt o Py (BOW™)) = lim Hy, (Pl o Py (o(Bn))

nh_)rgo Z Z (mela) 0wy (P (B)))

AEP BEBn
=Y u(meom(PL(B)) |
BE,Bn
where u(z) := —zlogz and mg|a(E) = mc(AN E). Since x € Ay, me({f =

o0}) = 0. By Lemma 8.1, the measures (ma).(m¢) and (ma)«(mc|a) (A € P)
depend continuously on a; and so do (Pwura) (mc) and (Pyima), (mcl|a). For
AeP and B € U, B, since me o w (P, (0B)) = 0, we have also (mc|a) o
Tat (P (0B)) = 0; it follows that, as functlons of a, u (me omy ' (P, (B))) and
u ((mC]A) owgl(PI;,ﬂ(B))) (A € P) are continuous at ag, and so is H,,.(P|r;"
Pl (0(8,)). Hence a — H,, (Plrgt o P\ (B(W)) is upper semi-continuous at
ay, as desired. This proves the upper semi-continuity of A; .

Next we prove the lower semi-continuity of the mapping a — dimy((7a).m). By
Theorem 1.3, we have

(8.3) dimg (7). m) Zthza,

where ty = —% and t; = /\% — ﬁrl for © = 1,...,s, with convention A1 := —o0.
Notice that tg > 0, t; < 0 for 1 < i < s and moreover, hy, = h,(m). By part (1),
hia,- .., hsa are upper semi-continuous in a. Hence by (8.3), dimy((7a).m) is lower

semi-continuous in a. O

Remark 8.2. Theorem 1.8 can be further extended. For given m and M = (M) ea,
let Sy denote the IFS {r;M;z + a;}jca where r = (r;);ea € (R\{0})" so that Sya
is average contracting with respect to m. Notice that the Oseledets subspaces with
respect to m and (r;M;);ep are independent of r. A slight modification of the
above proof establishes the upper semi-continuity of (r,a) — h;ra and the lower
semi-continuity of (r,a) — dimy((7p.a).m).
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Similarly, for given m let Sy 0.a denote the IFS {r;0;x + a;};ep of similitudes,
where r = (Tj)jEA € (R\{O})A, 0= (Oj)jEA € O(d)A, a — (aj)jeA € Rd‘A‘ so that
Sr,0.a is average contracting with respect to m. Then the mapping (r,O,a) —
dimy((7y,0,a)+m) is lower semi-continuous.

Proof of Theorem 1.9. We first prove (i). Let m be an ergodic o-invariant measure
m on 2. For n € N| set

1
Q, = {a e RUA: dimy((ma),m) < min(d, dimpy (m, M)) — 5} :

Since dimy((7a)«m) is lower semi-continuous in a by Theorem 1.8, Q,, is closed for
each n. Meanwhile, it was proved in [42] that dimpy((7a).m) = min(d, dimpy (m, M))
for £¥M-a.e. a. Hence for each n, Q,, is a closed set of zero Lebesgue measure, so it
is nowhere dense. This is enough to conclude (i).

Next we prove (ii). It was shown by Kédenmaéki [43] that there exists an ergodic
o-invariant measure 7 on Y such that dimpy (7, M) = dimapr(M). Fix such 7. Note
that for each a,

dimyg ((7a).n) < dimyg K (M, a) < min(d, dimapp(M)).
It implies that
{a e R dimy K (M, a) # min(d, dimapr(M)) }
c{ac RN dimg ((ma).n) # min(d, dimpy (9, M))}.
Now (ii) follows from (i). O

To prove Theorem 1.10 we need the following.

Lemma 8.3 ([64, Lemma 22]). Let u be a probability Borel measure on RY and
1 <k <d. Then the following statements hold.

(i) If dimyg p < k then for 0 < t < dimy u,
dimg{W € G(d, k) : dimg((Py).p) <t} < k(d—k—1) +1.
(i) If dimp p > k then for dimgp — k(d — k) <t <k,
dimg{W € G(d, k) : dimy((Pw).p) <t} < k(d—k)+t — dimy pu.

Proof of Theorem 1.10. The proof is mainly adapted from [64]. For the convenience
of the reader, we include the details. Write u = m,m. Since S satisfies the strong
separation condition, by Proposition 7.4 we have hy = 0, hy,(0) < > ;_;(=Ao)ke
and dimpy(m, M) < d. Let ¢ be the unique element in {1,...,s} so that d;_; <
dimpy(m, M) < d;. (Recall that dy = 0 and d; = ky +--- + k; for j > 1.) By
Definition 7.1, we have h,,(c) € [L;_1, L;) where Ly := 0 and L; := — % J_, A¢k for
j > 1. Below we prove the equality dimy ¢ = dimpy(m, M) under the assumption
that one of the scenarios (a), (b), (c) occurs.
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We first consider the scenario (a). In this case, s = 1 and by Theorem 1.3,

hy —h hom :
dimpg p = 1)\1 0 — )\(10) = dimpy (m, M).

Next we consider the scenario (b). In this case, i = s and so h,,(0) € [Ls_1, Ls).
To show that dimy m,m = dimpy (m, M), it suffices to show that

(84) hs—l = hm(O') + kl)\l + 4 kjs—l/\s—l-

Indeed if (8.4) holds, then hg — hs_1 = Z;i(—)\g)k’g, which forces that hy_y — hy =
(=Xo)ke for 1 < ¢ < s —1 (recalling that hy_y — hy < (=Xp)k, for all 1 < ¢ < s by
Corollary 6.1); hence

s—1

he — he_y
Shohe

=1
so (7.1) holds for j = s, then by Proposition 7.4, we obtain that dimyg ¢ = dimpy (m, M).
To show (8.4) we first prove that
(85) h's—l Z hm(O') + kl)\l + -4 ]{?5_1)\5_1.

To see this, replacing S by one of its iterations if necessary, we may assume that
|M;]| < 1/2 for all j € A. By Theorem 1.9 in [42], for L4]-a.e. a € RUAL

dimpy ((ma)sm) = dimpy (m, M).
Hence by Proposition 7.2, for £L4-a.e. a € R4
hsfl,a = hm(U) + k'l)\l + -+ ksfl/\sfla

here and in the next sentence, we write hy_; o = hs_; to indicate its dependence
on a. Since hy_;, is upper semi-continuous in a by Theorem 1.8, it follows that
hs 1> hy(o) + ki + -+ + ke 1Ay for all a € RUAL This proves (8.5).

Now suppose on the contrary that (8.4) does not hold. Then by (8.5), there exists
d > 0 such that hy_1 = hy,(0) + k1A + -+ ks_1Xs_1 +d. By Theorem 1.6 (iii), for
(Ils_q)sm-ae. W € G(d,d — ds_1),

s—1 h B h
dimp (P )opt) <D=~
(=1

= dlmH 1% + ds—l - dimLy(m, M) - 5/(—>\5),
where in the last equality, we use the fact that

hO - Lsfl hsfl -0

di M) =d,_ =d,_ S
imypy (m, M) s—1 T+ =W s—1 + =
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Let Y denote the set of W € G(d,d — ds_1) such that
dimg ((Pypo)ep) < dimpg g+ ds—1 — dimpy (m, M) — 6/(—=Xs).
Then m o (IT,_1)~*(Y) = 1, so by (1.12),

dimp Y > dimp((I1s-1).m)

(8.6) > ds—1(d — ds—1) + ds—y — dimpy (m, M).

On the other hand, we can get an upper bound estimate for dimy Y by using Lemma
8.3. Indeed, if dimgp < ds_y, then by Lemma 8.3(i) applied to k = ds_; and
t = dimg p + ds—1 — dimpy (m, M) — §/(—As), we see that

dlmHY g ds_l(d — ds—l) + dlmH om— dimLy(m, M) — 5/(—)\5)
S ds—l(d - ds—l) + ds—l - dimLY(mu M) - 6/(_As>a
Conversely if dimy & > ds_1, then by Lemma 8.3(ii) applied to k = ds_; and ¢t =

dimyg g1+ ds_1 — dimpy (m, M) — /(= \;), we get the same upper bound for dimy Y,
which contradicts with (8.6). This proves (8.4).

Finally we consider the scenario (¢). In this case, h,,(0) € [L;_1, L;). Clearly the
assumptions (1.13)-(1.14) imply that

di—1 < dimg p < dimpy (m, M) < d,.

To prove dimyp = dimpy(m,M), by Proposition 7.4 it suffices to prove that

ol % = diy and ;. h‘_)gé‘l = 0. As dy = 0, the first equality holds

automatically when ¢ = 1.

Now we first prove that Zl ! h‘f—}zfl = d;_;. To avoid triviality, we assume
that ¢ > 2. For n € N, let X denote the set of W € G(d,d — d;_1) so that

dimp((Pyr)sp) < diy — 1/n. By Lemma 8.3(ii) applied to k¥ = d;—y and ¢t =
d -1 1/”7
< dimp((IL;—1).m) (by (1.14)).

It follows that m o (II;_;)~'(X,) < 1 and hence dimg((Py 1).p) > d;—1 — 1/n on a
set of positive (Hi,l)*m—measure. However by Theorem 1.6(iii),

he — he—y
e

M1

(8.7) dimpy ((Pyy )« pt) S for (I1;_1).m-a.e. W.

~
Il

1

It follows that Zz L he= I;’ L' > di1 — 1/n. As n is arbitrary, we obtain that

2 ih‘f/\—’i"l > d;_1. Since hy_1 — hy < (=\p)ky for each ¢ by Corollary 6.1, we

1h h .
have Zl R alZ 1, as desired.

Next we prove that >y .., héj\};‘“l = 0. For n € N, let Z, denote the set of

W e G(d,d—d;) so that dimpy((Py1)«p) < dimg g — 1/n. By Lemma 8.3(i) applied
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to k =d; and t = dimg p — 1/n,
dimy Z,, < d;(d — d;) — d; + dimyg g — (1/n)
< d;(d—d;) — d; + dimpy(m, M) — (1/n)
< dimj;((T1;),m) (by (1.13)).
Hence mo (I1;)7*(Z,) < 1 and so dimg ((Py1).p) > dimyg p—1/n on a set of positive
(I1;)sm-measure. This combining with (8.7) (in which we replace i — 1 by i) yields
that 22:1 hzj\—}zé*l > dimyg g — 1/n. Letting n — oo gives 22:1 hei\—’y*l > dimy p,

which, together with (1.6), implies that > ; .., hl}}ze* = 0. This completes the

proof of the theorem. O
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